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We present a preliminary non-perturbative lattice calculation of the form factors entering the
processes K → ` ν` ` 0+ ` 0− and of the corresponding branching ratios. These form factors describe
the interaction between the mediating virtual photon and the internal hadronic structure of the
meson. By separating them from the point-like contribution to the matrix element we are able to
isolate and reconstruct the structure-dependent contribution to the decay width. Our numerical
analysis employs only one gauge ensemble and so it is affected by systematic uncertainties due to
the missing continuum and physical point extrapolation. Despite this, we already find a reasonable
agreement with the experimental data and with the next to leading order Chiral Perturbation Theory
predictions. The method is general and can be applied to any pseudoscalar meson, though for
heavier mesons the possibility of internal lighter states becomes problematic and still needs a
proper study. A non-perturbative, model-independent lattice evaluation of these processes would
allow further progress in the theoretical predictions of SM hadronic quantities and in the search of
New Physics.
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1. Introduction
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P → ` ν` ` 0+ ` 0− decays, where P is a pseudoscalar meson, are suppressed processes, the width
of which starts at the second order in αem . For this reason, a precise Standard Model (SM) theoretical
prediction is a crucial step, together with precise experimental measurements, to identify small
hypothetical New Physics (NP) effects. From the theoretical point of view, the computation of the
decay rate requires the knowledge of four hadronic form factors, that depend on the invariant masses
of the two leptonic pairs ` ν` and ` 0+ ` 0− . They describe the interaction between the virtual photon
and the internal hadronic structure of the decaying meson. These structure dependent (SD) form
factors, and their contribution to the decay rate, are the only actually relevant quantities that need to
be evaluated and compared to the experiments. Indeed, the contributions coming from the lepton
Bremsstrahlung and from the meson point-like approximation are already well known and the meson
decay constant is the only hadronic parameter needed to evaluate them. At present, for kaon decays
the theoretical knowledge of the SD form factors comes from Chiral Perturbation Theory (ChPT),
which has been used at next to leading order (NLO) to estimate their value and their contribution
to the branching ratios in [1]. It is worth noticing that at NLO order in ChPT form factors are
constants. For heavy mesons ChPT does not apply, and the one theoretical prediction is presented in
[2] for B decays, where a Vector Meson Dominance model has been used. The prediction for the
B+ → µ+ νµ µ+ µ− branching ratio of [2], however, is almost four times larger than the experimental
upper limit obtained in [3]. In this context, it is clear that a non-perturbative, model independent
lattice evaluation of the SD form factors is essential. For kaon decays it would allow to test the ChPT
predictions, to study the momentum dependence of the form factors and to increase the precision
with which they are known now. For heavy mesons a lattice computation is even more necessary,
since we can not rely on ChPT. At the present, the only lattice study of these processes has been
recently presented in [4], where a method to compute K → ` ν` ` 0+ ` 0− has been applied to derive
the whole branching ratio for different final leptons. Even if the analysis in [4] is based only on one
ensemble, with unphysical pion mass, their result are already close to the experimental data and
ChPT predictions. However the method implemented in [4] does not provide values for the SD form
factors and also the SD contribution to the branching ratios is not separated from the point-like
contribution. We propose a new strategy to study on the lattice P → ` ν` ` 0+ ` 0− decays, and we
apply it to perform an exploratory study of kaon decays by using one of the N f = 2 + 1 + 1 gauge
ensembles generated by the European Twisted Mass Collaboration. Our method allows to estimate
individually each of the SD form factors entering the amplitude, and to study their dependence on the
kinematic variables. With them one can reconstruct separately all the contributions to the branching
ratios, namely the purely SD one, the point-like one, and the one coming from the interference
between the two. Despite the method being completely general and in principle applicable to any
pseudoscalar meson, in practice for heavy mesons some complications arise when the virtuality of
the off-shell photon becomes larger then twice the pion mass, namely in the region k 2 > 4m2π , where
k is the virtual photon four-momentum. For the present case the unphysical pion mass, such that
mK < 2mπ , prevents us from encountering such complications (this is also the case in the analysis
presented in [4]). This issue, together with a complete study of all the systematic effects (due to
discretization, finite volume and unphysical quark masses) will be object of future works.
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Figure 1: Diagrams contributing to the process P+ → l + νl l 0+ l 0− .

At lowest order in the electroweak interaction, P+ → ` + ν` ` 0+ ` 0− decays are obtained from
the diagrams depicted in Fig. 1. If ` = ` 0, we also need to consider the diagrams obtained by
interchanging the two identical charged leptons. The diagram 1(b) can readily be computed in
perturbation theory, with the meson decay constant as the only required non-perturbative input. In
diagram 1(a) the non-perturbative hadronic contribution to the matrix element factorizes, and is
encoded in the following tensor:
∫
µν
µ
ν
HW (k, p) =
d 4 xeik ·x h0|T[Jem (x)JW
(0)]|P(p)i ,
(1)
µ

ν is the weak current, k = (E , k) is the fourwhere Jem (x) is the electromagnetic current, JW
γ
momentum of the virtual photon and p = q
(E, p) is that of the incoming pseudoscalar meson P. The
p
meson and photon energies satisfy E = m2P + p 2 and Eγ = k 2 + k 2 . The hadronic tensor can
be decomposed into form factors which are scalar functions encoding the non-perturbative strong
dynamics. Following Ref. [5], we write:
"
#
µ (p − k)ν
(2p
−
k)
µν
µν
µν
µν
HW = Hpt + HSD ,
Hpt = fP g µν −
,
(p − k)2 − m2P


 H (k · p − k 2 )k µ − k 2 (p − k)µ
H1  2 µν
2
µν
(p − k)ν
k g − k µ kν +
HSD =
mP
mP
(p − k)2 − m2P

FA 
FV µναβ
+
(k · p − k 2 )g µν − (p − k)µ k ν − i

k α pβ .
(2)
mP
mP

With this decomposition we separate the point-like contribution to the hadronic tensor from the
structure-dependent one. The former depends only on the meson decay constant and is obtained
by assuming a point-like meson. Instead, the SD contribution describes the interaction between
the virtual photon and the hadronic structure of the pseudoscalar meson. The SD form factors, H1 ,
H2 , FA and FV , are infrared finite and scalar functions of k 2 and (p − k)2 . The main goal of this
lattice study is to compute the SD form factors in order to reconstruct the full matrix element and
subsequently the branching ratio for the decay. We do this in a way which separates the point-like
contribution from that which depends on the hadronic structure.
On the lattice, correlation functions can only be computed in Euclidean space-time, thus we
need to translate the Minkowski Green function to the corresponding Euclidean one by employing
3
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2. The Hadronic Matrix Element From Lattice Correlator
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µν
CW (t, Eγ, k,

p) = −iθ (T/2 − t)

−iθ (t − T/2)

T 
Õ
t x =0

T 
Õ
t x =0


µν
θ (T/2 − tx ) e Eγ tx + θ (tx − T/2) e−Eγ (T −tx ) MW (tx , t; k, p)


µν
θ (T/2 − tx ) e−Eγ tx + θ (tx − T/2) e−Eγ (tx −T ) MW (tx , t; k, p) .

(3)

where
µν
µ
ν
(t) Jˆem (tx , k)P̂(0, p)i LT ,
MW (tx , t; k, p) = T hJW

(4)

and h...i LT denotes the average over the gauge field configurations at finite L and T. In the
previous formula P̂(0, p) is the spatial Fourier transform of the interpolating operator for the
decaying pseudoscalar meson at time t = 0, while the renormalised hadronic weak current,
ν (t) = J ν (t) − J ν (t) is placed at a generic time t and at the origin in space. Finally we have the
JW
V
A
µ
electromagnetic current Jˆem (tx , k) which carries spatial momentum k. All details about the lattice
discretization of the operators that we employed in our numerical analysis can be found in [7] where
the case of real photon emission has been addressed. Finally we mention that in our analysis we use
the so-called electroquenched approximation in which the sea-quarks are electrically neutral.
In order to show that it is possible to extract the hadronic matrix element in Eq. (1) from the
µν
function in Eq. (3) we perform a spectral decomposition of CW (t). On the assumption that k 2 < 4m2π ,
we derive the relation
µν

e−t(E−Eγ ) hP|P|0i µν
HW (k, p)
2E
†
e−(T −t) (E−Eγ ) h0|P|Pi  µν
+ Θ(t − T/2)
HW (k, p) + . . .
2E

CW (t, Eγ, k, p) = Θ(T/2 − t)

(5)

where the dots represent the sub leading exponentials, suppressed as e−∆Et or e−∆E(T −t) , where ∆E
is the positive energy gap between the internal states contributing to the correlator and the external
ones. We also see that when t > T/2 the correlator represents the time-reversal of the original
process. It is useful to note that, in order to separate the axial and vector form factors, it is enough to
4
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the analytical continuation to Euclidean time (also called Wick rotation). This operation can be done
without difficulties depending on the analytic structure of the T-product in Eq. (1): the presence of
singularities (poles or cuts) in Minkowski space can prevent the possibility of making a naive Wick
rotation. The presence of such singularities implies the existence of intermediate states with energies
which are smaller than the external ones, resulting in integrals over the Euclidean time which grow
exponentially with the upper limit of integration (the lattice time extension)[6]. By performing a
spectral analysis of the matrix element in Eq. (1) we found that internal lighter states do occur when
k 2 > 4m2π , while for k 2 < 4m2π the Wick rotation can be performed without any obstacle. For now
we restrict our numerical analysis to kaon decays with an unphysical pion mass such that mK < 2mπ ,
so that the condition k 2 < 4m2π is always satisfied. In the future we will address the problem in more
detail, so to extend the method also to heavier mesons.
On the lattice, with finite space-time volume V = L 3 × T, we compute the following three-point
correlation function:
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compute separately the correlation functions corresponding to the vector, CV (t, Eγ, k, p), and the
µν
axial, C A (t, Eγ, k, p), components of the weak current. Moreover, from the properties


µν

H A (k, p)

†

µν

= H A (k, p),



µν

HV (k, p)

†

µν

= −HV (k, p)

(6)

we deduce the following properties of the corresponding correlation functions under time reversal:
µν


µν
= C A t,T/2, Eγ, k, p ,


µν
T − t,T/2, Eγ, k, p = −CV t,T/2, Eγ, k, p .

C A T − t,T/2, Eγ, k, p
µν

(7)

We use these time reversal properties of the lattice correlators, to either symmetrize or anti-symmetrize
the correlators between the two halves [0,T/2] and [T/2,T] of the lattice and then we will work just
within the first half of the lattice time-extent, where we define
µν

HL (t, k, p) =

2E
µν
µν
CW (t, Eγ, k, p) = HW (k, p) + ...
hP|P|0i

e−t(E−Eγ )

(8)

where the subscript L stands for "lattice" and the ellipsis represents the sub-leading exponentials. In
this section we have shown how to obtain the hadronic tensor from the lattice correlation function
and we now proceed to discuss the extraction of all the SD hadronic form factors and the numerical
results we obtained.

3. Numerical Results for the SD Form Factors
As already stated above, we can study separately the vector and axial components of the weak
current. Since there is only one vector form factor, FV , the vector component of the matrix element
that we isolate from the lattice correlator is simply proportional to it and so we can extract it easily.
For the axial form factors we proceed by defining three independent linear combinations of the form
factors, where the point-like contribution proportional to fP has been subtracted. Then by inverting
the coefficient matrix we are able to single out the three axial form factors FA, H1 and H2 . We
now proceed to present our numerical results. The simulations have been performed on the A40.32
ensemble generated by the ETMC [8] with N f = 2 + 1 + 1 dynamical quark flavors, which has a
spatial extent L = 32, aspect ratio T/L = 2, and corresponds to a lattice spacing a = 0.0885(36) fm.
The analysis was performed on 100 gauge configurations. The ensemble corresponds to an higherthan-physical pion mass mπ ' 320 MeV, and to a kaon mass mK ∼ 530 MeV. We used twisted
boundary conditions [9] in order to evaluate the hadronic tensor for a range of values of the photon’s
spatial momentum k. To probe the region of the phase-space relevant for the four K → ` ν` ` 0+ ` 0−
decay channels, with `, ` 0 = e, µ, we evaluated the Euclidean three-point functions C µν (t, Eγ, k, p)
for fifteen different values of (Eγ, k), with k = (0, 0, k z ), and restricted our analysis to the kaon rest
frame p = 0. We find it convenient to parametrize the phase space in terms of the two dimensionless
parameters xk and xq , defined as
s
xk ≡

s

k2
,
m2K

xq ≡

5

q2
,
m2K

(9)
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kin 1
2
3
4
5
6
7
8
9
10 11 12 13 14 15
xk 0.28 0.28 0.28 0.28 0.28 0.41 0.41 0.41 0.41 0.53 0.53 0.53 0.65 0.65 0.77
xq 0.12 0.24 0.36 0.48 0.61 0.12 0.24 0.36 0.48 0.12 0.24 0.36 0.12 0.24 0.12
Table 1: List of the values of xk and xq corresponding to the fifteen simulated kinematic configurations.

m`
2m`0
≤ xk ≤ 1 −
,
mK
mK

m`
≤ xq ≤ 1 − xk .
mK

(10)

The numerical values of xk and xq are reported in Tab. 1.

In Fig. 2, we show a collection of the renormalized estimators H 1 (t, xk , xq ), H 2 (t, xk , xq ), F A(t, xk , xq ),
F V (t, xk , xq ) for a specific kinematic. In each figure, the shadowed region indicates the result of a
constant fit in the corresponding time interval. The precision achieved is in most of the kinematics
very good and typically of order of five to ten percent. In order to evaluate the decay rate, we decided
to fit the lattice form factors, employing two different fitting ansatzes to describe their dependence
on xk and xk , which are:
Fpoly (xk , xq ) = a0 + ak xk2 + aq xq2 + akq xk2 xq2 ,

Fpole (xk , xq ) = h 

1 − Rk xk2

A


1 − Rq xq2

 i . (11)

The first one is a simple second order polynomial in xk2 and xq2 , where a0, ak , aq and akq are free
fitting parameters, while the second fitting function has a pole-like structure where A, Rk and Rq
are free fitting parameters. The resulting fitting curves, along with the lattice data and with the
ChPT prediction, are shown, for all four form factors H1, H2, FA and FV , in the panels of Fig. 3 as a
function of xq at fixed xk . The quality of the fit is in all cases very good, with the reduced χ2 being
always smaller than one. The fit parameters corresponding to the polynomial and to the pole-like fit
are collected in Tab. 2. As evident for the figure, our results are reasonably consistent with the ChPT
prediction1.

4. Branching Ratios Numerical Results
µν

From the knowledge of the hadronic tensor HW , the K + → ` + νl ` 0+ ` 0− decay rate is obtained
integrating over the phase space of the final leptons and neutrino, the unpolarized squared amplitude
Í
2
spins |M| , where M is given by


G F ∗ e2
µν
M(p`0+ , p`0− , p` + , pν` ) = − √ Vus
u(p`0− )γµ v(p`0+ ) fK L µ (p`0+ , p`0− , p` + , pν` ) − HSD (p, q)lν (p` + , pν` ) ,
2
k
2
(12)
1The next to leading order ChPT prediction for the form factors can be found in [1] and at this order they are almost
constant with respect to the exchanged momenta.
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which are nothing but the invariant masses of the lepton-antilepton and of the lepton-neutrino pairs,
normalized over the kaon mass mK . In term of the lepton masses m` , m`0 , the physical ranges for the
values of xk and xq are given by

F. Mazzetti
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H1
H2
FA
FV

a0
0.1745(88)
0.198(21)
0.0319(47)
0.0911(41)

ak
0.122(28)
0.347(88)
0.02(4)
0.045(18)

aq
0.121(30)
-0.02(4)
-0.037(13)
0.0282(56)

akq
-0.30(12)
-0.1(3)
0.42(20)
-0.035(32)

A
0.1792(78)
0.217(17)
0.0320(30)
0.0921(38)

Rk
0.453(88)
0.87(12)
0.74(50)
0.38(13)

Rq
0.40(10)
-0.2(2)
0.0(3)
0.233(49)

Table 2: Values of the fit parameters for all the form factors, as obtained from the polynomial and pole-like fit
of Eq. (11).

)
µ
µ
µ − kµ
/
2p
+
k
γ
2p
+
L µ (p`0+ , p`0− , p` + , pν` ) = m` u(pν` )(1 + γ5 )
− `
v(p` + ) ,
2pk − k 2 2p` + k + k 2
(

l µ (p` + , pν` ) = u(pν` )γ µ (1 − γ5 )v(p` + ) .

(13)
(14)

In the previous equation, p is the four-momentum of the kaon, k = p`0+ + p`0− , and q = p` + + pν` . In
Eq. (12), the first term in the square parentheses gives the decay rate in the approximation in which
the decaying kaon is treated as a point-like particle and includes the radiation from both the meson
and charged lepton 2. Except for the kaon decay constant fK , the non-perturbative contribution to the
rate is entirely contained in the second term of Eq. (12). When ` = ` 0, since the final state leptons are
indistinguishable, the exchange contribution, in which the momenta p`0+ and p` + are interchanged,
must be added to the amplitude M via the replacement
M(p`0+ , p`0− , p` + , pν` ) → M(p`0+ , p`0− , p` + , pν` ) − M(p` + , p`0− , p`0+ , pν` ) .
In terms of

Í

spins

(15)

|M | 2 , the branching ratio for K + → ` + νl ` 0+ ` 0− is given by



BR K + → ` + νl ` 0+ ` 0− =
∫ Õ
 d 3 p` + d 3 pν` d 3 p`0+ d 3 p`0−
S
2
+ − pν − p` 0+ − p` 0−
|M
|
δ
p
−
p
,
`
`
2E` + 2Eν` 2E`0+ 2E`0−
2mK ΓK (2π)8
spins

(16)

where ΓK = 5.3167(86) × 10−17 GeV is the total decay rate of the K + [10], and S is a symmetry
factor that takes the value S = 1 for ` , ` 0 and S = 1/2 for ` = ` 0. We used the FeynCalc package
Í
of Mathematica [11] to compute spins |M | 2 . For the phase space integration we performed a Monte
Carlo integration by employing the GSL implementation of the VEGAS algorithm [12].
Our final lattice predictions for the branching ratios are collected in Tab. 3, where we compare
our result with the recent lattice determination of [4], with the ChPT prediction3 and with the
available experimental measurements. We remark that a proper study of the systematic errors in
both our numerical analysis and the one from [4] has yet to be done. In both cases, indeed, it has
been employed only one gauge ensemble at unphysical lattice meson masses. Finally, in Fig. 4 we
show a comparison between the contribution to the decay rate coming from the point-like term, from
2This term is frequently referred to as the inner-bremsstrahlung contribution.
3We reconstruct the branching ratios√using the NLO ChPT formulae presented in [1] for the SD form factors and
setting the low energy constant F = fK / 2.
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xk = 0.41,

xq = 0.48
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Figure 2: Extraction of the form factors FA, FV , H1, H2 from the plateaux of the corresponding estimator. The
data refer to the kinematic configuration with xk = 0.41 and xq = 0.48.

the SD term and from the interference between the two. Clearly, all the information about the kaon
µν
internal structure (i.e. from HSD ) are contained in the latter two contributions. For the processes in
which the weak current creates an electron, the SD contribution is by far the most dominant one in
the branching ratios, because of the helicity suppression of the point-like term.

5. Conclusion
We presented a strategy to compute, using Lattice QCD, the amplitudes and branching ratios for
the decays P → `ν` ` 0 + ` 0 − , where P is a pseudoscalar meson and ` and ` 0 are charged leptons. In
particular, we demonstrate how the four structure-dependent (SD) form factors can be determined and
separated from the point-like contribution. We apply the developed formalism to the four channels
of K → `ν` ` 0 + ` 0 − decays, where ` and ` 0 = µ or e, in an exploratory Lattice QCD computation
at a single lattice spacing and at unphysical light-quark masses. We demonstrate that all four SD
form factors, FV , FA, H1 and H2 can be determined with good precision and used to calculate the
8
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Figure 3: The fitting functions corresponding to the polynomial and the pole-like fit of Eqs. (??), (??)
are plotted, along with the lattice data, as function of xq and at a fixed value of xk = 0.28. The red line
corresponds to the ChPT prediction at NLO.

Channels
Br[K → µνµ e+ e− ]
Br[K → eνe µ+ µ− ]
Br[K → eνe e+ e− ]
Br[K → µνµ µ+ µ− ]

our Lattice
8.28(14) × 10−8
0.761(50) × 10−8
1.95(11) × 10−8
1.178(37) × 10−8

Lattice [4]
11.08(39) × 10−8
0.94(8) × 10−8
3.29(35) × 10−8
1.52(7) × 10−8

ChPT
8.25 × 10−8
0.62 × 10−8
1.75 × 10−8
1.1.10 × 10−8

experiments
7.93(33) × 10−8 [13]
1.72(45) × 10−8 [14]
2.91(23) × 10−8 [13]
——

Table 3: Comparison of our results for the branching ratios Br [K + → ` + ν` ` 0+ ` 0− ] with the results from
Ref. [4], the results obtained using the NLO ChPT predictions for the SD form factors and with the experiments
[13, 14]. The experimental results of K → eνe e+ e− and K → µνµ e+ e− are the extrapolated values from
mee > 150 MeV and 145 MeV to mee > 140 MeV, that is the lower cut we considered in our phase space
integration for mee . The extrapolation formulae are given in Ref. [13]. We stress that our lattice determinations,
as well as the ones from [4], are affected by systematic uncertainties due to the missing continuum and
physical point extrapolations.
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K + → e+νe µ+µ−

1 × 10−7

0.0001

1 × 10−8

Γ00SD contribution

1 × 10−9

1 × 10−10

Γ00pt

contribution

Γ00int
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Figure 4: A comparison among the point-like, SD and interference contribution to the decay rate for the
various channel. For the channels with different leptons in the final state we plot the differential decay rate
∂Γ(xk )/∂ xk . Instead, for the channels with same leptons in the final state, we plot the integrated decay rate
Γ(xk , xk 0 > xkcut ) as a function of the common lower cut on the invariant mass of the two possible l + l − pairs.
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corresponding branching ratios. In spite of the unphysical quark masses used in this simulation,
it has been interesting and instructive to compare our results with those from experiment (where
available) and from NLO ChPT. As can be seen from Tab. 3, the results are generally in reasonable
semi-quantitative agreement. Our future work will focus on controlling and reducing the systematic
uncertainties resulting from the absence of continuum, chiral and infinite-volume extrapolations.
We will also work to extend the method to heavier pseudoscalar mesons, for which the analytic
continuation to Euclidean time gives rise to enhanced finite-volume effects due to the presence of
internal lighter states. A theoretical, model independent, prediction for such processes will be very
useful to test the validity of the Standard Model and for the search of New Physics.
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