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The study of jets in heavy-ion collisions provides important information about the interaction of
partons with the medium that they traverse. The seeds of jets are highly energetic partons, which
are produced from hard scatterings during the collision event. As such, they are affected by all
different stages of the medium’s time evolution, including the glasma, which is the pre-equilibrium
precursor state of the quark-gluon plasma. Here we report on our numerical lattice simulations
of partons traversing the boost-invariant, non-perturbative glasma as created at the early stages
of collisions at RHIC and LHC. We find that partons quickly accumulate transverse momentum
up to the saturation momentum during the glasma stage. Furthermore, we observe an interesting
anisotropy in transverse momentum broadening of partons with larger broadening in the rapidity
than in the azimuthal direction. Its origin can be related to correlations among the longitudinal
color-electric and color-magnetic flux tubes in the initial state of the glasma. We compare these
observations to the semi-analytic results obtained by a weak-field approximation, where we also
find such an anisotropy in a parton’s transverse momentum broadening.
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1. Introduction

The theoretical description of heavy-ion collisions poses many challenges, as it requires dif-
ferent schemes for the various stages of matter created in such a collision. An intensely researched
stage is the quark-gluon plasma (QGP), which is well described by viscous hydrodynamics [1, 2].
Because of the existence of a hydrodynamic attractor [3], bulk properties, such as particle multiplic-
ities and flow harmonics [4–8], can be described without an exact knowledge of the initial conditions
of the hydrodynamical evolution. However, probes, such as jets [9–11], which are created by hard
scatterings during the collision, are affected by the evolution prior to the QGP. This pre-equilibrium
precursor state, the glasma, is based on the color-glass condensate (CGC) [12, 13], which is an
effective theory of high-energy QCD. In the glasma stage, expanding chromo-electric and chromo-
magnetic flux tubes interact strongly with partons that lead to jets in later stages. Since the color
fields are initially longitudinal [14], this interaction is highly anisotropic. Jet quenching [15] in
heavy-ion collisions is sensitive to the very early stages [16]. There, the momentum of said parton
is influenced anisotropically by the color fields, which leads to an anisotropy in the momentum
broadening of the subsequent jet.

Analytic calculations of glasma observables, such as momentum broadening, have proven to be
difficult and, thus, necessitate some approximations. Oftentimes, the boost-invariant approximation
is employed, which makes the system effectively 2+1 dimensional because the rapidity dependence
is neglected. An intriguing limit for analytic considerations is the dilute limit [17], in which
the flux-tube color fields are deemed small. There, the momentum broadening of a test particle
moving at constant speed can be calculated mostly analytically; the only numerics comes in when
evaluating some integrals. Also, an interesting analytic relation between the anisotropy of the
momentum broadening of a test parton and the correlations among the color flux tubes in the initial
state of the glasma can be found. This was shown in [18, 19], which are the papers that these
conference proceedings are based on. Recent advancements in the dilute limit have also been made
in 3+1 dimensions [20]. Another limit, the lattice approximation, allows for strong color fields in
the glasma, which is the more realistic case. In this real-time lattice field theoretic approach, the
transverse plane is approximated by a square lattice with periodic boundary conditions, and the
equations of motion, the (discretized) Yang-Mills equations, are solved with finite differences.

This paper is structured as follows: in sec. 2, we will discuss the theoretical framework of the
glasma. Then, in sec. 3, we will introduce momentum broadening of a parton traveling through the
glasma, which will be approximated in two ways: by a weak-field approximation (subsec. 3.1) and
by a lattice approximation (subsec. 3.2). We will present our results in sec. 4 and conclude in sec. 5.

2. The glasma

The theoretical framework for the description of the glasma is the CGC. In the center-of-mass
frame, partons of the two incoming nuclei A and B that carry high momentum are described by
static, classical color charges. They move along the beam axis I and are described by the color
current

�
`

(A,B) = X
`
±d (A,B) (G∓, x), (1)
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with the light-cone coordinates G± = (C ± I)/
√

2, x = (G, H) and the Kronecker delta X`± . Their mo-
mentum is high enough so that they can be treated as infinitely thin d (A,B) (G∓, x) = X(G∓)d (A,B) (x),
which makes this setup boost invariant, and their spatial extent in the transverse directions is large
enough, so that we approximate them to be infinitely big in these directions. We use the McLerran-
Venugopalan model [21, 22] to describe the nuclei. In this model, the color charge density d is
taken to be a random field that is distributed according to the Gaussian probability functional, [d],
which is characterized by the charge density correlator

〈d0(A,B) (G)d
1
(A,B) (H)〉 = (6`)

2X01X(G∓ − H∓)X(G∓)X (2) (x − y), (2)

where ` is a model parameter that fixes the saturation momentum &B ∝ 62`. Hence, expectation
values of observables are computed by taking the average over all configurations, weighted by, [d].

The high-momentum partons act as sources for the low-momentum partons. The latter are
described by the classical vector field �`, and their relation is governed by the Yang-Mills equations

�`�
`a

(A,B) = �
a
(A,B) . (3)

In light-cone gauges (�+ = 0 for nucleus A and �− = 0 for nucleus B), the color field is purely
transverse

�8(A,B) (G
∓, x) = 1

86
+(A,B) (x)m8+(A,B) (x)\ (G∓), (4)

and the lightlike Wilson lines along the light-cone coordinate axes G± are given by

+
†
(A,B) (x) = P exp ©«86

∞∫
−∞

3G∓
d (A,B) (G∓, x)
∇2 − <2

ª®¬, (5)

with the infrared regulator < and the Yang-Mills coupling constant 6; P denotes path ordering. In
Milne coordinates (g =

√
2G−G+, [ = ln(2G+G−)/2) and temporal gauge (�g = 0), the glasma initial

conditions [17] read

�8 (x) = �8A(x) + �
8
B(x), (6)

�[ (x) = 86
2

[
�8A(x), �

8
B(x)

]
. (7)

Note that in the boost-invariant approximation, the Yang-Mills equations, which determine the
evolution of the glasma, are source free.

3. Momentum broadening in the glasma

The momentum of a parton moving through the glasma is broadened because the color fields
in the glasma exert strong Lorentz forces on the parton. We consider an ultra-relativistic parton that
is created via hard scattering during the collision, which coincides with the origin of the coordinate
system. The origin can be chosen without loss of generality because the transverse extent of the
color sheets that approximate the nuclei is taken to be infinite (see sec. 2). The parton travels at
the speed of light, and it is assumed to be too energetic to be deflected, but the color forces lead
to an accumulation of momentum transverse to its trajectory, which we take to be the G-direction.

3
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Figure 1: Schematic picture of a heavy-ion collision (taken from [18]). When the two nuclei A and B,
visualized in gray, collide, they produce the glasma, which is depicted by colorful (flux) tubes. A parton,
the seed of a jet, is produced through hard scatterings during the same collision event. It moves in the
G-direction, which is orthogonal to the beam axis (I-axis). Transverse momentum broadening refers to the
H- and I-directions.

Since the system is boost invariant, this can be done without loss of generality. Back-reactions from
the parton to the glasma are neglected, i.e. we consider the parton to be a test particle. Note that
transverse momentum broadening refers to 〈?2

8
〉 orthogonal to the particle trajectory, not the beam

direction, i.e. 8 ∈ {H, I}. The collision event is depicted in fig. 1.
The equations of motion for a test parton in a non-Abelian background field are given by the

Wong equations

d?`
dg

= 6&0 (g) dG
a

dg
�0`a (g), (8)

d&0

dg
= 6

dG`

dg
5 012�1` (g)&2 (g), (9)

with the trajectory G` and the color charge of the quark &0. The fields are evaluated along the
particle trajectory. The solution of the Wong equations for a quark (indicated by the subscript @)
reads

〈?2
8 (g)〉@ =

62

#2

g∫
0

dg′
g∫

0

dg′′ 〈Tr
[
5 8 (g′) 5 8 (g′′)

]
〉, (10)

where 5 8 are functions that represent the color rotated Lorentz force

5 H (g) = * (g)
(
�H (g) − �I (g)

)
*†(g), (11)

5 I (g) = * (g)
(
�I (g) + �H (g)

)
*†(g), (12)

and* is a lightlike Wilson line in the fundamental representation along the particle trajectory

* (g, 0) = P exp
(
− 86

g∫
0

dg′ �G (g′)
)
. (13)

The momentum broadening for an ultra-relativistic test gluon traveling through the boost-invariant
glasma is related to eq. (10) via Casimir scaling

〈?2
8 〉6 =

��

��
〈?2
8 〉@, (14)
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with the Casimirs �� and �� in the adjoint and fundamental representation, respectively.
Evaluating eq. (10) is challenging for two reasons: first, one would need to solve the Yang-

Mills equations, and, second, it is a highly nonlinear functional of �`, as can be seen from eq. (13).
Therefore, some approximations need to be made in order to proceed. In the following, we will
discuss two possibilities: a weak-field approximation and a lattice approximation.

3.1 Weak-field approximation

In the weak-field approximation [17], we consider the charge density d that describes the nuclei
to be small. As a consequence, the glasma initial conditions, which are given by eqs. (6) and (7),
can be treated perturbatively in d, and the time evolution becomes Abelian in the lowest order that
is not pure gauge. At this (fourth) order, the momentum broadening reads

〈?2
(H,I) (g)〉@ =

∫
d2k
(2c)2

6(g, k) 2 (�,�) (:, <), (15)

where

6(g, k) = #2
2 − 1
2

68`4

������
g∫

0

dg′
(
8:G

:
�1(:g′) + �0(:g′)

)
48:G g

′

������
2

(16)

is the same function for the H- and the I-component. It describes the time evolution of the glasma;
#2 pertains to the chosen gauge group SU(#2), : is the norm of k and �= are the Bessel functions
of the first kind. The components differ only by the initial time correlators 2� and 2�

2� (:, <) =
∫

d2p
(2c)2

(p × k)2
(?2 + <2)2( |k − p|2 + <2)2

, (17)

2� (:, <) =
∫

d2p
(2c)2

(p · (k − p))2
(?2 + <2)2( |k − p|2 + <2)2

. (18)

3.2 Lattice approximation

In the lattice approximation [23, 24], we discretize the transverse plane as a regular #) × #)
lattice with periodic boundary conditions. The transverse lattice spacing is given by 0) , and the
transverse length of the lattice is !) = #) 0) . The discrete proper times are given by g= = =Δg,
with the time step Δg and = ∈ N. The time step and the transverse lattice spacing are related
by Δg = 0) /=g , where =g ≥ 2 is an even integer. The degrees of freedom are the gauge links in
the transverse plane*G,8̂ (g=), the rapidity component of the gauge field �G,[ (g=) and the conjugate
momenta %8G (g=+1/2) and %

[
G (g=+1/2). Note that the gauge links and the gauge field are evaluated

at time steps g=, whereas the conjugate momenta are taken at fractional time steps g=+1/2. The
Yang-Mills equations are replaced by a leapfrog scheme for finite time steps, where the covariant
derivatives have been replaced by forward and backward differences. The glasma initial conditions,
given by eqs. (6) and (7) also have to be discretized. Each individual nucleus is described by
#B color sheets along the longitudinal direction, which accounts for path ordering [25]. The charge
density correlator, which is the discretized analog of eq. (2), then reads

〈d0G,<d1H,=〉 =
62`2

#B0
2
)

X<=X
01XGH . (19)

5



P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
1
8
1

Transverse momentum broadening in real-time lattice simulations of the glasma D. Schuh

The indices < and = refer to the respective color sheet. The numbers representing the discrete
charge density d0G,< are drawn from a Gaussian distribution. They act as the inhomogeneity in the
Poisson equations that have to be solved for each color sheet individually.1 The lightlike Wilson
line +† is approximated by a product over the individual color sheets, instead of given by a path
ordered integral, as in eq. (5). They constitute the transverse gauge fields of the respective nucleus

*
(�,�)
G,8̂

= +(�,�) ,G+
†
(�,�) ,G+8̂ , (20)

which are, in turn, the input for the glasma initial conditions.
In order to calculate momentum broadening, the functions 5 8 in eq. (10), which are given by

eqs. (11) and (12), have to be discretized. We do this based on the ideas of the nearest-grid-point
scheme of the colored-particle-in-cell method [26–28]: when the particle moves across the two-
dimensional transverse lattice, its charge contributes to the lattice charge density only at the lattice
site that is closest to it. Each time the nearest grid point changes, the color charge is color rotated
with the Wilson line connecting the old nearest grid point with the new one, which is dictated by
local gauge-covariant color-charge conservation.

In the setup of this paper, the particle moves in the G-direction, along the lightlike trajectory
G` = (g=, g=, 0, 0) + G`0 , where G

`

0 is its starting position at g0. At times C= = =0) = =gg=, the
particle position coincides with a lattice point, and at C̄= = (= + 1/2)0) , the nearest grid point of the
particle changes, which is when its color charge color rotates. Therefore, the discretized versions
of the Wilson lines * in eqs. (11) and (12), which take care of the color rotation, are evaluated at
times C̄=. Their approximation reads

* (0, C̄=) ≈ *G0, Ĝ (C̄0)*G1, Ĝ (C̄1) . . . *G=−1, Ĝ (C̄=−1)*G= , Ĝ (C̄=). (21)

We approximate the (discretized) color-electric and color-magnetic fields of eqs. (11) and (12) to
second order in both lattice spacing and time step. They are evaluated at times C= at the lattice site
at which the parton is located. Gauge links and color fields are, thus, evaluated at different times,
and the lattice versions of eqs. (11) and (12) read

5 H (C=) = * (0, C̄=)
(
�H (C=) − �I (C=)

)
* (C̄=, 0), (22)

5 I (C=) = * (0, C̄=)
(
�I (C=) + �H (C=)

)
* (C̄=, 0). (23)

The time integrals that are needed to calculate momentum broadening are approximated by sums,
and, therefore, the lattice approximation of eq. (10) is given by

〈?2
(H,I) (C=)〉@ ≈

6202
)

#2
〈Tr

[ ( =∑
8=0

5 (H,I) (C=)
)2

]
〉. (24)

The average is performed over the randomcolor charge densities that are used in the initial conditions.

4. Results and discussion

In this section, we evaluate eq. (24) with SU(3) real-time lattice simulations for a dense
glasma. The density is determined by the ratio </62`: it is small for a dense glasma and large

1In the continuum, the solution of the Poisson equation in the transverse plane leads to eq. (4).

6
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(a) Momentum broadening at early times
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(b) Momentum broadening up to later times

Figure 2: Accumulated transversemomentum for a high-energy quarkmoving in the G-direction as a function
of the dimensionless proper time &Bg from SU(3) real-time lattice simulations of the dense glasma (taken
from [18]). The symbols correspond to different values of </62`; the bands indicate the ranges that 〈?2

H〉,
〈?2
I〉 and 〈?2

⊥〉 = 〈?2
H〉 + 〈?2

I〉 can take for the chosen values for this ratio. The results have been averaged
over 50 random initial conditions. The H- and the I-component exhibit different behavior, which leads to an
anisotropy 〈?2

I〉/〈?2
H〉 ≠ 1 in momentum broadening.

for a dilute glasma. We work at fixed saturation momentum &B by choosing 62` for some fixed
saturation momentum according to the numerical results presented in [29]. The transverse plane
is approximated by #) = 1024 points in each direction, and the time step is related to the lattice
spacing via Δg = 0) /16. Each nucleus is approximated by #B = 50 color sheets. The lattice
resolution 62`0) ≈ 0.1 for 62`! = 100 is sufficient to resolve glasma flux tubes, which have a
diameter of &−1

B ≈ (62`)−1 [14]. We choose a few different values for the infrared regulator <, so
that the glasma that we simulate is dense: </62` ∈ {0, 0.05, 0.1, 0.2}. For a vanishing infrared
regulator, we implement color neutrality at the size of the system ! by eliminating the zero mode
of the charge density [30]. For a non-vanishing infrared regulator, the system is large enough to
resolve multiple color neutral domains.

The main results of these lattice simulations are presented in fig. 2. It depicts transverse
momentum broadening for quarks as a function of dimensionless proper time &Bg, more precisely,
it shows the broadening within the plane transverse to the beam axis (H-component), the broadening
along the beam axis (I-component) and the total transverse momentum broadening. The behavior
of the H-component and the I-component are quite different: the former barely depends on the
density of the glasma, rises sharply until g ≈ &−1

B and flattens out afterwards, whereas the latter
depends strongly on this density, exhibits a peak just below &Bg = 10 and decreases afterwards.
Naturally, the total transverse momentum broadening inherits the dependence on the ratio </62`

and the peak below &Bg = 10 from 〈?2
I〉, since it is simply the sum of its individual components,

and 〈?2
H〉 becomes rather flat quite quickly. A momentum broadening anisotropy starts to show

around g ≈ &−1
B and keeps growing until 〈?2

I〉 reaches its peak. Then, it starts to shrink again and
vanishes almost entirely for </62` = 0. However, the shrinking of momentum broadening along
the beam axis and the associated shrinking of the anisotropy occur at late times &Bg ≈ 10, where
the glasma is no longer a valid description of the state of matter that is produced in heavy-ion

7
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Figure 3: Accumulated transverse momentum (top) and momentum broadening anisotropy (bottom) for a
high-energy quark moving in the G-direction as a function of the saturation momentum &B at g0 = 0.6 fm/c
(taken from [19]). The different line styles indicate the different values of </62`; the bands display the
ranges in which the respective components lie. The vertical bands in green and red illustrate the relevant
regions of the saturation momentum for RHIC and LHC, respectively.

collisions.
A typical starting time of jet energy loss calculations that neglect pre-equilibrium effects [16]

is g0 = 0.6 fm/c. Figure 3 displays the accumulated momentum up to this point in time for different
values of &B and the corresponding anisotropy in momentum broadening. The upper plot shows
the total transverse momentum broadening 〈?2

⊥〉 ≈ &2
B, although its exact value depends on the

density of the glasma. It is apparent, as it was in fig. 2, that this dependence comes largely from
the I-component. The lower plot reveals that, while depending on the density of the glasma, the
anisotropy is largely independent of the saturation momentum.

The next plot, fig. 4, compares the lattice approximation of a dilute glasma </62` � 1 to the
weak-field approximation, which amounts to the numerical evaluation of eq. (15). This provides
a consistency check for both the analytic approximations made during the derivation of eq. (15)
and the implementation of the lattice simulation with SU(2) and SU(3). Furthermore, it shows
that the different behavior of the two components 〈?2

H〉 and 〈?2
I〉 and, therefore, the anisotropy in

momentum broadening are also present in the dilute glasma, where we have an analytic relation,
namely eq. (15), between themomentum broadening and the initial time correlators, which are given
by eqs. (17) and (18). The difference between color magnetic and color electric flux tubes is, thus,
responsible for the anisotropy in the dilute glasma. Notably, we do not have such a relation in the
dense glasma, which is the physically relevant one, but momentum broadening in the dilute glasma,
shown in fig. 4, looks qualitatively similar to the early time behavior of momentum broadening in
the dense glasma, depicted in fig. 2. The unphysical dilute glasma may, thus, give us some intuition,
nevertheless.

8
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Figure 4: Accumulated transverse momentum in the dilute glasma: comparison of the weak-field approxi-
mation and the lattice approximation in the dilute limit (taken from [18]). The lattice simulations (symbols)
have been performed with SU(2) and SU(3) as gauge groups, the results scale with #2

2−1 and they agree with
the semi-analytic weak-field approximation. The behavior of both components is similar to the early-time
behavior in the dense glasma, also leading to a considerable anisotropy.

5. Conclusions and outlook

In this paper, we discussed momentum broadening of a high-energy test quark or gluon in the
pre-equilibrium stage of the QGP, the glasma. After presenting two approximations that can be
used to evaluate said broadening numerically, we analyzed its time evolution for fixed saturation
momentum and its dependence on the saturation momentum at a fixed proper time. We chose this
time to be g0 = 0.6 fm/c. This corresponds to the starting time of jet energy loss calculations that
neglect pre-equilibrium effects, and, thus, the presented momentum broadening amounts to the total
accumulated momentum broadening before that.

Additionally, we compared the aforementioned two approximations in the dilute glasma, where
they should and do coincide. In the dilute limit, the momentum broadening of a high energy test
parton can be linked analytically to the initial stages of the glasma. This way, the anisotropy can
be explained by the difference of the color-electric and color-magnetic flux tubes at the creation of
the glasma. We point out the qualitative similarity between momentum broadening in the dilute
glasma and the early-time behavior of the dense glasma.

The work presented in this paper can be extended in multiple ways: first, one could use more
realistic initial conditions for the glasma. Thesewould include the finite spatial extent of the nuclei in
the transverse plane and would allow for the study of off-central collisions. Furthermore, the nuclei
could be treated as finitely thick in the beam direction. This relaxation implies a rapidity dependence
of the system. Progress in this direction has been made recently in [20]. Second, one could relax
the ultra-relativistic-test-particle approximation. This relaxation would imply a deflection of the
parton and its back-reaction on the glasma. Finally, one could study other observables in the glasma,
e.g. the energy loss, which is not accounted for in the approximations made in this work.
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