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We present a major update on the spectrum of the closed flux-tube (torelon) in D = 3 + 1
SU (N ) gauge theories. Namely, we calculate the excitation spectrum of a confining
flux-tube which winds around a spatial torus as a function of its length l, for short as
well as long tubes. We do so for N = 3, 5, 6 and two different values of the lattice
spacing. Our states are characterised by the quantum numbers of spin J, transverse parity
P⊥ , longitudinal parity P∥ as well as by the longitudinal momentum p∥ . Our extended
basis of operators used in combination with the generalized eigenvalue method enables
us to extract masses for all irreducible representations characterised by {|J|, P⊥ , P∥ }.
We confirm that most of the low-lying states are well described by the spectrum of the
Goddard–Goldstone–Rebbi–Thorn string. In addition we provide strong evidence, that
in addition to string like states, massive modes exist on the world-sheet. More precisely
P ,P
the ground state with quantum numbers |J| ⊥ ∥ = 0−− exhibits a behaviour which is in
agreement with the interpretation of being an axion on the world-sheet of the flux-tube.
This state arises from a topological interaction term included in the effective world-sheet
P ,P
action. In addition we observe that the second excited state with |J| ⊥ ∥ = 0++ behaves
as a massive mode with mass twice that of the axion.
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1. Introduction

A decade ago we demonstrated [1] that the closed flux-tube spectrum in D = 2 + 1
SU (N ) gauge theories can be well-approximated by the Nambu-Goto free string in flat
space-time, from short to long flux-tubes, with no signs of any massive excitations. In
addition we demonstrated [2] that the spectrum of the closed flux-tube in D = 3 + 1
consists mostly of string-like states, however, in contrast to D = 2 + 1 a number of states
with quantum number 0− appeared to encode the characteristics of a massive excitation.
In 2013, Dubovsky et al, [3] demonstrated that this state arises naturally if one includes
a Polyakov topological piece in the string theoretical action. Nevertheless, our previous
results were poor - spectrum has been extracted for a few string lengths, and for low
statistics. As a result, we could only extract states for the very low lying spectrum and
for a restricted sector of the irreducible representations expanded by the quantum numbers
(QNs) {|J|, P⊥ , P∥ }.

In this work we present a major improvement of our previous investigation on D = 3+1.
This has been achieved by increasing the basis of operators used to materialise the General
Eigen-value Problem method [4], by extracting the spectrum of the flux-tube for three
values of color N , namely N = 3, 5, 6, as well as by probing through a large set of flux-tube
lengths. In more detail, for each different set of quantum numbers {|J|, P⊥ , P∥ } we used
50 - 200 operators. We performed calculations for longitudinal momenta p∥ = 2πq/l, with
√
q = 0, 1, 2 and we span over l σ = 1.4 − 7. All our SU (N > 3) calculations are focused
only on flux-tubes that carry a single unit of chromo-electric flux (N -ality k = 1). Findings
on the flux-tube spectrum with values of N -ality k = 2 will be a matter of investigation in
a future article.
The structure of these proceedings is the following. First, we provide a brief description
of the lattice setup, by explaining the quantum numbers relevant for the extraction of
2
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In QCD quarks are confined in bound states by forming flux-tubes of chromo-magnetic
and chromo-electric flux. Such a flux is connecting a quark with an anti-quark to form a
bound state called an open-flux tube, which in nature manifests as a meson state. Long
flux-tubes behave pretty much like thin strings: If you pull the string apart, at some point
it breaks. However, to observe such a phenomenon in a lattice QCD calculation it requires
the existence of dynamical quarks. Since we work on a pure gauge set up such effects do not
appear. By placing the flux-tube in a particular position in space we expect D − 2 massless
modes to propagate along the string arising from the spontaneously broken translation
invariance in the D − 2 directions transverse to the flux. We, therefore, expect that there
should be a low energy effective string theory describing such oscillating modes. Although,
a flux-tube can be considered effectively as a string, it also has an intrinsic width. This
suggests that massive states such as breather modes related to the intrinsic structure of
the tube may exist in the spectrum. To investigate, whether, such states exist one needs
to extract the aforementioned spectrum, compare it with an effective string theory model
and identify states which exhibit significant deviations from the theoretical description. A
naive expectation would be that a massive mode has the characteristics of a resonance; a
constant term of the order of the mass gap (∼ mG ) coupled to a string state.
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the flux-tube spectrum as well as their encoding onto the operators used to materialize
the calculation. Then we present the effective string theoretical descriptions suitable for
approximating the spectrum of the flux-tube. Subsequently, we present our lattice results
and then we conclude.

2. Lattice calculation

3
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We define the SU (N ) gauge theory on a D = 4 Euclidean space-time lattice which has
been compactified along all directions with volume L∥ × L⊥1 × L⊥2 × LT . The length of the
flux-tube is equal to L∥ , while L⊥1 , L⊥2 and LT were chosen to be large enough to avoid
finite volume effects. We choose L⊥1 = L⊥2 = L⊥ uniformly so that we ensure rotational
symmetry around the flux axis. We perform Monte-Carlo simulations using the standard


P
Wilson plaquette action S = □ β 1 − N1 ReTr(U□ ) , with inverse coupling β = g2N
2 (a) . In
order to keep the value of the lattice spacing a approximately fixed for different values of
N we keep the ’t Hooft coupling λ(a) = N g 2 (a) approximately fixed, so that β ∝ N 2 . The
simulation algorithm we use combines standard heat-bath and over-relaxation steps in the
ratio 1:4; these are implemented by updating SU (2) subgroups using the Cabibbo-Marinari
algorithm. To measure the spectrum of energies we use the variational technique also called
the Generalized Eigen-Value Problem (GEVP) (e.g. see [5] and its references).
The energy states of the closed flux-tube in D = 3 + 1 are characterised by the irreducible representations of the two-dimensional lattice rotation symmetry around the
principal axis denoted by C4 [6]. The above group is a subgroup of O(2) corresponding to rotations by integer multiples of π/2 around the flux-tube propagation axis. As a
result, values of angular momenta that differ by an integer multiple of four are indistinguishable on the lattice. This splits the Hilbert space in four orthogonal sectors, namely:
Jmod 4 = 0, Jmod 4 = ±1, Jmod 4 = 2. Furthermore, parity P⊥ which is associated with
ˆ 1 can be used to characterise the states. Applying P⊥ transreflections around the axis ⊥
formations, flips the sign of J. Therefore, one can choose a basis in which states are
characterised by their value of J (J = ±), or by their value of |J| and P⊥ . We adopt
the latter. In the continuum, states with J ̸= 0 are parity degenerate, however, on the
lattice this holds only for the odd values of J. In practice, we describe our states with
the following 5 irreducible representations A1 , A2 , E, B1 and B2 of C4 group whose
J and P⊥ assignments are: {A1 : |Jmod 4 | = 0, P⊥ = +} , {A2 : |Jmod 4 | = 0, P⊥ = −},
{E : |Jmod 4 | = 1, P⊥ = ±}, {B1 : |Jmod 4 | = 2, P⊥ = +} and {B2 : |Jmod 4 | = 2, P⊥ = −}.
Furthermore, there are two additional quantum numbers which can be proven useful
for the description of the string states. These are the longitudinal momentum p|| carried
by the flux-tube along its axis (which is quantized in the form p|| = 2πq/L|| ; q ∈ Z) and
the parity P|| with respect to reflections across the string midpoint. Since P|| and p|| do not
commute, we can use both to simultaneously characterise a state only when q = 0. The
energy does not depend on the sign of q, hence, we only focused on those with q ≥ 0.
Flux-tube energies are extracted by making use of correlation matrices Cij = ⟨ϕ†i (t)ϕj (0)⟩
with i, j = 1...Nop in combination with GEVP where Nop the number of operators. We
construct operators ϕi which encode shapes that lead to particular values of J, P⊥ , P|| , and
q. We do so by choosing linear combinations of Polyakov loops the paths of which con-
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sist of various transverse deformations and various smearing and blocking levels [5]. All
the transverse paths used for the construction of the operators are shown in Figure 1 and
all together, including smearing and blocking levels, form a basis of around Nop = 1000
operators with approximately 50 − 200 for each different irreducible representation. To
build an operator which encodes a certain value of angular momentum Jmod 4 we begin the
construction with a sub-operator ϕα which has a deformation extending in angle α within
the plane of transverse directions. Then we repeat the same procedure by rotating the suboperator by integer values of π/2. Finally, we can construct the operator ϕ(J) belonging
P
π
to a specific representation of C4 by using the formula ϕ(J) = n=1,2,3,4 eiJn 2 ϕn π2 . Thus
ϕ(0) belongs to A1 and A2 , ϕ(1) to E and, finally, ϕ(2) to B1 as well as B2 . Lastly, it
is required to encode certain values of P⊥ and P|| by summing and subtracting reflections
of the initial sub-operator ϕ(J) over the transverse and parallel parity planes. Such an
example is pictorialized in Equation 1 for an operator with Jmod 4 = 0.
"
#
i
ϕ = Tr
. (1)
k
j
For the combination i = j = k = +1, ϕ projects onto {A1 , P|| = +}, for i = +1, j = k = −1
onto {A2 , P|| = +}, for i = −1, j = +1, k = −1 onto {A1 , P|| = −} and finally, for
i = j = −1, k = +1, onto {A2 , P|| = −}.

3. The effective string theory
Imagine a flux-tube as a string with length l = aL|| winding around the spatial torus.
Imposing fixed spatial position for the string spontaneously breaks translation symmetry.
Hence, we expect D − 2 Nambu-Goldstone massless bosons to appear at low energies. Such
bosons reflect the transverse fluctuations of the flux-tube around its classical configuration.
We would thus, expect a low energy Effective String Theory (EST) describing the flux-tube
spectrum at large enough lengths. Of course a flux-tube is not an infinitesimally thin string,
4
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Figure 1: All the different paths used for the construction of the torelon operators.
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√
it lives in SU (N ) manifold and presumably has an intrinsic width lw ∝ 1/ σ. We would
therefore expect that the spectrum of the flux-tube consist not only of string like states but
also of massive excitations. Below, we describe the current theoretical predictions for the
excitation spectrum of the Nambu-Goldston bosons as well as an approach to explain the
existence of massive resonances on the world-sheet of the flux-tube.
3.1 The Goddard–Goldstone–Rebbi–Thorn string

where 2πNL(R) /l the total energy and momentum of the left(right) moving phonons with
P P
P P
±
−
+
−
NL = k nL (k) k(n+
k
nR (k) k(nR (k) + nR (k)). nL(R) (k) is
L (k) + nL (k)) and NR =
the number of left(right) moving phonons of momentum pk = 2πk/l, k = 0, 1, 2, . . . and
angular momentum ±1. If p|| = 2πq/l is the total longitudinal momentum of the string
then, since the phonons provide that momentum, we must have NL − NR = q. The angular
P
−
−
+
momentum around the string is given by J = k,nL (k),nR (k) n+
L (k)+nR (k)−nL (k)−nR (k).
3.2 Lorentz invariant string approaches
Systematic ways to study Lorentz invariant EST that would describe the QCD flux-tube
were pioneered by Lüscher, Symanzik, and Weisz in [9] (static gauge) as well as by Polchinski
and Strominger in [10] (conformal gauge). Such EFT approaches produce predictions for
√
the energy of states as an expansion in 1/l σ. Terms in this expansion that are of O(1/lp )
are generated by (p + 1)-derivative terms in the EST action whose coefficients are a priori
arbitrary Low Energy Coefficients (LECs). Interestingly, these LECs were shown to obey
strong constraints that reflect a non-linear realization of Lorentz symmetry [11–13], and so
to give parameter free predictions for certain terms in the 1/l expansion.
The EST approaches can be characterised by the way one performs the gauge fixing of
the embedding coordinates on the world-sheet. This can be either the static gauge [9, 11, 13]
or the conformal gauge [10, 14, 15] with both routes leading to the same results. The starting
point of building the EST is the leading area term which gives rise to the linearly rising
potential for large strings. Subsequently comes the Gaussian action which is responsible for
the ∝ 1/l Lüscher term with universal coefficient depending only on the dimension D. As a
next step one adds the 4-derivative terms which yield a correction on the energy spectrum
5
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At this subsection we describe the spectrum of the Goddard-Goldstone-Rebbi-Thorn
(GGRT) [7] or in simpler words the Nambu-Goto (NG) [8] closed string. NG string describes
non-critical relativistic bosonic strings. One can extract the GGRT spectrum by performing
light-cone quantization of the closed-string using the NG action or equivalently the Polyakov
action. NG action is the area of the world-sheet swept by the propagation of the string
along the time direction. This model is Lorentz invariance only in D = 26 dimensions.
Nevertheless, for reasons that we now understand better [3] NG can also describe adequately
the spectrum of strings in 3 and 4 dimensions. The spectrum of the GGRT string is given
by the expression:
s

 
2
8π
NL + NR D − 2
2πq
√
ENL ,NR (q, l) = σl 1 + √ 2
−
+
,
(2)
2
24
(l σ)
(l σ)2
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proportional to 1/l3 with a universal coefficient that also depends on the dimension D. One
can include the 6−derivative terms and show that for D = 3 they yield the fourth universal
term proportional to 1/l5 in the energy spectrum, while for general states in D = 4, the
coefficient of the O(1/l5 ) term is not universal. Nonetheless, the energy just for the ground
state in the D = 4 case is universal. Summarizing the above information, the spectrum is
given by

Since we think of the GGRT model as an EST, which may be justified only for long strings
√
[16], one can expand the associated energy for l σ ≫ 1. The result of the expansion is the
same as Equation 3. For simplicity we set q = 0, and n = (NL + NR )/2.
3.3 The topological term action
In 2013, Dubovsky et al. worked out an approach for extracting the spectrum of the
flux-tube for short as well as for long lengths. The idea was based on the fact that the GGRT
string provides the best approximation for the flux-tube spectrum and that Equation 2 can
√
√
√
be re-expressed as ENL ,NR = σE(pk / σ, 1/l σ) where pk are the momenta of individual
√
phonons in units of 2π/l comprising the state quantised. The naive expansion in 1/l σ
is the combination of two different expansions; the first is an expansion in the softness of
√
individual quanta compared to the string scale, i.e. in pk / σ and the second expansion is
√
a large volume expansion, i.e. an expansion in 1/l σ. To disentangle the two expansions
the following procedure is being followed. First, one calculates the infinite volume S-matrix
of the phonon collisions. This is done perturbativelly given that the center of mass energy
of the colliding phonons is small in string units; this is called the momentum expansion.
Followingly, the authors extract the finite volume energies from this S-matrix by using
approximate integrability and the Thermodynamic Bethe Ansatz (TBA). This allows to
extract the winding effects on the energy from virtual quanta traveling around the circle as
well as the winding corrections due to phonon interactions.
The authors demonstrated that when a state has only left-moving phonons the GGRT
winding corrections in the energy spectrum are small and, thus, one expects the spectrum
to be close to that of the free theory. On the contrary, for states containing both left- and
right-movers, energy contributions are larger. The above picture is in a good agreement with
most of the states in D = 4 but fails to explain the anomalous behaviour of the pseudoscalar
level firstly reported in [2] suggesting that an additional ingredient is required in order to
describe such excitations. The most straightforward way to do this is the introduction of
a massive pseudoscalar particle ϕ on the world-sheet. The leading interaction compatible
with non-linearly realized Lorentz invariance for such a state is a coupling to the topological
R 2
α
i K jγ ϵαβ ϵ
invariant known as the self-intersection number of the string Sint = 8π
d σϕKαγ
ij
β
i being the extrinsic curvature of the world-sheet, α the associated coupling and σ i ,
with Kαγ
i = 1, 2 the world-sheet coordinates. Adapting the above interaction term to our old results
√
for SU (3), β = 6.0625 yields a mass of mϕ / σ ≃ 1.85+0.02
−0.03 and a coupling of α = 9.6 ± 0.1.
6
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D−2
8π 2
D − 2 2 32π 3
D−2 3
4π
n−
− 3 n−
+ 2 5 n−
+ O(l−7 ). (3)
En (l) = σl +
l
24
σl
24
σ l
24
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4. Results

4.1 The energy spectrum for q = 0 and the world-sheet axion
We begin by presenting our results for the q = 0 longitudinal momentum sector in
Figures 2, 3 and 4. In the left panel of Figure 2, the lowest energy level corresponds to the
absolute ground state |Jmod 4 |P⊥ P|| = 0++ which is used to set the scale of the NG string,
hence, the nearly perfect agreement with the GGRT string. Furthermore in the left panel
of Figure 2, we plot the first excited state of 0++ as well as the ground states of 2++ , 2−+
and 0−− for SU (3) at β = 6.0625. We compare the above data with the GGRT prediction
for NR = NL = 1. This string state is expected to be four-fold degenerate with levels with
continuum QNs 0++ , 0−− , 2++ and 2−+ . While 0++ , 2++ and 2−+ flux-tube excitations
√
appear to exhibit small deviations for short values of l σ and for larger strings become
consistent with GGRT, 0−− ground state appears to demonstrate significant deviations from
the GGRT string. In the right panel of Figure 2 we present the ground and in addition the
first excited state with QNs 0−− for all gauge groups considered in this work. It appears
that both states are only mildly affected by lattice artifacts and 1/N 2 corrections. The
0−− ground state appears to have characteristics of a resonance i.e. a constant mass term
coupled to the absolute ground state. This is more obvious by subtracting the absolute
ground state 0++ where this excitation exhibits a plateau; this is presented in Figure 3
for SU (3) at β = 6.0625. As has already being explained in Section 3.3 this state can be
well interpreted as an axion on the world-sheet of the flux-tube with an associated mass
√
of m/ σ = 1.85+0.02
−0.03 for SU (3) at β = 6.0625; This value is in good agreement with
the plateau in Figure 3. If the 0−− flux-tube ground state corresponds to the axion, the
next excitation level would correspond to the string state with NL = NR = 1 rather than
NL = NR = 2. As one can see in the right panel of Figure 2 and Figure 3 the 0−− first
excitation state does not approach the GGRT NL = NR = 2 state but instead it slowly
approaches the NL = NR = 1 string state. This strengthens the scenario of 0−− ground
state being the world-sheet axion.
7
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In this work we present results for the closed flux-tube spectrum extracted from calculations on five different gauge groups. The above consist of N = 3 at β = 6.0625
(a ≃ 0.09fm) and β = 6.338 (a ≃ 0.06fm), of N = 5 at β = 17.630 (a ≃ 0.09fm) and
β = 18.375 (a ≃ 0.06fm) as well as for N = 6 at β = 25.550 (a ≃ 0.09fm). Critical slowing
down [17, 18], as one moves towards the continuum and the large-N limit, prohibits the
investigation of gauge groups with N ≥ 6 and a < 0.09fm. Nevertheless, the above configuration of measurements is enough to determine whether significant lattice artifacts as well
as 1/N 2 corrections are affecting our statistically more accurate N = 3 calculations. As a
matter of fact our investigation demonstrates that such effects are of minor importance and
do not play a significant role in the interpretation of the spectrum. The energy spectrum we
extracted is compared to the predictions of the GGRT string. Namely, we fit the absolute
ground state (|Jmod 4 |P⊥ P|| = 0++ ) for all calculations using Equation 2 as a function of the
√
√
length for l σ > 2.5 and extract the string tension a σ. Once the string tension is known
then Equation 2 can be used as a parameter free prediction for higher string excitations
with NL + NR > 0.
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Figure 2: Left Panel: The spectrum of the absolute ground state and first excited state for
|Jmod 4 |P⊥ ,P|| = 0++ as well as the ground states for 2++ , 2−+ and the "anomalous" 0−− for
q = 0 and SU (3) at β = 6.0625; the black lines correspond to the GGRT predictions and the
light blue line to the prediction of the EFT with the axionic part of the action included within.
Right Panel:. The energies of the ground state and first excited state for |Jmod 4 |P⊥ ,P|| = 0−− ,
q = 0 for all gauge groups considered in this work.
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Figure 3: The energy levels of the ground and first excited states for a closed flux-tube with
quantum numbers 0−− , q = 0 and the zeroth energies subtracted for SU (3), β = 6.0625. The
horizontal purple band corresponds to the mass of the axion as this has been extracted in [3].

4.2 A bound state of two axions?
In the left panel of Figure 4 we present the second excitation state with QNs 0++ .
It is well mentioned that above this energy level we get a plethora of states which reflect
the multifold degeneracy of the GGRT string for NL = NR = 2. Strikingly, this state
appears to exhibit the same resonance behaviour as the 0−− ground state i.e. it appears as
a constant term coupled to the absolute ground state. This is more obvious if we subtract
from this energy level the contribution of the absolute ground state as this appears in the
right panel of Figure 4. Namely, we observe that this is in agreement with a resonance of
mass twice that of the axion. This raises the question whether such a relation is accidental
8
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Figure 4: Left Panel: The ground, first excited and second excited state for |Jmod 4 |P⊥ ,P|| =
0++ and all the gauge groups used in this work. Right Panel: The second excited state for
|Jmod 4 |P⊥ ,P|| = 0++ with the absolute ground state being subtracted for SU (3) at β = 6.0625.

or it has some deeper interpretation. A reasonable expectation would be that this state is
a bound state of two axions with a very low binding energy; this scenario is in agreement
with the quantum numbers of the state.
4.3 The q ̸= 0 sector and the world-sheet axion
In this section we present our results for the q = 1 and q = 2 momentum sectors. In
the left panel of figure 5 we demonstrate the spectrum for q = 1, SU (3) and β = 6.338.
Since, the string ground state NL = 1, NR = 0 can only be created by a single phonon,
it has J = 1. The flux-tube ground state with quantum numbers 1± , q = 1 appears
to be in good agreement with the prediction of the GGRT string. This is in accordance
with the results of Ref [3]. The next string excitation level, corresponding to NL = 2 and
NR = 1 should be seven-fold degenerate. This should consist of one 0+ , one 0− , three
1± , one 2+ and a 2− state. In the left panel of Figure 5 we show the flux-tube ground
state with QN 2+ , the ground state with 2− , the ground state for 0+ as well as the first
and second excited states with 1± . All the above five states appear to cluster around the
GGRT prediction. Furthermore, we demonstrate the ground state for 0− which appears to
exhibit large deviations from the GGRT string. Since, this state has the same QNs as the
pseudoscalar massive excitation the first assumption one could make is that this reflects to
the axion. A naive comparison of this state with a relativistic sum of the absolute ground
state plus an axion with momentum 2π/l is provided in the same figure, demonstrating an
approximate agreement with our data for large flux-tubes. This strengthens the scenario
of this state being the axion.
In the right panel of figure 5 we show results for q = 2, SU (3) and β = 6.338. The
string ground state NL = 2, NR = 0 is expected to be four-fold degenerate. Namely, it
is expected to be occupied by states with QNs 0+ , 1± , 2+ and 2− . We, thus, extract the
flux-tube ground states with the above QNs and observe that they all cluster around the
GGRT prediction. The next string excitation level is multi-fold degenerate and should also
include a 0− state which encodes the QN of the axion. We extract the flux-tube ground
9
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Figure 5: Left Panel: The ground, first excited and second excited 1± states as well as the ground
states 0+ , 0− , 2+ , 2− for a flux-tube with q = 1 in SU (3), β = 6.338. Right Panel: The ground
states with QNs 0+ , 0− , 1± , 2+ , 2− for a flux-tube with q = 2 at SU (3), β = 6.338.

state with QNs 0− and we observe a very similar behaviour as for the case of q = 1; namely
it diverges greatly from the GGRT prediction.

5. Conclusions
We have improved extensively the extraction of and, thus, our knowledge on the spectrum of the closed flux-tube (torelon). Clearly, the majority of the states appearing in the
spectrum have a string-like character, in the sense they can be adequately approximated by
a low energy effective string theory. In addition a small sector of the excitation spectrum
appears to be massive resonances which can be interpreted as an axion on the bulk of the
theory. This is justified by the resonance character of the 0−− , q = 0 ground state which
appears to be an axion coupled to the string’s absolute ground state, by the 0++ second
excited state which can be interpreted as a bound state of two axions with a very low
binding energy coupled to the absolute ground state as well as by the 0− q = 1, 2 ground
states which also have an axion character. Finally, and not presented in this manuscript,
states with axionic character can also be identified in other irreducible representations such
as |Jmod 4 |P⊥ = 1± ; this will be a matter of discussion in our longer write up [19].
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