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Lattice QCD calculations of two-nucleon interactions have been underway for about a decade, but
still haven’t reached the pion mass regime necessary for matching onto effective field theories and
extrapolating to the physical point. Furthermore, results from different methods, including the
use of the Lüscher formalism with different types of operators, as well as the HALQCD potential
method, do not agree even qualitatively at very heavy pion mass. We investigate the role that
different operators employed in the literature may play on the extraction of spectra for use within
the Lüscher method. We first explore expectations from Effective Field Theory solved within a
finite volume, for which the exact spectrum may be computed given different physical scenarios.
We then present preliminary lattice QCD results for two-nucleon spectra calculated using different
operators on a common lattice ensemble.
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1. Introduction

2. Operators and excited states
Historically, the cheapest method computationally for calculating two-nucleon correlation
functions has been to create the two nucleons on the same spatial lattice point at the source, and
project onto various non-interacting momentum levels at the sink. This method, pioneered by
NPLQCD and used extensively to calculate two- and multi-nucleon observables, predicts that at
unphysically large pion mass two-nucleon systems form bound states in both s-wave channels, with
a binding energy much larger than that of the physical deuteron [4, 5]. More recently, however,
sophisticated variational calculations by multiple groups have favored unbound systems at similarly
heavy pion masses [6–9]. The difference between these results likely does not signal a failure of the
Lüscher method which is common to all these calculations, but rather, to differences in the spectra
2
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Lattice QCD presents a unique opportunity to understand nuclear physics from first principles,
making accurate calculations of two-nucleon systems of critical importance for benchmarking
computational techniques to be used for many-body systems. In particular, the construction of
optimal two-nucleon operators and the faithfulness of non-perturbative methods for extracting
physical multi-particle observables must be well-understood before calculations of larger systems
may be trusted. Furthermore, reliable calculations of two-nucleon scattering are necessary for the
extraction of unknown two-nucleon matrix elements of interest for low-energy beyond the Standard
Model searches, such as neutrinoless double beta decay.
To date, two-nucleon calculations have been performed at unphysically large pion masses by
several groups. However, the results stemming from different computational methods have shown
stark discrepancies, giving even qualitatively different pictures of physics at heavy pion mass (see
Ref. [1] for a more detailed discussion on this issue). On the other hand, results from different
techniques should only be expected to agree if systematic effects are properly accounted for. It
has been suggested that the most likely source of error in approaches which utilize spectroscopy
for extracting scattering information is excited-state contamination in the determination of the
energies [2, 3]. Therefore, a controlled study of the different methods on a single ensemble, where
systematics such as discretization effects are expected to be equivalent, should help to enlighten the
situation.
Here we present steps toward understanding the operator dependence of the extraction of
two-nucleon spectra for use with the Lüscher method of calculating two-nucleon scattering phase
shifts. We examine, in particular, the energies extracted using a large basis of momentum-space
operators in combination with variational techniques, as well as more traditional position-space
to momentum-space correlation functions with the two-nucleons at the source placed at a single
spacetime location, or spatially separated by some distance. These calculations have all been
performed on a single CLS ensemble having mπ ∼ 714 MeV. We furthermore explore the overlap
of the various operators onto two-nucleon states within an effective field theory (EFT) framework.
Here we can tune the scattering phase shift to a variety of possibilities, and determine the exact
finite-volume spectrum that would result from such a phase shift. We then form correlation functions
using different operators and analyze the extracted spectrum versus the exact spectrum.
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determined in each case. While all operators used are expected to decay to the same ground state
energy for sufficiently large Euclidean time, the well-known signal-to-noise problem with nucleons
prohibits calculations at such large times. Thus, one must be able to correctly identify energy levels
at relatively short Euclidean times, with an accurate assessment of the systematics associated with
excited-state contamination.

In order to illustrate the different overlaps of two-nucleon operators onto different elastic excited
states, one may use Effective Field Theory (EFT) as input. Chiral Perturbation Theory, for example,
has been used to illustrate excited-state effects in single-nucleon observables (see, e.g., Ref. [10]).
In the two-nucleon sector at very low energies (below the mass of the pion), two nucleons interacting
in a box obey a pionless EFT, and their scattering phase shifts encode all the information about the
two-body wavefunctions for the interacting systems in a box. Because the nucleons are treated as
point particles, inelastic excited-state contamination may not be studied within this EFT. However,
for the lowest-energy excitations in the box - elastic excited states which do not probe the details
of the nucleons themselves - the wavefunctions calculated within the pionless EFT should be an
accurate approximation of those of the fully interacting two-nucleon systems of QCD.

3. Excited-state spectra from EFT
Because the exact two-nucleon phase shift at heavier-than-physical pion masses is not known,
we tune the EFT to reproduce multiple physical scenarios, namely, one in which a deep bound state
is the true ground state of the system, and one in which there is no bound state at all. We then
produce correlation functions within this (discretized) EFT using various types of operator setups
and examine the spectra that one would extract at intermediate time ranges (relative to the box
length L, which sets the scale for excited-state energy splittings).
The EFT in use is based off the works of [11, 12], and is a discretized version of pionless EFT,
in which point-like non-relativistic nucleon fields, ψ(x), interact via delta-function interactions,
Leff = ψ

†

!

2
∇2
i∂t +
ψ + g0 ψ † ψ .
2M
3

(1)
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The lowest-lying excited states can be roughly categorized as stemming from inelastic, singlenucleon excitations, such as a nucleon-pion state, or elastic two-body scattering states arising from
the finite size of the lattice volume. The energy gap between inelastic excited states thus scales
roughly as mπ , while elastic excited states scale inversely with the spatial extent of the box and
the nucleon mass. These elastic excited-state energy gaps are therefore much smaller than those
for inelastic excitations, and contaminations from these states can vary extremely slowly with
Euclidean time. Variational methods attempt to project out contributions from a single energy level
by diagonalizing a correlation matrix created from a large basis of operators, each having different
overlap onto a given state. This basis may include, for example, nucleons at different non-interacting
momentum levels, or systems of two nucleons having different single-nucleon wavefunctions, or
smearings. In order to project out individual elastic scattering states, one would expect to require
an operator basis having different spatial locations or momentum projections included.
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The discretized version leads to the following two-particle transfer matrix in momentum-space,
δ p p0 δ qq 0 + gV0 δ p+q, p0+q 0
hpq|T |p0 q 0i = p
,
ξ (p)ξ (q)ξ (q 0 )ξ (p0 )

ξ (p) ≡

∆(q)
,
M

(2)

where ∆(q) is a chosen lattice dispersion relation for the nucleon fields, M is the nucleon mass,
and V is the spacetime volume. This transfer matrix is projected onto the cubic irreps for s-wave
scattering.
The coupling, g0 , may be tuned to reproduce infinite-volume scattering phase shifts having
a variety of low-energy properties. Correlation functions in time, t, are then created by taking
t products of this transfer matrix, then projecting at source and sink times to various operators.
Position space operators may be created via Fourier Transform of the transfer matrix at a given time
slice. In this section we will explore the extracted spectra for attractive interactions leading to two
different physical scenarios: no bound state, and a deeply-bound state (binding energy much larger
than the typical energy gaps between scattering states).
3.1 No physical bound state
In Figure 1 (left), we show the exact scattering phase shift, p cot δ, versus the scattering
 2
momentum, η ≡ p2πL , evaluated within our EFT for a chosen coupling, g0 . On the right is shown
the exact spectrum (horizontal dashed lines), as calculated within a finite volume. Also shown
at right are the effective masses of the solutions to a generalized eigenvalue problem (GEVP),
solved using a correlation matrix composed of the operators corresponding to the 10 lowest-lying
non-interacting momentum states of the two-particle system in the box. One sees that even for very
short times relative to the inverse excited-state energy gap (note the rescaling of the vertical axis)
and using a small basis, this variational method correctly reproduces the exact spectrum, up to the
next-to-highest state.
Other methods previously used for two-nucleon calculations involve the use of position-space
operators at the source, with momentum-projected operators at the sink. The utility of these
4

PoS(LATTICE2021)098

 2
Figure 1: Left: Scattering phase shift in lattice units versus momentum, η = p2πL for the first system
discussed in Sec. 3.1 (having no physical bound state). Right: Effective masses for the 10 lowest-lying twonucleon states in an L = 12 box as solved from a GEVP with a basis of 10 momentum-space two-nucleon
operators. The exact spectrum is shown as a set of dashed lines.
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methods is the reduced computational time associated with the generation of relatively few quark
propagators. For example, the local hexaquark operator used by the NPLQCD collaboration for
the majority of their multi-nucleon calculations requires the generation of only one light quark
propagator for each type of single-nucleon operator used. However, these hexaquark operators
have roughly equal overlap onto all possible non-interacting momentum scattering states in the box,
requiring the sink operators to effectively separate out individual states in the interacting system.
Because the overlaps of source and sink are not the same, and in fact, nearly orthogonal, cancellation
between contributions from different excited states can occur, leading to the potential for what has
been dubbed a “fake plateau": a relatively stable result over an intermediate time range that does
not correspond to the true ground state of the system, but rather a local maximum or minimum in
the effective mass (see, e.g., Ref. [2]).
This is indeed what is seen in the EFT. In Figure 2, we show the effective mass as a function of
time for the same system as shown for the variational method, but calculated using local operators
at the source and momentum space operators at the source (upper left). One sees a relative leveling
out of the effective masses for intermediate times, however, the values are systematically found at
values lower than the exact energies (dashed lines). This perceived leveling off can clearly be seen
to originate from a set of local maxima when viewed at much larger times (upper right), where
all correlation functions approach the ground state. When uncorrelated exponentially growing
gaussian noise is added to the system (lower left), any subtle time dependence of these false states is
obscured; this effect may be further enhanced by the correlated time fluctuations seen in real lattice
QCD calculations. The ground state effective mass is seen to approach the true ground state energy
very slowly from below. In a full lattice QCD calculation, the single-nucleon correlation function
approaches the ground state from above. Thus, the combination of inelastic excited states from the
single nucleon at early times and slowly varying elastic excited states at late times would very likely
conspire at intermediate times to give a perceived ground state energy at a lower value than the true
ground state.
Finally, one is not able to deduce that there is anything wrong with the extracted spectrum upon
converting these incorrect energies into phase shifts using the Lüscher method. On the lower right
panel are shown the phase shift data extracted from fits to the correlation functions in the lower left,
as well as those extracted using a larger volume. Both the finite-volume spectrum, and the extracted
phase shift at low energies predict a bound state in the system, and there are no “smoking gun"
outlier states. This may be due to the momentum projection performed at the sink. This projection
allows one to reasonably separate states into the appropriate number required to give a physical
phase shift, while the local operator at the source bends them each systematically down toward the
ground state.
Note, in particular, that the extracted ground state shows very little volume dependence (despite
having no true bound state in the system), while the higher scattering states show a strong volume
dependence. This may be explained by inspecting Fig. 3, where the finite-volume spectrum is
shown on the horizontal axis. If the system is weakly interacting, then the true energy spectrum for
a given box size will be found near the poles of the corresponding S-function (vertical axis). Even
for an attractive, purely scattering system (with no bound states), the ground states from different
volumes will show very little volume dependence, likely imperceptible given the statistics with
which these states can be determined, while those states above threshold have dramatic volume
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dependence (compare how closely the Lüscher curves for different volumes lie to each other below
threshold compared to those above threshold). If the action of the hexaquark source is to pull the
energies extracted in each volume away from the true eigenstates by roughly the same percentage,
one would still expect to see little to no volume dependence below threshold and clear power-law
dependence above threshold. Thus, one should not read too much into the claim that little to no
volume-dependence of the ground state is consistent with a bound state; it would, in fact, require a
volume-dependent artifact of the choice of operators to change this somewhat universal behavior.
Our final operator study is for the displaced position-space nucleon operators at the source and
momentum projected operators at the sink introduced by the CalLat collaboration in Ref. [13]. The
idea behind the spatial displacement was that low energy two-nucleon scattering states likely have
more support from operators which are spread out in space. The results using this method for the
first physical scenario are shown in Fig. 4 using two-nucleon operators, N (x)N (x + ∆), displaced
by ∆ = 1 (left) and ∆ = 5 (right) lattice sites at the source. One finds that in general the ground
6
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Figure 2: Effective masses for the two-nucleon system in an for the scattering phase shift shown in Fig. 1
(no physical bound state) using local hexaquark two-nucleon operators at the source and momentum-space
operators at the sink up to intermediate times (upper left) and late times (upper right). The exact spectrum is
shown as a set of dashed lines. On the bottom panels are shown the same effective masses with uncorrelated,
exponentially growing Gaussian noise (left), as well as fits to this data processed through the Lüscher
formalism to give an effective scattering phase shift versus momentum (lower right). In this phase shift
plot, different colors correspond to the different states extracted, with blue corresponding to the ground state,
yellow the first excited state, etc. The process is repeated for multiple volumes (corresponding to different
markers on the plot) to obtain the full data set.
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Figure 4: Effective masses for the two-nucleon system for the scattering phase shift shown in Fig. 1 (no
physical bound state) using two-nucleon operators spatially displaced by ∆ = 1 (left) and ∆ = 5 (right) at the
source and momentum space operators at the sink. The exact spectrum is shown as a set of dashed lines.

state is correctly reproduced, while the higher-lying states can show some dependence on the spatial
displacement; this dependence may in principle be used as a measure for the remaining systematic.
3.2 Deeply-bound state
For this next discussion, we tune our EFT to a system containing a deep bound state (Fig. 5,
upper left), and explore the results given by various operator methods. Here, we begin with
the results using local hexaquark operators (Fig. 5, upper right). We see that regardless of the
momentum projected onto at the sink, all correlation functions collapse to the same (ground) state.
This reinforces the intuition that local operators approximate the wavefunction of a bound state,
but have relatively poor overlap onto scattering states. In this case, the local operators overlap so
strongly onto the ground-state wavefunction that the momentum operator sinks are not sufficient to
distinguish any of the excited scattering states in the box. Interestingly, the zero relative momentum
7
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Figure 3: Predicted phase shift versus finite-volume spectrum from the Lüscher formalism for three different
volumes, L = 16, 24, 32 (red, green, blue).
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sink operator approaches the ground state very slowly, and in practice (with noisy data) would likely
lead to a false plateau at a lower energy than the true ground state, while the higher shells approach
it more quickly. The CalLat displaced operators (Fig. 5, bottom), on the other hand, do project onto
a correct number of distinct states at early times, however, these originate near values systematically
higher than the exact spectrum, and within intermediate times most of these have been pulled down
toward the ground state.
Results using the variational method with ten momentum-space operators is shown in Fig. 6
(upper left). It is clear that this method gives the correct number of clearly separated states which
reach the correct values within intermediate times. The ground state, however, is approached more
slowly compared to the case when there was no bound state in the system. It should be noted,
however, that because the higher-lying states are correctly described, a phase shift analysis of this
data would correctly identify the bound state. Furthermore, one simply has to increase the basis of
operators in order to reach the ground state (as well as the higher-lying states) more quickly (Fig. 6,
bottom). One might think that adding a local hexaquark operator to the variational basis might allow
one to reduce the overall basis size needed to project out the ground state at early times. However,
this EFT study finds that adding the hexaquark operator does not affect either the spectrum, or the
8
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Figure 5: Upper left: Scattering phase shift in lattice units versus momentum, η = p2πL for the second
system discussed in Sec. 3.2, having a deeply-bound ground state. Upper right: Effective masses for the
two-nucleon system in an L = 12 box using local hexaquark two-nucleon operators at the source and
momentum-space operators at the sink. Lower panels: Effective masses for the two-nucleon system in an
L = 12 box using two-nucleon operators spatially displaced by ∆ = 1 (left) and ∆ = 5 (right) at the source
and momentum space operators at the sink. The exact spectrum in these panels is shown as a set of dashed
lines.
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time range necessary to extract the various states (Fig. 6, upper right).

4. Further systematics within LQCD
Recently, it was shown by the Mainz collaboration that large discretization effects, on the
order of ∼30 MeV, may be present in the H-dibaryon system at an SU (3)-symmetric point with
mπ ∼ 420 MeV [6]. Thus, it is crucial that different methods for extracting the phase shifts be
compared on a single lattice ensemble, such that other systematics are held relatively fixed. In
particular, the finite-volume spectrum at a fixed lattice spacing, volume, and pion mass must not
depend on the operator methods used, unless one or more of these methods contains un-quantified
systematics.
In a first step toward this goal, we have generated correlation functions using various methods
in the literature on a single CLS ensemble, with mπ ∼ 714 MeV, a ∼ 0.086 fm, and L ∼ 4.1 fm. The
results for the spectrum using the variational method sLapH on this ensemble were reported in [7],
where no evidence for a bound state was found in either two-nucleon channel. In Figure 7, we show
preliminary results which compare the effective masses for the ground state in the deuteron channel
calculated using the CalLat displaced operators (left) and the NPLQCD hexaquark operators (right)
to the extracted ground state energy using sLapH (red band). We see that the correlation functions
9
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Figure 6: Effective masses for the two-nucleon system for the scattering phase shift shown in Fig. 5 (deeplybound state) as solved from a GEVP with a basis of 10 momentum-space two-nucleon operators (upper
left), 10 momentum-space operators plus a local hexaquark operator (upper right), and 30 momentum-space
operators (bottom). The exact spectrum is shown as a set of dashed lines.
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obtained using displaced operators decay almost immediately to the same ground state energy, much
as was seen in Fig. 4, while the hexaquark operator decays more slowly, and appears to undershoot
the true ground state energy. For comparison, we also plot the extracted ground state energy using
hexaquark operators on a different ensemble, but at a similar pion mass, from Ref. [4, 5]. These
observations, together with the expectations from EFT, seem to indicate that there is no true bound
state in this system.

5. Conclusions
Excited-state systematics are a leading cause for the discrepancies in the literature for twonucleon scattering phase shifts evaluated using different methods. Comparing the results of different
ratio correlators in Fig. 7, we can conclude that the ratios give nearly perfect cancellation of singlenucleon, inelastic excited-state contamination (left panel), while the differences between the two
panels stem from elastic, two-nucleon excited states. Thus, the excited-state contamination relevant
for two-nucleon systems is indeed elastic, and the EFT method presented here is a qualitatively
accurate description of excited states arising due to different operator choices in lattice QCD
results. By tuning the EFT to reproduce different possible physical scenarios, it is found that the
variational method employing momentum-space only operators faithfully reproduces the finitevolume spectrum in each case at early and/or intermediate times using a relatively small operator
basis.
On the other hand, operator choices employing position space two-nucleon fields at the source
with momentum-projected sinks likely suffer from problems. Spatially displaced two-nucleon
operators work quite well for the case where there is no deeply-bound state in the system, but give
incorrect spectra in the latter case. Local hexaquark operators only couple to the ground state for
the case with a deeply-bound state, and lead to systematically incorrect spectra at intermediate
times for essentially all cases. This implies that older lattice QCD results which utilize hexaquark
10
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Figure 7: Lattice QCD effective mass plots for the ground state of two-nucleons in the deuteron channel
calculated using spatially displaced two-nucleon operators at the source (left) and local hexaquark operators
at the source (right). In both cases, momentum-space operators are used at the sink, and two different
single-nucleon wavefunctions at the source, smeared and point, are shown in different colors. Also shown
are the results on the same ensemble reported in Ref. [7] calculated using a variational basis (red band), as
well as the results from a different ensemble but at similar pion mass and local hexaquark operators, Ref. [4]
(green band).
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