Thimble regularisation of YM fields: crunching a hard
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Thimble regularisation of Yang Mills theories is still to a very large extent terra incognita. We
discuss a couple of topics related to this big issue. 2d YM theories are in principle good candidates
as a working ground. An analytic solution is known, for which one can switch from a solution
in terms of a sum over characters to a form which is a sum over critical points. We would be
interested in an explicit realisation of this mechanism in the lattice regularisation, which is actually
quite hard to work out. A second topic is the inclusion of a topological term in the lattice theory,
which is the prototype of a genuine sign problem for pure YM fields. For both these challenging
problems we do not have final answers. We present the current status of our study.
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1. A thimble primer
QCD at finite baryon density is still to a large extent terra incognita, due to the infamous sign
problem. The latter is in fact more general (and fundamental, in a sense): we have to tackle it
every time the action of a quantum field theory is complex valued. A number of possible solutions
have been put forward, among which thimble regularisation [1, 2]. In a light notation in which a
field theory looks like an ordinary integral, the thimble approach to field theories is quite easy to
describe in terms of the following recipes:

2. We then need to find the critical points, i.e. those points 𝑝 𝜎 where 𝜕𝑧 𝑆 = 0.
3. We define the thimble J𝜎 attached to each critical point as the union of all the Steepest
¯
𝑑
Ascent paths (SA), the latter being the solutions of 𝑑𝑡
𝑧 𝑖 = 𝜕𝜕𝑧𝑆¯𝑖 stemming from the critical
point.
4. If the Hessian of the action has no zero eigenvalue, one can immediately prove that the thimble
is a manifold of the same real dimension as the original manifold we started from.
5. Due to the holomorphic nature of 𝑆, 𝑆 𝑅 is increasing along the ascent and thus on the thimble
the original integral is convergent, while 𝑆 𝐼 stays constant.
6. Sadly, the sign problem is not completely killed, since the integration measure (encoding the
orientation of the thimble with respect to the embedding manifold) reintroduces a residual
sign problem due the so-called residual phase.
The last point would deserve much more attention than we can pay here; the interested reader can
look at [3] for our (basic, but stemming from first principles) solution to the computation of the
residual phase. While going through all the steps needed to carry out a computation on thimbles
can be a non trivial task, our efforts are fully rewarded by Lefschetz/Picard theory, which states that
a thimble decomposition for the original path integral holds
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(1)

In (1) 𝑆 𝐼 is no longer such a big problem, while the residual sign problem is due to the residual
phases 𝑒 𝑖 𝜔 . Notice that both the numerator and the denominator (i.e. the partition function) receive
contributions in principle by all the critical points. This is not really the case, since the intersection
numbers 𝑛 𝜎 can be zero for possibly many critical points. It can be shown that 𝑛 𝜎 = 0 for a critical point when the associated unstable thimble does not intersect the original integration manifold2.
1It is important to remind that the action is complex since the very beginning, even for real degrees of freedom.
2The unstable thimble is defined as the union of the Steepest Descent (SD) paths stemming from a critical point.
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1. We first need to complexify the degrees of freedom, i.e. 𝑥 → 𝑧 = 𝑥 + 𝑖𝑦 and 𝑆(𝑥) =
𝑆 𝑅 (𝑥) + 𝑖𝑆 𝐼 (𝑥)1 → 𝑆(𝑧).
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2. Thimble regularisation of gauge theories

2.1 Construction of the thimble
Mimicking thimble construction for gauge theories is not that difficult. The first step (complexification) amounts to
SU (𝑁) 3 𝑈 = 𝑒 𝑖 𝑥𝑎 𝑇 → 𝑒 𝑖𝑧𝑎 𝑇 = 𝑒 𝑖 ( 𝑥𝑎 +𝑖𝑦𝑎 )𝑇 ∈ SL (𝑁, C) .
𝑎

𝑎

𝑎

(2)

The main thing we should notice is that
SU (𝑁) 3 𝑈 † = 𝑒 −𝑖 𝑥𝑎 𝑇 → 𝑒 −𝑖𝑧𝑎 𝑇 = 𝑒 −𝑖 ( 𝑥𝑎 +𝑖𝑦𝑎 )𝑇 = 𝑈 −1 ∈ SL (𝑁, C) .
𝑎

𝑎

𝑎

With this caveat in mind, we can proceed to defining the SA


d
𝑎
[𝑈
(𝜏)]
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which are written in terms of the Lie derivative
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∇
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∇
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that is, the main properties we expect from the SA are satisfied. Among all the solutions of Eq. (3),
we have to look for the ones whose union defines the thimble. Naively, we could think we need to
consider those stemming from a critical point 𝑈 𝜎 . The fact is critical points in gauge theories come
along with an entire orbit, which is made by all the gauge replicas of the given critical point. This is
not the end of the story, since complexification has left us with two possible candidates. The action
is now invariant under the gauge group G = 𝑆𝐿 (𝑁, C), so that one orbit we could think of is
M 𝜎 = {𝑈 ∈ 𝑆𝐿(𝑁, C) | ∃ 𝐺 ∈ 𝑆𝐿 (𝑁, C) : 𝑈 𝐺
𝜎 = 𝑈}.
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We started our discussion on motivations for thimbles putting forward the big issue of QCD at
finite density. How far are we from actually tackling that? Honestly, quite a lot. We have in recent
years taken some steps in that direction, but that has been done in the context of two theories (0 + 1
QCD [4] and the so called Heavy Dense QCD [5]) for which gauge invariance in practice does not
show up in its full glory. Other groups have perhaps moved a bit further than we have done till now
[6, 7]. In the following we will try to pin down a sort of status report on our attempts at a thimble
regularisation of gauge theories. This will make us discuss 2𝐷 YM theories and the inclusion of a
𝜃-term.
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so that we get
d

( z

)=

X

z

0

k,c
k ,a
dt
This is not the right choice, and we need to consider
instead
k ,a
0

r̄ak0 r̄ck S̄ +

X
a,b

f abc zk,a r̄bk S̄

which is the very same as (4.4), with zk,c being the components of some tangent space basis vector.

N𝜎 = {𝑈 ∈ 𝑆𝐿 (𝑁, C) | ∃ 𝐺 ∈ 𝑆𝑈 (𝑁) : 𝑈 𝐺
𝜎 = 𝑈} ⊂ M 𝜎 .
4.3

(4)

Morse theory and gauge symmetry

⌫ ± (M ) =

e real thing (a cartoon…)

G

U 2M

NU± M

and dimR N ± M = n nG . N + M is the (normal) space at U 2 M spanned by eigenvectors of
H(SR ; U ) with positive eigenvalues, while N M is the normal space at U spanned by eigenvectors of
H(SR ; U ) with negative eigenvalues. We now construct an n-cycle J attached to U . Morse theory [66, 34,
G constructed by considering all the SA curves (that is, those making up
26] tells us28 that
U Gsuch
Ht L an n-cycle is
a stable thimble) attached to a middle dimensional manifold N ⇢ M (dimR N = nG , hence the name).
U Ht L
The most natural choice for N is

ble is no longer attached to a
point, but to a critical submanifold
usual) you pave your way for
every point by ascenting as we
do

N0
M

U 0G

⌘ U 2 X 9 H 2 H : UH = U ⇢ M

U0
are generically referring to “gauge symmetry”, but the reader should keep in mind that symmetries can also arise in
scalar field theories; see [39] for a discussion of O(N ) symmetry and [36]. Moreover, we will see that factors other than symmetry
may lead to a degenerate Hessian (for example, torons in pure Yang-Mills theory); this case will be worth of a detailed discussion
in Section 10.
28 Actually, things are much more involved, but, for the cases of our interest, our brief discussion suﬃces. See [34] for a
detailed treating of symmetries and Morse theory.
27 We

le is gauge invariant under SU(N),
C)

Figure 1: The cartoon for the gauge invariance property of34 the construction of Eq. 5.
Figure 10.2: Integration of SA curves (in red) starting from U0 as well as from a gauge-transformed config-

U , both belonging to the critical manifold M (in black). The thimble is pictorially represented
the point 𝑈 (𝑡)uration
which
is obtained by ascending from the critical point 𝑈0 5:
this point is uniquely
with a bowl emanating from M . The gauge transformation G connecting U (t) and U (t) is shown
in green.
The same gauge transformation connects U and U in the critical manifold M .
defined by selecting a given direction on the tangent space to the thimble at 𝑈0 6 and a given ascend
time 𝑡. Ascentthepaths
ofvectors
this oftype
defined
selecting
associated
to positive eigenvalues
n Takagi
H(S; Uare
) with
zero Takagi
value and Ndirections
M spanned by
the n Takagi vectors
of H(S; U ) with positive Takagi value. The number of such vectors is n = n n , with n = V d(N
1)
of the Hessian.
Asnumber
for (zero)
their1) role
is well
looking
at the point
the total
of degrees gauge
of freedom modes,
and n = V (N
the number
of gaugeunderstood
degrees of freedom,by
which
that n = V (d 1)(N
1). We can easily compute the Takagi vectors {v
} spanning T J
𝑈 𝐺 (𝑡). All inmeans
all,
if
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a
SA
from
𝑈
(i.e.
𝐴
=
0),
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any
stage
(i.e.
from
any
𝑈 (𝑡)) we
0
given the Takagi vectors {v } spanning T J . Consider
a couple of configurations U (t ) and U (t ) with
𝐺
|c | ⌧ 1, so that they are close to M , that is
can perform a gauge transformation 𝐺 and this will take us to a point (𝑈 (𝑡)) starting from which
the SD (Steepest Descent) path will make us eventually land on another point on the gauge orbit
U (n; t ) = e
U (n)
attached to 𝑈0 ; this point (𝑈0𝐺 ) is obtained
from 𝑈0 by
the gauge transformation we choose.
G
0
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3We denote N (0) the orbit N𝜎 associated to 𝐴 = 0.
Let us set
4We provide a quick-and-dirty
argument for what a non-degenerate critical submanifold is; all this can be much better
understood from [8].
G(n) = ei g T
5We are still thinking of the critical point 𝐴 = 0, which in the Wilson action is associated to its exponential 𝑈0 .
†
previous
lead to settingTakagi
Uµ̂G (n; t0problem;
) = G(n)Uµ̂ (n;
t0 )G
(n + µ̂), which imply
6This is always The
known
by considerations
solving a convenient
see
[3].
n,a

62 Directions

a

tangent to M0 at U0 represent infinitesimal gauge transformations around U0 .
63 We generically take |c | ⌧ 1 in order not to leave T J while leaving the critical point U . This condition is automatically
i
U 0
ensured for directions corresponding to i > 0: for these directions ci = ni e i t0 with t0 ! 1, so that we can safely take
ni = O(1). For directions corresponding to i = 0, however, the coeﬃcients ci have to be taken small explicitly.

4
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In general the relevant gauge group is H = 𝑆𝑈 (𝑁), and as a matter of fact the thimble itself is
In the last section we have introduced the thimble formalism for gauge theories. We now address the problem
gauge symmetry
framework
theory.
general
as possible,
deferring
invariant under 𝑆𝑈 (𝑁) (as itof should
be),within
andthenot
underof Morse
𝑆𝐿(𝑁,
C).We try
Allto be
inasall,
the
thimble
e.g.a
more detailed discussion to the study of Yang-Mills theory in Section 10. We consider a set of fields {Uk }
a manifold
Y over which
we wishis
to defined
integrate, with
dimR Y = n and a suitable complexification X , with
associated to 𝐴 = 0 for the 𝑆𝑈on(3)
Yang-Mills
action
by3
dimR X = 2n. Let S : X ! C be a holomorphic function that is invariant under transformations of a gauge
group G, which is the complexification of a compact gauge group H. We call g the Lie algebra of G oand h
n
Lie algebra of H, with dimR h = nG and dimR g = 2nG . We assume that a critical point U (0)
2 X of S
J0 := 𝑈 ∈ (𝑆𝐿 (3, C)) 4𝑉 | the
∃𝑈
(𝜏)
solution
Eq. (3) of| G,𝑈that
(0)is =
&6= U .lim
𝑈 (𝜏) ∈ N
changes
non-trivially
under of
transformations
U 𝑈
! UG
As a consequence,
U belongs. to
𝜏→−∞
a manifold of critical points continuously connected by transformations G 2 G. We call such manifold M
(5)
G
One could think that what we have gone throughMtill
now
can
as “going from
⌘ U
2X 9
G 2 Gbe
: U summarised
=U ⇢X
critical points to critical submanifold”.
We
have to admit we have been cheating a little bit: what
which has dim
R M = 2nG . On M the action S takes on the same value S(U ); thus, considering
SR = <(S), the Hessian H(SR ; U ) for U 2 M is degenerate.27 In particular, the Hessian of SR is a 2n ⇥ 2n
we actually did (and this is actually
the
right
thing
to eigenvalues
do) was(corresponding
to go from
non-degenerate
critical
real, symmetric matrix with
2nG zero
to directions
of gauge invariance
of SR ),
n nG positive eigenvalues and n nG eigenvalues which are opposite in sign. We say that M is a non
points to non-degenerate critical
submanifolds
[8].
In
Sec.
1
we
said
that
in
order
for
the
thimble
degenerate critical submanifold of X for SR : X ! R if dSR = 0 along M and the Hessian H(SR ; U ) (for
2 M ) is non degenerate on the normal bundle ⌫(M ). The normal bundle of M is subject to the
construction to work we need aUdecomposition
non-degenerate
critical point, with no zero eigenvalue in the Hessian.
Due to gauge modes, this is not the case for gauge theories. The good news is that this is not such
⌫ + (M ) ⌫ (M )
a big problem: gauge invariance is realised in a very⌫(M
neat) =way
on the thimble. Indeed the main
with
gauge invariant property of the construction is summarised in the cartoon4 of Fig 1. One can spot
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All that we have said till now is not the end of the story, and we have been once again cheating a
little bit. In order to preserve the right number of zero modes, in YM theories we have to kill torons,
which thing can be done by going for twisted boundary conditions. Because of this, our preferred
critical point is the so-called twist-eater. (A good reference for all that has to do with this is [9].)
2.2 What we have, what we can do and what we lack

1.5

analytic
numerical

1.4

P

1.3
1.2
1.1
1.0
0.9
2.0

2.5

3.0

3.5

4.0

4.5

5.0

β

Figure 2: Average Plaquette vs real 𝛽 for the numerical (only dominant thimble) vs analytical results for
2𝐷 𝑆𝑈 (2) YM theory.

2.3 The closest to thimble decomposition for gauge theories we can currently think of getting
Indeed we think 2𝐷 YM theories provides us with an understanding which is the closest to
thimble decomposition for gauge theories we can currently think of getting. What we mean is
displayed (once again) in graphical form in Fig. 3. For a full account of the results we are going
to quote a first reference is [10]. First of all look at the first row of Fig. 3. All the critical points
that are classical solutions of the YM action have been classified by Atiyah and Bott in [8]. In
[10] Witten first obtains the partition function as a sum over representations (this is a type of result
which is well known to lattice practitioners; see later) on a generic Riemann surface of genus 𝑔,
which for 𝑔 = 1 reduces to the expression in the up-left corner of Fig. 3. Via a tool as simple as
the Poisson resummation, he then turns this sum into a sum over critical points (up-right corner).
Needless to say, this is the intriguing result we are mostly interested in: this really sounds like
thimble decomposition. Now look at the second row. Down-left corner of Fig. 3 is the sum over
5
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We have a (working) code (some results in Fig. 2) by which we can simulate 2𝐷 YM theories;
to be definite, we have been mainly focusing on 𝑆𝑈 (2). A sign problem (an artificial one, in a
sense) is generated by computing for complex values of the coupling. Notice that the theory is fully
solved, so that we can check the results we get. One thing we do is hunting for critical points, the
main goal being to compute on different thimbles. This is in the logic of (dis)proving whether one
single thimble is enough to reproduce the known result (and this indeed appears not to be the case:
see Fig. 2).
In all that we have just mentioned there is indeed something we (dramatically) miss: there is no
general proof of something like a thimble decomposition for gauge theories. This is the genuine
motivation of ours for probing 2𝐷 YM theories: the solution is known in a way that is intriguing,
sort of alluding to thimbles.

nuum
limit
of the
SU(2) YM lattice partiis the Fourier
transform
of f2D
.
where fˆ is the Fourier The
transform
f . ISSUE
REALLYofBIG
unction
eed to do is compute the fourier transform
of exp ( ✏⇡ 2 n2 ). This is2 easily
seen
All we need to do is compute the fourier transform of exp ( ✏⇡ n2 ). This is easi

( ⇡n2 )
Thimble
Francesco Di Renzo
0 regularisation
2 2 )of YM fields
( ⇡n
pthe✏⇡continuum
. But
✏
=
4pi
✏,
giving
0 us:
2
limit are
shown.
the✏, formulas
to be exp
. But ✏ All
= 4pi
giving us:for first method are taken
✏⇡
lmf.nist.gov/10
X
X
X 2 ) ( (2⇡m)2 )
(
(2⇡m)
2 2X
exp ✏⇡ n =exp exp
✏⇡ 2 n2 = 0
exp
✏
✏0
n2Z
m2Z
Poisson resummation

d1

n2Z

m2Z

YMItamar’s
partition
on the lattice
is given by(See Giovanni’s thesis for the
Notes function
from
Itamar’s
discussion
m
discussion
?
continuum limit (many people, e.g. A. Gonzalez-Arroyo …)

1
X

V
V
V
V +ln
n( ) )
representation
to (2
the lattice Icommunity,
i.e. the Migdal solution [11]. It is
Z (pbc) ( )which
= is welle known
well known that one can take the continuum limit and go from down-left to up-left [12]. Finally,
n=1
what we regard as the1
big issue: can we fill the down-right corner, i.e. provide a realisation of the
X
mechanism
task would entail taking the
(pbc) in the first row in theVlattice
+V lnregularisation?
2+V ln In ( )TheVcomplete
ln
Z
(
)
=
e
continuum limit and go from down-right to up-right.
n=1

3. Looking into 𝜃-term
While we have been working on 2𝐷 YM theories, we have adapted our code to also include
4𝐷 YM in the presence of a 𝜃-term. Once again we do not have yet definite results, but it is easy to
list a few reasons for being interested in this.
• This is a prototype of a genuine sign problem in Euclidean Yang Mills.
• Being the equations of motion unaffected by a 𝜃-term, the topological charge is conserved
while you ascent on the thimble; in a way, this is a genuine way of computing at frozen
topological charge.
• We have already made the point that the gauge invariance of the thimble is that of 𝑆𝑈 (𝑁);
this holds for the topology as well.
• All in all, the really intruiging (super-hard!) goal would be that of finding the weights of the
various topological sectors in the functional integral.
Needless to say, one should be well aware of the effects of lattice artifacts (they must show up, as
in any lattice computations of topology). And of course, all this is indeed interesting, but it is not
at all guaranteed that we can get positive results in a short time.
6
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We the
needequation
solutions :for
the=equation
:fDf
= 0, with f 6= 0.
ions for
Df
0,1with
6= 0.

V
X 2
?
(pbc)
V
• We Z
know (that
flat
connections
are
defined
as
dA + ?
[A, A] = 0. Those tr
) =are
e defined as
In (F )= dA + [A,FA]= =
w that flatsatisfy
connections
0.
Those trivially
Df = 0. We are
looking for other non-trivial solutions.
n=1
Df = 0. We are looking for other non-trivial solutions.
be re-writtenFigure
as: 3: The flow chart of a possible argument in favor of thimble decomposition in 2𝐷 𝑆𝑈 (2) YM theory.
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4. Conclusions
We have provided a status report of our attempts at formulating gauge theories on thimbles.
We do not have positive results to present, but we have a couple of lines of research that are hard
to crunch, but fascinating. We would like to find a lattice realisation of the mechanism that in 2𝐷
gauge theories enables to go from a solution in terms of a sum over characters to a form which is a
sum over critical points. 4𝐷 YM in the presence of a 𝜃-term is a second subject which is rich of
interesting features to investigate.

This work was supported by the European Union Horizon 2020 research and innovation
programme under the Marie Sklodowska-Curie grant agreement No 813942 (EuroPLEx) and by
the I.N.F.N. under the research project (iniziativa specifica) QCDLAT.
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