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We report on recent progress of our analysis of the nucleon sigma terms, as well as the singlet scalar,
axial and tensor nucleon charges. These are determined employing the CLS gauge ensembles,
which are generated using the Lüscher-Weisz gluon action and the non-perturbatively improved
Sheikholeslami-Wohlert fermion action with 𝑁 𝑓 = 2 + 1 dynamical fermions. For the ensembles
analysed thus far, the pion masses range from 200 MeV up to 410 MeV, and the lattice spacings take
five values between 0.09 fm and 0.04 fm. We have employed a variety of methods to determine the
relevant correlation functions, including the sequential source method for connected contributions
and the truncated solver method for disconnected contributions.
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1. Introduction

2. Lattice Setup
We utilise the 𝑁 𝑓 = 2 + 1 CLS ensembles [2] within our analysis, which were generated with
the Lüscher-Weisz gluonic action, and the non-perturbatively improved Sheikholeslami-Wohlert
fermionic action. There are several important aspects of this setup. We have O (𝑎) non-perturbative
improvement of the fermion action, however, the currents also require improvement, which, in
general, involves both quark mass dependent and independent terms. As we are working in the
forward limit, the latter do not appear (as they involve derivatives). The only exception to this is
the scalar current, for which the mass-independent improvement term is proportional to 𝑎𝐹𝐹. We
omit this term as the corresponding coefficient has not yet been determined. For this preliminary
analysis, the mass-dependent terms are also not considered (for all of the charges). Note that, due
to chiral symmetry breaking, there can be mixing between quark flavours under renormalisation.
This is discussed in section 4.
The light and strange quark masses are varied in the simulation so as to follow three trajectories.
As shown in figure 1, two of the trajectories approach the physical point (one along which the flavour
average quark mass is held constant and the other along which the physical strange quark mass is
kept approximately constant), while the other approaches the chiral limit. This allows for full
control of quark-mass systematics. Furthermore, the range of lattice spacings (spanning 0.09 fm
down to 0.04 fm) and volumes (with 𝐿 3 · 𝑇 = 243 · 48 up to 963 · 192, with 𝐿𝑚 𝜋 ≳ 4 in almost
all cases) available enables discretisation and finite volume effects to be thoroughly investigated.
A high statistics study can be realised, with each ensemble typically containing around 1000–
2000 configurations. Note that, in order to counter-act topological freezing, many ensembles (in
particular, those at finer lattice spacing) have open boundary conditions in the time direction.

3. Correlation Functions
The correlation functions used are the standard two- and three-point functions
D
E
𝐶2 𝑝𝑡 (𝑡 𝑓 , 𝑡𝑖 ) = N (𝑡 𝑓 )N (𝑡𝑖 ) ,
D
E
D
E
𝐶3 𝑝𝑡 (𝑡 𝑓 , 𝑡, 𝑡 𝑖 ) = N (𝑡 𝑓 )𝐽 (𝑡)N (𝑡𝑖 ) − ⟨𝐽 (𝑡)⟩ N (𝑡 𝑓 )N (𝑡𝑖 ) ,
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𝑞
The nucleon charges (𝑔 𝑋
) are matrix elements of the form ⟨𝑁 |𝐽 |𝑁⟩, where the current 𝐽 = 𝑞Γ𝑞
is composed of spinor fields of quark flavour 𝑞 ∈ {𝑢, 𝑑, 𝑠} and Γ ∈ {1, 𝛾 5 𝛾 𝜇 , 𝛾 𝜇 , 2𝑖 [𝛾 𝜇 𝛾 𝜈 ]} for the
scalar, axial, vector, and tensor charges (𝑋 = 𝑆, 𝐴, 𝑉 and 𝑇), respectively. Of particular note are the
sigma terms which are obtained from the scalar charges through the multiplication with the mass of
the quark 𝑚 𝑞 : 𝜎𝑞 = 𝑚 𝑞 𝑔𝑆𝑞 = 𝑚 𝑞 ⟨𝑁 |𝑞1𝑞|𝑁⟩. These are of interest, for example, as they appear in
the decomposition of the nucleon mass [1] (representing the quark contribution to the mass), and
are required to predict the spin-independent WIMP-nucleon scattering cross section relevant for
dark matter detection experiments. The axial charges give the contributions of the quark spins to
the spin of the nucleon (as well as the coupling to the 𝑍-boson), while the tensor charges correspond
to the quark transverse spins in the nucleon.
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where N (N ) is the nucleon interpolating operator at the source (sink) timeslice 𝑡𝑖 (𝑡 𝑓 ), and
𝐽 (𝑡) = 𝑞Γ𝑞 is the current inserted at time 𝑡 with spin structure Γ. We note the vacuum subtraction
in equation (2) which is needed in the case of the scalar charge.
Performing the Wick contractions for the three-point correlation functions in equation (2) leads
to quark line connected and disconnected diagrams. The connected contributions are generated
through the use of the sequential source method. The source-sink separation for each three-point
function is fixed and we realise four separations ranging from 𝑡 𝑓 − 𝑡𝑖 = 0.7 fm up to 1.2 fm. In
order to improve statistics, multiple sources are analysed per configuration with one, two, three and
four measurements being generated for the four separations ranging from the smallest to the largest.
For the ensembles with periodic boundary conditions in time we make use of the coherent source
technique [3].
The disconnected contributions are constructed by correlating a disconnected loop with a twopoint function. For the two-point function, typically twenty different source positions are utilised.
The calculation of the loop is computationally expensive, as this requires an all-to-all propagator.
To offset this expense we make use of various techniques: the truncated solver method [4] together
with the hopping parameter expansion [5] and partitioning [6] in the time direction. For the time
partitioning we seed the stochastic source on every fourth timeslice, and then repeat this four times
shifting the source by one timeslice each time.
The correlation functions are smeared at the source and the sink using Wuppertal smearing
with APE smeared gauge links. The number of Wuppertal smearing iterations is varied with the
pion mass such that the root-mean-square radius ranges between 0.6 fm and 0.85 fm as the pion
mass decreases from 420 MeV down to the physical point. For ensembles with open boundary
conditions, the positions of the nucleon source and sink are chosen such that boundary effects are
avoided.
3
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Figure 1: Overview of the CLS ensembles utilised within this analysis.
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3.1 Fitting
The spectral decompositions of the two- and three-point correlation functions, in the limit of
large times, read
"
#
2
𝑍
𝐶2 𝑝𝑡 (𝑡 𝑓 , 0) = 𝑍12 e−𝑡 𝑓 𝑚 1 + 22 e−Δ𝑚𝑡 𝑓 + . . . ,
(3)
𝑍1
"
#


𝑍2 𝑍1
2 −𝑡 𝑓 𝑚
−Δ𝑚(𝑡 𝑓 −𝑡)
−Δ𝑚𝑡
⟨1|𝐽 |1⟩ + 2 ⟨2|𝐽 |1⟩ e
𝐶3 𝑝𝑡 (𝑡 𝑓 , 𝑡, 0) = 𝑍1 e
+e
+...,
(4)
𝑍1
where the overlap factors 𝑍 𝑗 ∝ ⟨0|N | 𝑗⟩ = 𝑍 ∗𝑗 , and |0⟩, |1⟩ and |2⟩ are the vacuum and the nucleon
ground and first excited states, respectively. The mass gap between the first excited state and the
ground state is denoted Δ𝑚. We fit the ratio of the two- and three-point correlation functions:


𝐶3 𝑝𝑡 (𝑡 𝑓 , 𝑡, 0)
𝑅(𝑡 𝑓 , 𝑡) =
(5)
= ⟨1|𝐽 |1⟩ + 𝐴 ⟨2|𝐽 |1⟩ e−Δ𝑚(𝑡 𝑓 −𝑡) + e−Δ𝑚𝑡 + . . . ,
𝐶2 𝑝𝑡 (𝑡 𝑓 , 0)
4
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Figure 2: (Top) 𝑅(𝑡 𝑓 , 𝑡) for a connected three-point function with a scalar current 𝐽 = 𝑢1𝑢 as a function of
the current insertion time for an ensemble with 𝑚 𝜋 = 345 MeV, 𝑎 = 0.0642 fm, and 𝐿 3 · 𝑇 = 3.083 · 8.22 fm4 ,
for four different source-sink separations in the range 𝑡 𝑓 − 𝑡 𝑖 = 0.7 fm to 1.2 fm. (Bottom) the ratio for a
disconnected three-point function with 𝐽 = 𝑢1𝑢 for multiple current insertion times as a function of the sink
time. The connected and disconnected ratios relevant for extracting scalar, axial, tensor and vector charges
are fitted simultaneously, with the pink bands indicating the ground state matrix elements extracted for the
two ratios displayed.
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where the leading constant is the desired matrix element and any dependence on 𝑡 𝑓 and 𝑡 is due to
excited state contamination (only the leading correction is shown above), which can be significant.
The excited state spectrum includes multi-particle states as well as radial excitations. In particular,
for ensembles with lighter pion masses, the 𝑁 (0)𝜋(0)𝜋(0) or 𝑁 ( 𝑝)𝜋(−
®
𝑝)
® levels lie below that of
the nucleon’s first radial excitation. Furthermore, as the pion mass approaches the physical point,
the excited state spectrum becomes denser which may lead to difficulties in resolving individual
excited state contributions.

In principle, the mass gap Δ𝑚 can be determined from a fit to the two-point function, however,
as the overlap of the standard smeared nucleon interpolator with a 𝑁 𝜋 or 𝑁 𝜋𝜋 state is small, it is
often difficult to resolve the lowest excitation. In terms of the three-point function, the contribution
of this level may be significant due to an enhanced ⟨2|𝐽 |1⟩ matrix element. Alternatively, one
can determine the mass gap when fitting to the ratio 𝑅(𝑡 𝑓 , 𝑡), although, this can be problematic
if the excited state contamination is small. In order to mitigate these difficulties, we perform a
simultaneous fit to the connected and disconnected three-point functions corresponding to multiple
charges, enforcing the same first excited state energy in each case. An example of such a fit is shown
in figure 2, where, for brevity, only the ratios for a scalar current insertion 𝐽 = 𝑢1𝑢 are displayed.
To check the assumption that the different charges have the same dominant excited state, we
5
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Figure 3: (Top left) bare connected scalar matrix element for 𝐽 = 𝑢1𝑢 extracted when simultaneously
fitting to different connected and disconnected three-point functions. The legend (top right) indicates which
three-point functions (relevant for a particular charge) were included, with 𝑈 and 𝐷 (𝐿 and 𝑆) indicating
that connected (disconnected) three-point functions were fitted, with 𝐽 = 𝑢1𝑢 and 𝑑1𝑑 (𝐽 = 𝑢1𝑢 = 𝑑1𝑑 and
𝑠1𝑠), respectively. The crosses indicate fits where Δ𝑚 is a free parameter, while the points correspond to fits
where the first excited state mass gap is set to the lowest non-interacting 𝑝-wave 𝑁 𝜋 energy using a prior.
(Bottom left) The first excited mass gap extracted. The lowest non-interacting 𝑝-wave 𝑁 𝜋 (𝑠-wave 𝑁 𝜋𝜋)
energy is shown as the red (blue) horizontal line. (Bottom right) The corresponding 𝜒2 /d.o.f. values.
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varied the three-point functions that enter the fit, as displayed in figure 3. To further investigate the
sensitivity to the first excited state mass gap, we also performed fits where Δ𝑚 is set to the lowest
non-interacting 𝑝-wave 𝑁 𝜋 energy using a prior. Figure 3 shows that the matrix element and mass
gap are stable as we vary the three-point functions that are included in the fit. However, there is a
systematic difference between the results with and without the prior which warrants further study.

4. Renormalisation

ren

lat

𝑟𝑚 +2
𝑟𝑚 −1
𝑟𝑚 −1
3
3
3 ª ©𝑚𝑢 ª
©
𝑟𝑚 −1
𝑟𝑚 +2
𝑟𝑚 −1 ® 
𝑛𝑠

®
(6)
= 𝑍 𝑚 (𝜇, 𝑎)  3
3
3 ® 𝑚 𝑑 ® ,
𝑟𝑚 −1
𝑟𝑚 −1
𝑟𝑚 +2
3
3 ¬ «𝑚𝑠 ¬
« 3
𝑠 /𝑍 𝑛𝑠 . Defining Tr 𝑀 = Í 𝑚 , Tr 𝑔 = Í 𝑔 𝑞 , and O
b to be the renormalised
where 𝑟 𝑚 = 𝑍 𝑚
𝑆
𝑞 𝑞
𝑞 𝑆
𝑚
observable O, we can write




−1 − 1
𝑟𝑚
𝑟𝑚 − 1
𝑞
𝑞
−1
𝑚
b𝑞 = 𝑍 𝑚 𝑚 𝑞 +
Tr 𝑀 ,
b
𝑔𝑆 = 𝑍 𝑚 𝑔𝑆 +
Tr 𝑔𝑆
(7)
3
3

© 𝑚 𝑢 (𝜇) ª
𝑚 𝑑 (𝜇) ®

®
𝑚
(𝜇)
𝑠
«
¬

which gives for the sigma terms



−1 − 1
𝑟𝑚
𝑟𝑚 − 1
𝑞
Tr 𝑀 𝑔𝑆 +
Tr 𝑔𝑆 .
𝜎𝑞 = 𝑚 𝑞 +
3
3

(8)

Two flavour combinations of note are the pion-nucleon sigma term 𝜎𝑁 𝜋 = 𝜎𝑢 + 𝜎𝑑 and the flavour
Í
singlet sigma term Tr 𝜎 = 𝑞 𝜎𝑞 , which is invariant under renormalisation.

5. Preliminary Results
In figure 4 we show preliminary results for the isovector scalar charge 𝑔𝑆𝑢−𝑑 = 𝑔𝑆𝑢 − 𝑔𝑆𝑑 (left)
and the pion-nucleon sigma term (right) determined on the 𝑁 𝑓 = 2 + 1 ensembles which lie along
the two trajectories that meet at the physical point as a function of the pion mass squared. Previous
𝑁 𝑓 = 2 results from RQCD [9] are also shown for comparison, along with the recent 𝑁 𝑓 = 2 + 1
FLAG average [11]. Note that results obtained on ensembles which lie along the trajectory, where
6
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Matrix elements determined on the lattice are converted to the (standard) MS continuum scheme
via renormalisation factors. When employing Wilson fermions, the flavour singlet and non-singlet
renormalisation factors (𝑍 𝑠 and 𝑍 𝑛𝑠 , respectively), in general, differ, due to the breaking of chiral
symmetry. This leads to mixing between quark flavours under renormalisation. In perturbation
theory, the ratio 𝑟 = 𝑍 𝑠 /𝑍 𝑛𝑠 = 1 + O (𝛼 𝑛 ), where 𝑟 → 1 in the continuum limit (except in
the case of the axial current due to the anomaly). For the axial and tensor charges, 𝑛 = 2 and
𝑛 = 3, respectively, suggesting the deviation from one is small. This seems to be confirmed by
non-perturbative determinations of the ratios, see, e.g., [7].
For the scalar, while 𝑍 𝑠 /𝑍 𝑛𝑠 = 1 + 𝛼2 , the ratio is known to be much larger than one for
coarse lattice spacings. Considering the sigma terms, 𝜎𝑞 = 𝑚 𝑞 𝑔𝑆𝑞 , we start with the renormalisation
pattern of the quark masses [8],
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Figure 4: Preliminary results for the isovector scalar charge (left) and pion-nucleon sigma terms (right)
determined on CLS 𝑁 𝑓 = 2 + 1 ensembles compared to previous RQCD 𝑁 𝑓 = 2 results [9] and the recent
FLAG average [10].
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Figure 5: Dependence of the sigma terms on the pion mass squared for the singlet 𝜎𝑢 + 𝜎𝑑 + 𝜎𝑠 flavour
combination (left) and the pion-nucleon sigma term (right). The results for the three quark mass trajectories
are given separately: (top) the ensembles lie on the trajectory along which the flavour average quark mass
is kept constant, (middle) the strange quark mass is approximately constant, (bottom) the light and strange
quark masses are equal. Where applicable, the vertical blue line indicates the physical pion mass.
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Figure 6: Dependence of the sigma terms on the lattice spacing for the singlet 𝜎𝑢 + 𝜎𝑑 + 𝜎𝑠 flavour
combination (left) and the pion-nucleon sigma term (right). The results for the three quark mass trajectories
are given separately, as in figure 5. The pion mass in each case is indicated by a colour gradient.

the flavour average quark mass is kept fixed (the blue line of figure 1) are only expected to be
consistent with the 𝑁 𝑓 = 2 results close to the physical point. In figures 5 and 6 we present the pion
mass and lattice spacing dependence of the results, respectively, for the three different trajectories
separately. The downward trend in the data as the lattice spacing decreases suggests that there
may be significant discretisation effects. In the future we will include further CLS ensembles and
perform a combined continuum, quark mass and infinite volume extrapolation.
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