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We discuss results for the Roberge Weiss (RW) phase transition at nonzero imaginary baryon and
isospin chemical potentials, in the plane of temperature and quark masses. Our study focuses
on the light tricritical endpoint which has already been used as a starting point for extrapolations
aiming at the chiral limit at vanishing chemical potentials. In particular, we are interested in
determining how imaginary isospin chemical potential shifts the tricritical mass with respect to
earlier studies at zero imaginary isospin chemical potential. A positive shift might allow one
to perform the chiral extrapolations from larger quark mass values, therefore making them less
computationally expensive. We also present results for the dynamics of Polyakov loop clusters
across the RW phase transition.
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1. Introduction

Typically one considers the case of an imaginary baryon chemical potential, 𝜇 𝐵 = 𝑖 𝜇˜ 𝐵 =
𝑖( 𝜇˜ 𝑢 + 𝜇˜ 𝑑 )/3 in the 𝑁 𝑓 = 2 case, with equal quark chemical potentials 𝜇˜ 𝑢 and 𝜇˜ 𝑑 . In this case there
exist vertical first-order lines in the 𝑇 − 𝜇˜ 𝑞 plane at certain critical values of the imaginary quark
chemical potential, 𝜇˜ 𝑞,𝑐 /𝑇 = (2𝑘 + 1)𝜋/3, 𝑘 ∈ Z. These first-order lines terminate at an endpoint
at some 𝑇𝑐 . This phase structure was predicted by Roberge and Weiss [1] and has been confirmed
by lattice studies [2–4]. The nature of the endpoint of these first-order lines depends on the quark
masses and is a question of interest to lattice practitioners due to its implications for establishing the
order of the transition in QCD at 𝜇𝑞 = 0 in the chiral limit. In particular, upon finding the tricritical
mass, one could, in principle, extrapolate along the 𝑍2 critical line in the 𝑁 𝑓 = 2, (𝑚, 𝜇𝑞 )-plane
towards 𝜇𝑞 = 0. Previous studies using unimproved staggered and Wilson fermions have located
both the light and heavy tricritical quark masses for 𝑁 𝑓 = 2 [5–7]. The RW endpont was also
studied in setups with improved fermion discretizations and/or number of flavors 𝑁 𝑓 [8–10]. In
[7], cutoff effects were also quantified which helped shed light on the possible fate of the chiral
first-order region as the continuum limit is approached.
One can also extend the study of imaginary chemical potentials by considering both an imaginary baryon and isospin chemical potential 𝜇 𝐼 = 𝑖 𝜇˜ 𝐼 . An exploration of the theory in the 𝜇˜ 𝐵 − 𝜇˜ 𝐼
plane reveals a rich phase structure which generalizes the original RW study [11, 12]. Apart from
this, one is also interested in the effect that the imaginary isospin chemical potential has on the light
tricritical mass. Namely, a positive shift in the tricritical point could aid attempts to determine the
nature of the phase diagram in the chiral limit. This is due to the fact that chiral extrapolations
could be done using simulations performed at heavier quark masses which would greatly reduce
the overall cost of these calculations.

2. Setup
We use 𝑁 𝑓 = 2 mass-degenerate flavors of rooted, unimproved staggered fermions which are
described by the following partition function
∫
𝑍 (𝑇, 𝜇1 , 𝜇2 ) =

D𝑈𝑒 −𝑆𝐺 [𝑈 ] (det 𝑀 (𝜇1 )) 1/4 (det 𝑀 (𝜇2 )) 1/4 ,
2

(1)
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Despite recent progress, our understanding of the phase diagram of QCD is still incomplete.
At nonzero, real quark chemical potential, 𝜇𝑞 ≠ 0, the sign problem hinders attempts to study
the theory using traditional lattice methods, with the exception of the special case of QCD at pure
isospin chemical potential 𝜇 𝐼 = (𝜇𝑢 − 𝜇 𝑑 )/2. Thus, the current understanding of the phase diagram
incorporates predictions from effective models as well as nonperturbative studies at modest values
of 𝜇𝑞 . QCD with purely imaginary quark chemical potentials, 𝜇𝑞 = 𝑖 𝜇˜ 𝑞 , does not suffer from the
sign problem and exhibits a rich phase structure which has implications for the phase diagram at
real chemical potential.
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Figure 1: Phase diagram from [12], displaying the structure of the theory in the (𝜃 𝑞 , 𝜃 𝐼 )-plane. The colors
denote the orientation of the volume-averaged Polyakov loop for which the free energy has a minimum in
the one-loop approximation. This picture holds at 𝑇 → ∞ while the situation close to the RW critical point
remains an open question.

where 𝑆𝐺 is the standard Wilson plaquette action and the unimproved staggered fermion operator
at nonzero imaginary chemical potential reads
3


1 ∑︁
𝜂𝑖,𝜈 𝑈𝜈 (𝑖)𝛿𝑖, 𝑗−𝜈ˆ − 𝑈𝜈† (𝑖 − 𝜈)𝛿
ˆ 𝑖, 𝑗+𝜈ˆ
2 𝜈=1


1
+ 𝜂𝑖,0 𝑒 𝑖𝑎 𝜇˜ 𝑖 𝑈0 (𝑖)𝛿𝑖, 𝑗−0̂ − 𝑒 −𝑖𝑎 𝜇˜ 𝑖 𝑈0† (𝑖 − 0̂)𝛿𝑖, 𝑗+0̂ .
2

𝑀 (𝜇𝑖 )𝑖, 𝑗 = 𝑎𝑚𝛿𝑖, 𝑗 +

(2)

It is convenient to write the chemical potential dependence of the theory in terms of the variables
𝜃 𝑢,𝑑 ≡ 𝜇˜ 𝑢,𝑑 /𝑇 = 𝑎𝑁 𝜏 𝜇˜ 𝑢,𝑑 , which can be expressed as 𝜃 𝑢 = 3𝜃 𝐵 /2 + 𝜃 𝐼 and 𝜃 𝑑 = 3𝜃 𝐵 /2 − 𝜃 𝐼 .
One can show that (1) is periodic in both 𝜃 𝐵 and 𝜃 𝐼 with period 2𝜋, and is also invariant under the
transformations (𝜃 1 , 𝜃 2 ) → (𝜃 2 , 𝜃 1 ), (𝜃 1 , 𝜃 2 ) → (−𝜃 2 , −𝜃 1 ), and (𝜃 𝐵 , 𝜃 𝐼 ) → (𝜃 𝐵 + 𝜋, 𝜃 𝐼 + 𝜋). The
usual RW transformation, which consists of 𝜃 𝑞 → 𝜃 𝑞 + 2𝜋𝑘/3, 𝑘 ∈ Z and a gauge transformation,
𝐺 (𝑥) ∈ 𝑆𝑈 (3) satisfying 𝐺 ( 𝑥®, 𝜏 + 𝑁 𝜏 ) = 𝐻𝐺 ( 𝑥®, 𝜏), with 𝐻 ∈ 𝑍 (3), also applies. These relations
greatly constrain the phase diagram of the theory in the (𝜃 𝐵 , 𝜃 𝐼 )-plane. Initial perturbative studies,
confirmed by recent lattice calculations, suggest a “carpet”-like phase structure describing the sector
of the volume-averaged Polyakov loop which corresponds to the minimum of the free energy. This
can be seen in fig. (1).
Our simulations used a bare quark mass of 𝑎𝑚 ∈ {0.04, 0.05, 0.06} and a fixed temporal extent
of 𝑁 𝜏 = 4. These masses were chosen taking into account the result for the light tricritical mass,
𝑚 𝑡 𝑐 = 0.043(5) at 𝑁 𝜏 = 4 in [3]. The gauge configurations were generated with the RHMC
algorithm. Our calculations employed an aspect ratio, 𝑁 𝑠 /𝑁 𝜏 ∈ [3, 6], where the spatial volume is
given by 𝑉 = 𝑁 𝑠3 . This is in line with previous studies of the RW tricritical point and allowed us to
accurately perform a finite-size-scaling analysis of the normalized fourth moment of the imaginary
Í
Î
part of the volume-averaged Polakov loop, 𝑃 = 𝑉1 𝑥® Tr 𝜏 𝑈0 ( 𝑥®, 𝜏). We have fixed the imaginary
chemical potentials such that we sit at the point (𝜋, 𝜋/4) in the (𝜃 𝐵 , 𝜃 𝐼 )-plane. At this point, one sits
3
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Figure 2: (Left) The kurtosis as a function of 𝛽 for 𝑁 𝑠 = 16, 20, 24 at 𝑎𝑚 = 0.04. The points labeled
“raw” are the simulated points, while the points labeled “rew” are the reweighted points obtained using the
multi-histogram method [13]. (Right) The collapse of the kurtosis for three different spatial volumes for
𝑎𝑚 = 0.04 after determining the critical parameters 𝛽𝑐 and 𝜈 via (5).

at the critical value in 𝜃 𝐵 which separates sectors differing in the sign of ℑ𝑃, and is, presumably,
far enough away from the first critical value of 𝜃 𝐼 .

3. Results
For each value of the quark mass, a scan in 𝛽 around 𝛽𝑐 is made. To determine the value of 𝛽𝑐
as well as the critical exponent 𝜈, we measured the value of the normalized fourth moment of the
imaginary part of the volume-averaged Polyakov loop
𝐵4 ≡

⟨(𝛿O) 4 ⟩
⟨(𝛿O) 2 ⟩ 2

,

𝛿O = ℑ𝑃 − ⟨ℑ𝑃⟩,

(3)

where we know, a priori, that at 𝜃 𝐵,𝑐 , ⟨ℑ𝑃⟩ = 0. This quantity is commonly referred to as the
kurtosis and is expected to obey the following scaling relation around 𝛽𝑐
𝐵4 (𝛽; 𝑁 𝑠 ) = 𝑔(𝑥) ≡ 𝑔((𝛽 − 𝛽𝑐 )𝑁 𝑠1/𝜈 ),

(4)

where 𝑔 is a universal scaling function and 𝑥 ≡ (𝛽 − 𝛽𝑐 )𝑁 𝑠1/𝜈 is the corresponding scaling variable.
Thus, by plotting the kurtosis measured on different spatial volumes as a function of the scaling
parameter, one hopes to obtain a collapse of the data given the correct values of 𝛽𝑐 and 𝜈. An
example of this collapse of the kurtosis is plotted in fig. (2) for 𝑎𝑚 = 0.04. The values of 𝜈 and
𝐵4 (𝛽𝑐 ) for the various scenarios occurring at the RW critical point are universal quantities whose
values are known at 𝑉 → ∞. To identify the light tricritical mass from our simulations, these
quantities must be determined at finite 𝑉 as a function of the quark mass. Following previous
studies [14, 15], one can define a quantity which determines the quality of the collapse of the
kurtosis in the critical region
1
𝑄 𝛽, 𝜈; {𝑁 𝑠(𝑖) } =
2Δ𝑥




∫

+Δ𝑥

−Δ𝑥

! 2

2
∑︁ 
∑︁


 𝑁𝑉
𝐵4 (𝑥(𝛽, 𝜈, 𝑁 𝑠(𝑖) )) −
𝐵4 (𝑥(𝛽, 𝜈, 𝑁 𝑠(𝑖) )  𝑑𝑥.



𝑖
𝑖


4

(5)
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Figure 3: The dependence of the critical parameters, obtained from the minimization of 𝑄, as a function
of Δ𝑥 for 𝑎𝑚 = 0.04 using 𝑁 𝑠 = 16, 20. The errors on each each point were estimated using 500 bootstrap
estimators for the kurtosis. The result is clearly stable with respect to Δ𝑥, and thus one can safely extrapolate
to Δ𝑥 = 0.
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Figure 4: The critical exponent 𝜈 as a function of the bare quark mass 𝑎𝑚. These were results obtained
from the quantitative collapse procedure using 𝑁 𝑠 = 16, 20. One can see that at 𝑎𝑚 = 0.06, the value of 𝜈 is
consistent with the tricritical value.

The quantity 𝑄 estimates the average variance of the data and is minimized as a function of 𝛽𝑐 and
𝜈. The integration interval is chosen to be symmetric and the results at finite Δ𝑥 are extrapolated
to zero to give our final estimate. An example of this procedure is shown in fig. (3). We note that
this minimization procedure, particularly for the first-order region, is very sensitive to finite-volume
effects which we are still currently trying to quantify. In practice, three different spatial volumes
were used in (5) for each value of the quark mass. Gathering these results, we plot our 𝜈, determined
by the extrapolated, minimized variance, as a function of bare quark mass in fig. (4). These data
suggest that the light tricritical mass increases as we turn on a nonzero imaginary isospin chemical
potential.
5
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Figure 5: A plot of the relative abundances of the sites corresponding to a given sector 𝑛(𝑥) ∈ {1, 2, 3} as
a function of 𝛽 for 𝑎𝑚 = 0.04 for configurations whose spatially-averaged Polyakov loop belong to 𝑛 = 1.
One notices that near 𝛽𝑐 , the relative abundances of the three sectors, labeled by 𝑛, begin to diverge from
one another.

4. Polyakov loop dynamics
In our simulations, we produce scans in temperature by tuning the parameter 𝛽. As one goes
from small 𝑇 (small 𝛽) where the RW transition is a crossover to large 𝑇 (large 𝛽) where it is first
order, the distribution of ℑ𝑃 goes from being a Gaussian centered about 0 to a bimodal distribution
whose mean is also zero. During the generation of the gauge ensembles at 𝛽 > 𝛽𝑐 , one samples for
long periods of time regions in phase space corresponding to one or the other minimum of the free
energy. The probability that a tunneling event occurs between these two regions of phase spaces
strongly depends on the volume. In order to understand the dynamics underlying these events, we
have studied the clustering properties of the local Polyakov loop, 𝑃( 𝑥®). Decomposing the Polyakov
loop as 𝑃 = |𝑃|𝑒 𝑖 𝜙 , we can assign the volume-average as well as each site in 𝑉 = 𝑁 𝑠3 to a sector, 𝑛,
which can be defined according to the following definition


3,




𝑛= 2



1


𝜙 ∈ [− 𝜋3 + 𝛿,
𝜙∈[

𝜋
3

𝜋
3

− 𝛿]

+ 𝛿, 𝜋 − 𝛿]

,

(6)

𝜙 ∈ [𝜋 + 𝛿, 53𝜋 − 𝛿]

where 𝛿 is a cutoff parameter which determines the number of spatial sites whose Polyakov loops
are discarded in the ensuing analysis. Following previous studies of pure Yang-Mills theory [16–18]
as well as studies with dynamical quarks [19], we have looked at several observables characterizing
the local dynamics of the Polyakov loop. In fig. (5), we show the abundances of the sectors as a
function of 𝛽 on gauge configurations whose spatial average lies in sector 1. The plot illustrates
how the dominant sector becomes populated at the expense of the other sectors as we cross the RW
endpoint. One can further characterize the sizes of the clusters which are defined by a group of
spatial lattice sites each having a neighbor belonging to the same sector 𝑛. A further investigation
of the properties of these clusters is underway.
6
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5. Summary and Outlook
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