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We present an ab initio calculation of the individual up, down, and strange quark unpolarized,
helicity, and transversity parton distribution functions for the proton. The calculation is performed
within the Wilson twisted mass clover-improved fermion formulation in lattice QCD. We use a
𝑁 𝑓 = 2 + 1 + 1 gauge ensemble simulated with pion mass 𝑚 𝜋 ≈ 260 MeV, 𝑚 𝜋 𝐿 ≈ 3.8 and lattice
spacing 𝑎 ≈ 0.0938 fm. Momentum smearing is employed in order to improve the signal-to-noise
ratio, allowing for the computation of the matrix elements up to nucleon boost momentum of
𝑃3 = 1.24 GeV. The lattice matrix elements are non-perturbatively renormalized and the final
√
results are presented in the 𝑀𝑆 scheme at a scale of 2 GeV (unpolarized and helicity) and 2 GeV
(transversity).
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1. Introduction

2. Disconnected contributions
The most challenging aspect of this work is the evaluation of the disconnected quark loops
with a Wilson line in the boosted frame. The latter can be written as
∑︁
L u+d (𝜏; 𝑧; Γ) =
Tr [(G𝑢 (𝑦; 𝑦 + 𝑧) + G𝑑 (𝑦; 𝑦 + 𝑧)) Γ𝑊 (𝑧)]
𝑦®

=

∑︁



Tr 𝜓(𝑦 + 𝑧)Γ𝑊 (𝑧)𝜓(𝑦) ,

(1)

𝑦®

where the trace in the second line is intended for spin, color and flavor indices. In particular,
to evaluate the unpolarized and helicity disconnected loops we employed the generalized one-end
trick, while the standard one-end trick was used for the transversity matrix elements [21, 22].
Furthermore, to reduce the computational cost coming from the evaluation of the trace in Eq. (1),
we employ stochastic techniques and in particular the hierarchical probing algorithm [15]. The
latter performs a partitioning of the lattice with 2𝑑 (𝑘−1)+1 Hadamard vectors, where 𝑑 = 4 is the
number of dimensions of the lattice. Contamination to the trace coming from off-diagonal terms is
then drastically reduced up to the probing distance 2 𝑘 with 𝑘 = 3. To further reduce the off-diagonal
contamination in spin-color, we apply full dilution in the corresponding subspaces [23]. Moreover,
with small quark masses, the contribution to the loops coming from the low modes of the spectrum
of the Dirac operator can be sizeable and can therefore contribute substantially to the stochastic
2
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Parton distribution functions are key quantities for understanding the structure of hadrons in
terms of their constituents. They depend only on the momentum fraction carried by the partons and
can be obtained from a number of scattering processes [1, 2]. However, not all distributions are
well-constrained from global analysis. The helicity and in particular the transversity proton PDFs
can be obtained with much lower precision from experimental data compared to the unpolarized
distributions. In addition, the strange-quark distributions are poorly constrained from phenomenology [3–6] and large uncertainties on this quantity affect the determination of the 𝑊-boson mass
and the CKM matrix element 𝑉𝑐𝑠 [7, 8]. In recent years, the first computations of the disconnected contributions to the nucleon charges and form factors have been achieved [9–14], using
gauge ensembles simulated with quark masses fixed to approximately their physical values. Such
advancement has been made possible thanks to continuous improvement on computational capabilities, but also on algorithmic development. In particular, the hierarchical probing algorithm [15]
significantly improves the quality of the signal. In Ref. [16] we indeed showed that this technique
is successful in increasing the signal-to-noise ratio of non-local operator as well, and therefore we
employ it in this work to compute the isoscalar disconnected and strange matrix elements.
In this paper, we report our effort in extracting the 𝑥-dependence of the proton unpolarized,
helicity and transversity distributions for each quark flavor, employing the quasi-PDF approach [17,
18]. The computation is performed on a 𝑁 𝑓 = 2 + 1 + 1 clover-improved twisted mass fermions
gauge ensemble generated by the Extended Twisted Mass Collaboration (ETMC) [19]. The lattice
volume is 𝑉 = 32 × 64 and the lattice spacing 𝑎 ≈ 0.0938 fm. The pion mass is 𝑚 𝜋 ≈ 260 MeV
and 𝑚 𝜋 𝐿 ≈ 3.8. For further details see Ref. [19].
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3. Disconnected matrix elements
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Figure 1: Left: Results on 𝐶3 𝑝𝑡 (𝑡; 𝑡 𝑠 )/𝐶2 𝑝𝑡 (𝑡) for the unpolarized PDFs for 𝑃3 = 1.24 GeV, at 𝑡 𝑠 /𝑎 =
6 (green), 8 (blue), 10 (red), 12 (purple) for 𝑧/𝑎 = 3. The data for 𝑡 𝑠 /𝑎 = 7, 9, 11 are omitted to improve the
readability. The two-state fit results (gray band), and the value of the two-state fit of the three-point function
evaluated at the same 𝑡 𝑠 as the data-points are also shown. Only the data-points with open symbols are
taken into account in the two-state fit procedure. Center: the plateau fit results as a function of 𝑡 𝑠 /𝑎. Each
source-sink separation is associated with a different color. The orange band is the predicted 𝑡 𝑠 dependence of
the three-point function. Our final value for the matrix elements is determined as the correlated constant fit
of the plateau values shown with open symbols. Right: results of the two-state fit (navy blue) as a function
of the lowest source-sink separation 𝑡 𝑠low included in the fit. The open data-point is the selected two-state fit
result, which corresponds to the gray band. For each 𝑡 𝑠low we report the reduced 𝜒2 of the two-state fit. The
results obtained with the summation method are reported with the red open crosses as a function of 𝑡 𝑠low .

To reliably extract the disconnected contributions to the up-, down-, and strange-quark PDFs,
we perform an in-depth analysis of the excited states contamination. In particular, we evaluate
3
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noise [24]. Therefore, we compute the first 𝑁ev = 200 eigen-pairs of the squared Dirac operator
M𝑢 M𝑢† , that allow to reconstruct exactly the low-modes contribution to the disconnected quark
loops. The stochastic techniques described above are, thus, applied to the deflated operator, to
evaluate the high-modes contribution to the traces.
The connected and disconnected matrix elements all contain non-local operators with the length of
the Wilson line extending up to half the spatial extent of the lattice. We boost the proton at three
different momenta, namely 𝑃3 = 0.41, 0.83, 1.24 GeV. In addition, to check for convergence with
the boost, we also compute the disconnected unpolarized, helicity and transversity matrix elements
for 𝑃3 = 1.65 GeV with the same statistics as the previous smaller boost, i.e. ≈ 106 measurements.
Although providing useful insights regarding the convergence with 𝑃3 , the number of statistics is
not sufficient to obtain the same statistical accuracy as for the lower momenta.
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3.1 Momentum dependence
The matrix elements and the quasi-PDFs have a dependence on the nucleon boost 𝑃3 . In
particular, a crucial aspect of this study is the analysis of the momentum dependence of the matrix
elements, which affects the convergence to the light-cone PDFs. We perform a non-perturbative
renormalization of the bare disconnected matrix elements obtained with the procedure reported in
Sec. 3. In particular, we employ the non-singlet renormalization function, as the difference with
the singlet is expected to be small [26]. We apply the regularization independent scheme (RI’),
and use the momentum source method [27], offering high statistical accuracy. More detail on the
renormalization setup employed in this study can be found in Refs. [28, 29]. In Fig. 2, we show
the results for the renormalized strange matrix elements as a function of the nucleon boost. For the
unpolarized case, the real part gets suppressed in magnitude as 𝑃3 increases, and at the highest boost
becomes compatible with zero. In contrast, the imaginary part increases in magnitude with the
nucleon boost, and shows convergence as the boost increases. The first results for the helicity matrix
elements appeared in Ref. [16]. Here we show the results with increased statistics, and the addition
of 𝑃3 = 1.65 GeV. The imaginary part arises entirely from the complex multiplication of the bare
matrix elements with the renormalization function 𝑍, since the disconnected contribution to the bare
helicity matrix elements is purely real. The real part in contrast is significantly non-zero and shows
a mild residual dependence on 𝑃3 . Finally, the real part of the matrix elements for the transversity
distribution exhibit a strong dependence on the nucleon boost, changing dramatically as we increase
𝑃3 from 0.83 GeV to 1.24 GeV. However, we obtain agreement between the results at the two highest
boost values, albeit with large uncertainties. It is still unclear if full convergence is reached, and to
4
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the ratio between the three- and two-point functions at seven source-sink separations ranging from
𝑡 𝑠 = 0.563 fm to 𝑡 𝑠 = 1.126 fm in steps of 𝑎 = 0.0938 fm. For the disconnected contribution,
the evaluation of different source-sink separations does not require new inversions. To analyze
the excited-states contamination to the matrix elements using several 𝑡 𝑠 values we employ three
analysis methods: plateau fit, two-state fit and summation method. For a concise description of
the three techniques we refer to Ref. [25]. If Fig. 1, we show an example of the evaluation of the
excited-states contamination affecting the unpolarized disconnected isovector matrix elements at
𝑃3 = 1.24 GeV and 𝑧/𝑎 = 3, being 𝑧 the Wilson line length. The real part of the matrix elements
show no substantial dependence on the source-sink separation, and the plateau fit results obtained
at different 𝑡 𝑠 give all compatible results. In contrast, the imaginary part shows a large effect due to
the the excited-states contamination. However, the two-state fit result is compatible with the plateau
value obtained at 𝑡 𝑠 /𝑎 = 11. The summation method provides as well results in agreement with the
plateau value. The behavior of the helicity matrix elements with 𝑡 𝑠 is very different, indeed the real
part shows substantial excited-states contamination while the imaginary part does not depend on 𝑡 𝑠
within uncertainties. Regarding the transversity matrix elements, both the real and the imaginary
parts show very mild dependence on the source-sink separation. In all cases, we are able to obtain
compatible results between the three analysis methods and we extract our final estimate of the matrix
elements with the plateau fit analysis at 𝑡 𝑠 /𝑎 = 9, 10, 9 (𝑡 𝑠 = 11, 10, 9) for the real (imaginary) part
of the unpolarized, helicity and transversity, respectively. Indeed, the plateau value extracted from
these source-sink separations is compatible with the results from the two-state fit and summation
method.
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Figure 2: Momentum dependence of the renormalized matrix elements for the strange unpolarized (top
panel), helicity (middle panel) and transversity (bottom panel) distributions. We show the matrix elements
computed at 𝑃3 = 0.41 GeV (blue), 0.83 GeV (green), 1.24 GeV (red) and 1.65 GeV (yellow). Data points
are slightly shifted to improve readability.

obtain a clear picture on the momentum dependence of the transversity disconnected matrix elements
results at higher boosts with sufficient accuracy would be necessary. This is however beyond the
current study and will be tested in a followup work. We, thus, reconstruct the distributions using
the results at 𝑃3 = 1.24 GeV. Finally, we find that the isoscalar disconnected matrix elements share
the same qualitative behavior as the strange-quark ones shown in Fig. 2.

4. Flavor decomposition
4.1 Light quark distributions
Combining the results for the disconnected matrix elements, reported in the previous section,
with the connected contributions we were able to obtain the light quark PDFs. The computation
of the connected isoscalar and isovector contributions is well established. Therefore, we omit the
details that can be found in Ref. [25]. In Fig. 3, we show the comparison with phenomenological
results of the up and down unpolarized, helicity and transversity distributions. We stress that this
comparison can be only quantitative at the current stage since many systematic effects (e.g. largerthan-physical pion mass, cut-off effects) still need to be addressed. The results for the unpolarized
PDF are compared with the data by NNPDF3.1 [30], while the helicity distribution is compared
with JAM17 [31] and NNPDFPOL1.1 [1]. Finally, the quark transversity distribution obtained in
this study is compared against the SIDIS data [32] and SIDIS data constrained by the value of the
tensor charge 𝑔𝑇 computed in lattice QCD [32].
The light-quark unpolarized PDFs show good agreement with phenomenology in the region 0.2 ≲
𝑥 ≲ 0.5. Also, in the region 𝑥 ≲ −0.2 our estimate and phenomenology are both compatible
5
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with zero. The lattice results for the small-𝑥 region suffer from uncontrolled uncertainties due
to cut-off systematic effects. The helicity distribution shows non-negligible contribution from the
20
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Figure 3: Up (left) and down (right) quark unpolarized (upper panels), helicity (middle panels) and transversity (bottom panels) distributions at 𝑃3 = 1.24 GeV (red band). We also show the NNPDF results [1, 30, 33]
(blue band) and JAM17 [31] (orange band) phenomenological results. For the transversity PDF we compare
against the SIDIS data [32] (green band) and SIDIS data constrained by the value of tensor charge 𝑔𝑇 computed in lattice QCD [32] (gray band). For the transversity distributions we also include the results obtained
with the BGFT technique [34] (magenta).

disconnected quark loop. Our results for the up quark helicity show similar features as the NNPDF
data, but they are not compatible with the latter within uncertainties. In contrast, the down quark
distribution gives compatible results with both NNPDFPOL3.1 and JAM17 data in the entire physical
region 𝑥 ∈ [−1, 1]. Finally, the transversity distribution, which is the least known collinear PDF,
is compatible with phenomenology. In Fig. 3 we included the light-cone obtained with the BayesGauss Fourier transform [34], an advanced reconstruction technique replacing the discrete Fourier
Transform that is able to reduce the artifacts introduced by the discretization of the Wilson line
in the Fourier transform. An important observation is that the measurement of this quantity we
provide here is more accurate than the experimental one, which carries ≈ 50 − 100% error [32].
4.2 Strange quark distributions
The strange quark distributions are shown in Fig. 4. By increasing the nucleon boost, the
unpolarized PDF moves towards the phenomenological results. However, there is still some residual
dependence on 𝑃3 , which would require further investigation to be performed in a followup work.
6
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Figure 4: Results on the strange unpolarized (top panel), helicity (center panel) and transversity (bottom
panel) distributions for three values of 𝑃3 . We compare with the NNPDFPOL1.1 [1, 33] (light blue) and
JAM17 [31] (light purple) phenomenological data. Lattice data for 𝑃3 = 0.41, 0.83, 1.24 GeV are shown
with green, red and dark blue bands, respectively.

The results for the helicity distribution are approximately symmetric in the quark and antiquark
regions, and are compatible with NNPDFPOL1.1 [1] and with JAM17 [31] global fits analysis, both
of which have larger uncertainties. Thus, our results constitute valuable input for phenomenological
studies. This is particularly evident for the strange transversity distribution, where experimental
results are lacking. Our results for the transversity PDF show small uncertainties as well as no
residual momentum dependence.

5. Conclusions
This work represents a proof-of-principle of the feasibility of the calculation of disconnected
quark loops with non-local operators. In particular, we present a study of the 𝑥-dependence of proton
collinear quark PDFs from lattice QCD considering both connected and disconnected diagrams.
The calculation is carried out on a gauge ensemble of 𝑁 𝑓 = 2 + 1 + 1 twisted mass fermions with
a pion mass of 𝑚 𝜋 ≈ 260 MeV. We address excited-states contamination and convergence with the
momentum boost in the final PDFs. The proton states are boosted at 𝑃3 = 0.41, 0.83, 1.24 GeV
7
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