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Motivated by recent scenarios of exotic infrared behaviour and by earlier lattice findings, we
present results for the SU(2) gauge theory with one Dirac flavor in the adjoint representation. This
provides a major update on our previous investigation of this theory, including data for four values
of the gauge coupling 𝛽, and for smaller masses and larger volumes than previously considered.
Results for the particle spectrum, topological observables, and the anomalous dimension from
both hyperscaling and the Dirac mode number are presented. At the finest coupling, we observe a
mass anomalous dimension of 𝛾∗ & 0.6. Our findings are analysed in relation to possible infrared
behaviours of the model. In particular, we show that our results are not compatible with a confining
scenario in which chiral symmetry is broken.
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1. Introduction

The SU(2) theory with a single Dirac flavor in the adjoint representation has seen recent interest
from a number of perspectives. The observation that the SU(2) theory with 𝑁f = 2 adjoint Dirac
flavors is conformal [1], yet below the value of 𝑁f at which the two-loop beta function indicates
the onset of the conformal window should lie [2], raises the question of where the lower end of
the conformal window actually lies. While the perturbative argument suggests that there should be
no Banks–Zaks fixed point at 𝑁f = 1, this must be tested from a first-principles non-perturbative
analysis.

The possibility of a dynamical origin of electroweak symmetry breaking, and a composite
Higgs boson originating from these strong dynamics, is another motivator behind interest in this
family of theories. While the chiral symmetry breaking pattern in the one-flavor theory does not give
sufficiently many Goldstone bosons to break electroweak symmetry, related models (for example,
with one adjoint and two fundamental flavors [3]) can overcome this limitation, and studying the
𝑁f = 1 case gives a better understanding to build the more complex theories on.

Additionally, more recently the model has seen interest in the context of condensed matter
theory, where it has been proposed that it may be dual to the critical theory describing the evolution
of a specific topological phase transition [4].

Previous work by the authors [5] studied the mass spectrum and anomalous dimension of the
theory at a single value of the coupling, observing a flavor-single scalar as the lightest state in
the spectrum, approximately flat spectra when scaled by the string tension, and a large anomalous
dimension. This was subsequently [6] supplemented by an additional lighter value of the fermion
mass, and a second value of the coupling, where a subset of the spectrum was observed, and the
flat spectral ratios were seen to continue. More recently, Bi, et al. [4] have studied the theory at the
same two values of the coupling, and observed the same spectrum, but additionally observed at a
composite fermion state, whose mass overlaps with that of the spin-1

2 state studied in [5].
The observations to date have been interpreted as hinting towards the theory being near-

conformal, but not yet conclusive. The range of fermion masses considered has been limited to
relatively large values, and so it has not yet been possible to extract to the chiral limit. The continuum
limit has also not yet been calculated; in particular, the value of the anomalous dimension was only
observed a single lattice spacing, and so it has not yet been confirmed whether the observed large
value persists at finer lattice spacings.

2. Lattice setup

We use the Wilson gauge action, and the Wilson fermion action, as detailed in [7]. Since
SU(2) is pseudoreal, and the adjoint representation is real, the action is entirely real, and we do not
anticipate a sign problem.

We study four values of the gauge coupling 𝛽 = 2.05, 2.1, 2.15, 2.2, and for each we study a
range of fermion masses. The range of masses of the 2+ scalar baryon (which is measured in the 𝛾5
channel) is in the range (0.42, 1.08).
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Figure 1: The mass spectrum of the theory as a function of the PCAC fermion mass, both scaled by the
gradient flow scale 𝑤0.

3. Results

In the following subsections, we present results for the mass spectrum, including finite-size
hyperscaling and chiral perturbation theory analysis as well as details on the ratio of the tensor and
scalar glueball masses, and the topological susceptibility. The methodology for each analysis is
described in more detail in Ref. [7], and all data are available in Ref. [8].

3.1 Mass spectrum

We measure the fermion mass via the partially conserved axial current (PCAC), and masses of
mesons, baryons, glueballs, the hybrid spin-1

2 fermion state (�̆�), and the string tension
√
𝜎.

The observed mass spectrum of the theory is shown in Fig. 1. In contrast to our previous work
[5, 6], where the spectrum was scaled by the string tension

√
𝜎, in this work we use the scale 𝑤0

[9] set by the Wilson flow [10]. As
√
𝜎 is observed to be constant as a function of 𝑤0 for all 𝛽, the

qualitative behavior of these ratios is expected to be the same. However, since 𝑤0 is measurable
more precisely than

√
𝜎, the uncertainties in the ratio are smaller than in our previous work.

This increased precision shows some deviation from the near-constant ratios observed in our
previous work. In particular the 2+ scalar baryon increases as a function of the fermion mass, as
does the 0++ scalar glueball in the 𝛽 = 2.05 case.
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Figure 2: Results of the finite-size hyperscaling analysis. The four panels show the best fit values for the
mass anomalous dimension at each value of 𝛽 studied.

3.2 Mass anomalous dimension

The data for the mass of the 2+ scalar was analysed separately for each value of 𝛽, using a
finite-size hyperscaling fit of the form

𝐿𝑎𝑀 = 𝑓

(
𝐿 (𝑎𝑚PCAC)

1
1+𝛾∗

)
. (1)

As described in Ref. [7], this was fitted using a global minimization of the sum of deviations from
a set of local interpolating functions, which has the effect of pulling data from different values of
the lattice extend 𝐿 together onto a common curve. Plots illustrating the quality of curve collapse
for each 𝛽 are shown in Fig. 2.

The results indicate that as 𝛽 increases, the value of the mass anomalous dimension 𝛾∗ decreases.

3.3 Topological susceptibility

The topological susceptibility is calculated from configurations smoothed using the Wilson
flow. Following the argument presented in Ref. [11], the topological susceptibility as a function of
some scale for a mass-deformed conformal theory is expected to be the same as for the pure gauge
theory. In this reference this has been confirmed for SU(2) with two adjoint Dirac flavors.

Results for the topological susceptibility of the 𝑁f = 1 theory are presented in Fig. 3, where
data from Ref. [11] are included for comparison. The data lie close to the pure gauge data, but are
systematically slightly higher.
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Figure 3: Results for the topological susceptibility normalised by the string tension, as a function of the
string tension in lattice units. Results from Ref. [11] for the quenched and two-flavor theories are included
for comparison.
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Figure 4: Results of a fit of the 2+ scalar baryon mass to the chiral perturbation theory ansatz in the text.

3.4 Chiral perturbation theory

To contrast the hyperscaling fit performed above, we also fit the data for the 2+ scalar baryon
using a chiral perturbation theory ansatz of the form

𝑀2𝑤2
0 = 2𝐵�̂� (1 + 𝐿�̂� + 𝐷1�̂� log(𝐷2�̂�)) +𝑊1𝑎𝑚PCAC +𝑊2

(𝑤0
𝑎

)−2
, (2)
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Figure 5: The ratio of the 2++ glueball mass to that of the 0++ as a function of the 0++ glueball mass scaled
by the lattice extent 𝐿 for the four values of 𝛽 considered. The pure gauge value and the prediction from
gauge–gravity duality are indicated for each case.

where 𝑀 is the 2+ scalar baryon mass, and �̂� = 𝑚PCAC𝑤0. The results of this fit are shown in Fig. 4.
Tension is visible between the fit form and the data at all values of 𝛽, but this is most pronounced
at higher values of 𝛽.

Since Fig. 1 shows qualititavely different behavior for 𝛽 = 2.05, we considered that data from
this 𝛽 could be anchoring the fit, and thus causing the higher values of 𝛽 to be poorly described by
the fit result. To exclude this scenario we repeated the fit, excluding the 𝛽 = 2.05 data; the results
found were qualitatively very similar to the fit results shown.

3.5 Tensor–scalar mass ratio

In Ref. [12], we proposed that the ratio of masses of the tensor and scalar glueballs may obey
some universal behavior between a variety of disparate theories. The value of this ratio for the
ensembles considered in this work are shown in Fig. 5. Also included in the plots are the values
of 𝑅 in the pure gauge SU(2) case, and in the gauge–gravity model discussed in Ref. [12] for the
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values of the anomalous dimension observed in the finite-size hyperscaling analysis for each choice
of 𝛽.

The results in most cases lie between the two predictions, with higher values of 𝛽 lying closer to
the pure gauge case, and only the 𝛽 = 2.05 case reaching the region predicted by the gauge–gravity
model. This does not conclusively disprove the conjective in Ref. [12], as the values of 𝐿 and 𝑎𝑚

considered in this work were not specifically chosen to enable this analysis, and the behaviour as a
function of 𝐿 and of 𝑚PCAC are difficult to disentangle. We anticipate that a dedicated study with
specifically-chosen values of 𝐿 and 𝑎𝑚 would allow more concrete conclusions to be drawn.

4. Conclusions

We have studied the SU(2) gauge theory with one flavor of Dirac fermion in the adjoint
representation at four values of the lattice spacing. In the spectrum, we observe a flavor-singlet
scalar as the lightest state, and most spectral ratios are flat. The results for each 𝛽 are consistent with
finite-size hyperscaling, but the mass anomalous dimension required for this consistency decreases
as the value of 𝛽 increases. The data do not fit well to a chiral perturbation theory ansatz, in particular
at larger values of 𝛽. The topological susceptibility shows similar behavior to that observed in the
pure gauge and two-flavor case as a function of the string tension, and has the same gradient, but
lies systematically slightly above the other theories.

We identify three possible interpretations of these results:

1. The theory is QCD-like in the infrared with broken chiral symmetry, and the large deviations in
the chiral perturbation theory fits a result of lattice artefacts. This appears to be contradicted
by the lightness of the scalar state; however, this could in principle be a result of being
insufficiently close to the chiral limit.

2. The theory is conformal, but with scaling deviations causing the change in anomalous di-
mension. We are currently unable to reliably determine these violations, and it is not clear
which value of 𝛽 is most reliable and closest to a conformal fixed point.

3. The theory is conformal, but with a stronger influence from the bulk phase than anticipated.
Our earlier work [5] took care to simulate above the onset of the bulk phase, however it is
possible that some influence of this remains. In this case, the largest value of 𝛽 would be
expected to be least affected by this effect, and so the smaller value of the mass anomalous
dimension is more accurate.

To confirm or rule out the first interpretation, it is necessary to simulate closer to the chiral
limit. To probe the latter two interpretations, instead larger values of 𝛽 must be studied to enable a
stable continuum limit extrapolation. Work on both directions is ongoing.
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