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There are a number of tetraquark channels for which some phenomenological models – already
constrained by the ordinary meson and baryon spectrum – predict deep binding. We present
results from our lattice calculations of doubly-charmed and bottom-charm channels where such
predictions exist. Finding no evidence of deep binding, we can rule out those models, although
this does not preclude the possibility of shallow binding for those states. On the other hand, a
consistent picture of deeply-bound, strong-interaction stable 𝐼 = 0, 𝐽 𝑃 = 1+ 𝑢𝑑 𝑏¯ 𝑏¯ and 𝐼 = 1/2,
𝐽 𝑃 = 1+ ℓ𝑠 𝑏¯ 𝑏¯ (with ℓ = 𝑢/𝑑) tetraquarks has emerged from lattice studies over the last few years.
We discuss the results of our calculations in each of these channels.
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1. Introduction
The existence of strong-interaction-stable, doubly-bottom tetraquarks with 𝐽 𝑃 = 1+ has been
firmly established in lattice QCD calculations [1–5]. These channels have light diquarks in a 3̄𝐹 ,
spin 0 and colour 3̄𝐶 configuration, while the heavy anti-diquarks are in a colour 3𝐶 , and with no
spatial excitation are restricted to having spin 1. In the literature, various approaches have been
used to study other tetraquark channels, and in some cases bound states have been predicted. We
have focused on a selection of these channels where the light diquarks are in the same 3̄𝐹 , spin 0
and colour 3̄𝐹 configuration as the established doubly-bottom channels, since from phenomenology
it is known that this increases the chance of binding. The heavy anti-diquarks are similarly in a
colour 3𝐶 configuration. If the two antiquarks are the same then the anti-diquark can be in either a
spin 0 or 1 configuration, while only spin 1 is possible if the two antiquarks are the same since we
restrict our study to states without any spatial excitation.
We illustrate tetraquark mass results using these different methods in Figure 1. Here we limit
this to 𝐼 = 0, 𝑢𝑑 𝑐¯𝑏¯ channels with 𝐽 𝑃 = 0+ and 𝐽 𝑃 = 1+ , and show the binding energy relative to
the appropriate two-meson threshold. We also restrict these values to those that appeared in the
literature in advance of the publication of ref. [6]. Results from heavy quark symmetry, nonchiral
models, chiral models and QCD sum rules are depicted. Notice in particular the tension between
the masses predicted by nonchiral models and chiral models. Despite the fact that both types of
model were already fully constrained by fits to the ordinary meson and baryon spectrum, the chiral
models predicted deep binding in these channels while the nonchiral models did not. Our lattice
calculations can disambiguate the situation. A more thorough discussion of each channel of interest
and a quantitative assessment of binding predictions is found in [6].
In these proceedings we briefly summarise the results of each channel, and provide an update on
the status of doubly-bottom tetraquark binding energies having made improvements to our analysis
methods.

2. Calculation details and lattice setup
We use the following set of operators that couple to tetraquark states with quark flavours 𝜓, 𝜙,
𝜃 and 𝜔:
2
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Figure 1: Various determinations of 𝐼 = 0, 𝑢𝑑 𝑐¯𝑏¯ masses in the 𝐽 𝑃 = 0+ (left) and 𝐽 𝑃 = 1+ (right) channels.
We show results from heavy quark symmetry, nonchiral models, chiral models, and from QCD sum rules.
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𝐷 (Γ1 , Γ2 ) = (𝜓𝑇𝑎 𝐶Γ1 𝜙 𝑏 ) ( 𝜃¯𝑎 𝐶Γ2 𝜔¯ 𝑇𝑏 ),
𝐸 (Γ1 , Γ2 ) = (𝜓𝑇𝑎 𝐶Γ1 𝜙 𝑏 ) ( 𝜃¯𝑎 𝐶Γ2 𝜔¯ 𝑇 − 𝜃¯𝑏 𝐶Γ2 𝜔¯ 𝑇𝑎 ),
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(1)

𝑗,𝑘

by solving a generalized eigenvalue problem (GEVP) [7–9]. The matrix 𝑉 is constructed such that
its columns are vectors 𝑣 𝑗 , which are the eigenvector solutions of
𝐶𝑖 𝑗 (𝑡)𝑣 𝑗 (𝑡) = 𝜆𝑖 𝐶𝑖 𝑗 (𝑡 + 𝑡0 )𝑣 𝑗 (𝑡).

(3)

We choose the ‘diagonalization time’ [10], 𝜏, such that projection onto the ground state is improved.
To extract each of the energy levels of our tetraquarks, we perform a correlated single exponential
fit to these correlators. The results presented in [6] and summarized in these proceedings use 𝑡0 = 2
and 𝜏 = 4. Although other choices are possible – and we find that the ground state masses are stable
when these parameters are varied – larger values result in a deterioration of the statistical precision,
which eventually leads to instabilities in the solutions.
For our calculations we use Wilson-clover ensembles with 2 + 1 quark flavours in the sea. All
ensembles have a lattice spacing of 𝑎 −1 = 2.194(10) GeV. Pion masses range from 𝑚 𝜋 = 700 MeV
down to 165 MeV. Two lattice volumes, 𝐿 3 × 𝑇 = 323 × 64 and 483 × 64 are used. Those with a
lattice volume of 323 × 64 were provided by the PACS-CS Collaboration [11]. The two 483 × 64
ensembles were generated by our collaboration. Details are given in Table 1. Only the lattice
ensemble with 𝑚 𝜋 = 192 MeV is used for most of the results presented below, except for the
update to the doubly-bottom channels reported previously in refs. [3] and [12], which uses all of
the ensembles given here.
In the valence sector, the light and strange propagators use the Wilson-clover formalism as in
the sea, although a slight mistuning of the strange sea quark means we use a partially quenched
strange. For the charm propagators we use the Tsukuba interpretation of the Relativistic Heavy
Quark action [13, 14]. We use a tadpole improved Nonrelativistic QCD (NRQCD) action for the
bottom quarks with all Wilson coefficients, 𝑐 𝑖 = 1 [15].

3. Box-sinks
An important new feature of our analysis, and the principle improvement in our study of the
doubly-bottom tetraquarks spectrum, is the box-sink construction that is implemented alongside
Coulomb gauge-fixed wall sources [16, 17] that are fixed to high-precision using the Fourieraccelerated conjugate gradient algorithm [18]. In earlier work [3, 12], binding energy results came
from correlators with local sinks. The use of local sinks with the Coulomb gauge-fixed wall sources
3
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and select the largest basis providing numerically stable results for each tetraquark channel. Complete details of which combination of operators are used for each channel are again found in [6].
Using a matrix of correlators constructed from the above operators we next construct “optimized
correlators”,
Õ
𝐶𝑖 (𝑡) =
𝑉𝑖 𝑗 (𝜏) †𝐶 𝑗 𝑘 (𝑡)𝑉𝑘𝑖 (𝜏)
(2)

Investigating exotic heavy-light tetraquarks with 2 + 1 flavour lattice QCD

𝐿3 × 𝑇

323 × 64

483 × 64

𝑚 𝜋 [MeV]
700
575
415
299
192
165

𝑁cnfg
399
400
400
800
122
88
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𝑎 −1 [GeV]

2.194(10)

leads to correlators with negative signs for the amplitudes of (at least) the first excited states and
ground-state effective mass plateaus which are approached from below. This can be of particular
concern if the signal of the ground state does not last to large 𝑡, leading to poor plateaus. If instead a
wall-sink is used, the ground state effective-mass plateau is approached from above, which is more
desirable for avoiding possible overestimates of bound-state binding energies, but is also statistically
noisy. To create such a “wall-wall” correlator, the wall-local propagators, 𝑆(𝑥, 𝑡), are summed over
the spatial sites at the sink:
Õ
𝑆(𝑥, 𝑡).
(4)
𝑆 𝑊 (𝑡) =
𝑥

The use of a box-sink ameliorates the negative features of both wall-local and wall-wall
correlators discussed above. A box-sink is similar to a wall-sink except the wall-local propagators
are summed over spatial sites residing with a sphere of radius 𝑅 surrounding the reference sink
point 𝑥:
1 Õ 𝐵
𝑆 𝐵 (𝑥, 𝑡) =
(5)
𝑆 (𝑥 + 𝑟, 𝑡).
𝑁 2 2
𝑟 <𝑅

𝑅2

The choice
= 0 then corresponds to a local sink and the maximum value, 𝑅 2 = 3(𝐿/2) 2 is
equivalent to a wall sink. This construction thus allows a continuous interpolation between these
two extremes, permitting us to tune 𝑅 2 to obtain correlators whose effective masses approach their
ground-state plateaus from above while not being hampered by unnecessarily large statistical noise.
In Fig. 2 we demonstrate the use of box sinks on pseudoscalar 𝐵𝑐 meson correlators, where the
black circles correspond to a wall-local correlators, the blue triangles to wall-wall correlators, and
the red and green squares correspond to wall-box correlators with 𝑅 2 = 20 and 49, respectively. In
this case a box radius of 𝑅 2 = 20 would be the preferred choice owing to the long plateau.

4. Results
In Figs. 3, 4 and 5 we show the spectra of a number of channels obtained from the GEVP
solutions. We find that the ground state energies are roughly consistent with the two meson
thresholds. The exception is for both ℓ𝑠 𝑐¯𝑏¯ channels (Fig. 4b) where the ground states lie slightly
(< 10 MeV) below these thresholds. However, due to the lack of other nearby states, our suspicion is
that this really corresponds to the two-meson threshold and the small apparent binding is due either
4
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Table 1: Lattice volume, pion mass and number of configurations in each ensemble. There is a single lattice
spacing: 𝑎 −1 = 2.194(10) GeV.
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Figure 2: Effective masses for correlators describing the same 𝐵𝑐 meson with different box-sink sizes 𝑅 2 in
lattice units.

to a small finite volume effect or to another residual systematic in our analysis. Nevertheless, in all
cases we can rule out the possibility of deep binding. The results are given in lattice units and other
than in Fig. 3a, which shows absolute energies, the tetraquark energies are offset by an unknown
quantity due to the NRQCD 𝑏 quarks, but relative energies – and therefore binding energies – are
preserved.
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Figure 3: Fit results for the 𝐼 = 0, 𝐽 𝑃 = 0+ and 1+ 𝑢𝑑 𝑠¯𝑐¯ (left) and 𝑢𝑑 𝑠¯𝑏¯ channels (right) alongside
corresponding two-meson thresholds.

In Fig. 6 we provide a preliminary update of our results of the 𝐽 𝑃 = 1+ 𝑢𝑑 𝑏¯ 𝑏¯ and ℓ𝑠 𝑏¯ 𝑏¯ binding
energies previously reported in [3]. The shaded band shows the extrapolation to the physical pion
mass through a linear fit in 𝑚 2𝜋 with black points indicating results at physical pion mass. In
agreement with the expected phenomenology, the binding energy increases as the light quark mass
5
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Figure 4: Fit results for the 𝐼 = 0, 𝐽 𝑃 = 0+ and 1+ 𝑢𝑑 𝑐¯𝑏¯ (left) and 𝐼 = 1/2, 𝐽 𝑃 = 0+ and 1+ ℓ𝑠 𝑐¯𝑏¯ channels
(right) alongside corresponding two-meson thresholds.
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Figure 5: Fit results for the 𝐼 = 0, 1+ 𝑢𝑐 𝑏¯ 𝑏¯ (left) and 𝑠𝑐 𝑏¯ 𝑏¯ channels (right) alongside corresponding
two-meson thresholds.

decreases. Each of the points as well as the extrapolated physical pion mass result show reduced
binding compared with our previous values where a local sink was used. This demonstrates the
importance of our wall-box correlators. Despite this difference, the qualitative conclusion remains
the same: both the 𝐼 = 0, 𝐽 𝑃 = 1+ 𝑢𝑑 𝑏¯ 𝑏¯ and the 𝐼 = 1/2, 𝐽 𝑃 = 1+ ℓ𝑠 𝑏¯ 𝑏¯ channels are stronginteraction stable. Indeed, the former remains comfortably below the 𝐵𝐵 threshold and is therefore
also electromagnetically stable.

5. Conclusions
Using lattice QCD, we investigated tetraquark states that have been predicted as being bound and
strong-interaction stable in studies that used QCD sum rules, model and/or heavy quark symmetry
arguments. We have found evidence for deeply-bound, strong-interaction stable tetraquark states
¯ channels with 𝐼 = 0 and 𝐼 = 1/2, respectively.
only in the doubly-bottom 𝐽 𝑃 = 1+ , 𝑢𝑑 𝑏¯ 𝑏¯ and ℓ𝑠 𝑏¯ 𝑏,
6
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Figure 6: Linear extrapolation of the binding energies of the 𝐽 𝑃 = 1+ 𝑢𝑑 𝑏¯ 𝑏¯ and ℓ𝑠 𝑏¯ 𝑏¯ channels to physical
light quark mass.

Deep binding in the other channels, as predicted by some model and QCD sum rules studies, would
have be evident in this work but we found no such possibilities.
We are working on an update of the binding energies in the 𝐽 𝑃 = 1+ , 𝐼 = 0 𝑢𝑑 𝑏¯ 𝑏¯ and 𝐽 𝑃 = 1+ ,
𝐼 = 1/2 ℓ𝑠 𝑏¯ 𝑏¯ channels. By using the box-sink construction we obtain an improved ground state
signal and find that the binding energy for both states is somewhat reduced compared to our earlier
work but still clearly strong-interaction stable. New gauge ensembles with lighter pion masses
provide a more reliable extrapolation of the binding energies to the physical pion mass in both
cases. An updated and extended study of doubly-bottom tetraquark channels is forthcoming.
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