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𝑏 Dipartimento

We present results of the location of the closest singularities in the complex chemical potential
plane using a novel method. These results are obtained with (2+1)-flavor of highly improved
staggered quarks (HISQ) on lattices with temporal extent of 𝑁 𝜏 = 4, 6. We show that the scaling
is consistent with the expected scaling of the Lee-Yang edge singularities in the vicinity of the
Roberge-Weiss (RW) transition. We determine various non-universal parameters using 3D Ising
model scaling functions that map QCD in the scaling region of the RW transition. Furthermore, as
a preliminary result we discuss how the Lee-Yang edge singularity can be used to probe the chiral
phase transition in QCD. The singularity obtained close to the chiral phase transition temperature
𝑇𝑐 seems to be in agreement with the expected scaling of the Lee-Yang edge singularity. As
an outlook, we discuss the scaling of the Lee-Yang edge singularity in the vicinity of a possible
critical end point in QCD, at even lower temperatures. In the future, such a scaling analysis might
hint on the existence and the location of the critical end point.
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1. Introduction

2. Lee-Yang Edge Singularities on the lattice
Lee-Yang edge singularities (LYEs) corresponds to a second order phase transition for a finite
symmetry breaking field. A second order phase transition is identified from the divergence of the
correlation length in the vicinity of the critical point. This means that the fluctuations, namely the
susceptibilities, become correlated over all distances and the entire system is forced to be a unique
critical phase. The behavior of critical properties in the vicinity of a second order phase transitions
can be described by a limited number of universality classes defined by the fundamental symmetry
of the system. In particular, different systems belonging to the same universality class have the
same critical exponents which characterize the behavior of physical quantities near the continuous
phase transitions.
The contributions to the order parameter 𝑀 can be written as the sum of a regular and singular part
[12]:
1
𝑀 (𝑡, ℎ) = ℎ 𝛿 𝑓𝐺 (𝑧) + 𝑀𝑟 𝑒𝑔 (𝑡, ℎ)
(1)
where 𝑧 = 𝑡/|ℎ| 1/𝛽 𝛿 is the scaling variable with 𝛽 and 𝛿 critical exponents, 𝑡 is the reduced
temperature and ℎ is the symmetry breaking field. Eq.(1) is known as the Magnetic Equation of
state. Prolonging ℎ in the complex plane, the scaling function 𝑓𝐺 shows a universal singularity at
𝑧 = 𝑧 𝑐 which is called LYEs. One has now to properly define the variables 𝑡 and ℎ accordingly to
the symmetry group of the transition, the critical point of that transition is then found in the limits
ℎ → 0 and 𝑡 → 0.
2

PoS(LATTICE2021)260

During the last decades lattice QCD has proven to be a very powerful tool in the study of the
QCD phase diagram, providing new results and a deeper understanding of the properties of the
strongly interacting matter at finite temperature and vanishing chemical potential [1]. Recent studies
[2, 3] show that the confined hadronic matter changes its degrees of freedom close to the QCD
crossover temperature in the case of a vanishing chemical potential [4]. It has been conjectured that
this analytic crossover turns into a first order phase transition in the case of large baryon chemical
potential. Following these, one expects that between these two lines exists a second order Z(2)
critical end point.
However, the sign problem invalidates the importance sampling techniques when one introduces a
non-zero baryon chemical potential in the lattice action. Several different methods were developed
to circumvent the numerical sign problem. For example, the Taylor expansion is a powerful method
which allow us to extract meaningful information from small chemical potential regions [5, 6].
Another possibility consists in the introduction of a imaginary chemical potential which doesn’t
produce any complex phase from the fermion determinant, allowing direct calculations on the lattice
[7, 8] .
In our work we have performed calculations with an imaginary baryon chemical potential and we
have used the Taylor series to build Padé approximants. The details of our new method were already
presented in this conference [9]. This allowed us to study their zeroes and poles. The original idea
from Lee, Yang and Fischer [10, 11] is that one can extract meaningful information about different
phase transitions from stable singularities.
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In this proceeding we discuss three different second order transitions by studying the LYEs: the
RW transition at imaginary chemical potential, the chiral transition at vanishing chemical potential
and the QCD critical endpoint at real chemical potential. We used the Padé approximant methods
(details on our method in [9, 13]) to extract the singularities. In the following sections we determine
LYEs for RW and chiral transition. We also determine the value of the non-universal constant 𝑧 0
from relevant scaling functions.
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Figure 1: An overview of all the scaling functions we analyzed. The yellow line is referred to the Z(2) RW
transition scaling, the green band to the O(2) chiral transition scaling and the red band to the Z(2) critical
endpoint.

2.1 LYEs for RW transition
The partition function of QCD with imaginary chemical potential has a periodicity of 2𝜋 in
the baryon chemical potential (𝜇 𝐵 ) and at 𝜇ˆ 𝐵 = 𝜇 𝐵 /𝑇 = 𝑖𝜋 one can observe the RW transition. In
(2+1)-flavor QCD with physical value of quark masses with HISQ action , the symmetry associated
to the transition is Z(2) [14, 15] and the order parameter is the number density 𝜒1𝐵 1. The scaling
fields are defined as follows:
ℎ=

1 𝜇ˆ 𝐵 − 𝑖𝜋
ℎ0 𝑖𝜋

𝑡=

1 𝑇 − 𝑇𝑅𝑊
,
𝑡0 𝑇𝑅𝑊

after solving the equation 𝑧 = 𝑧 𝑐 , one finds the temperature scaling for the LYEs:
𝜇 
𝐵

𝑅𝑒
𝑇

 𝑧 𝛽𝛿 𝑇

0
𝑅𝑊 − 𝑇 𝛽 𝛿
|𝑧 𝑐 |
𝑇𝑅𝑊
𝜇 
𝐵
𝐼𝑚
= ±𝜋
𝑇

= ±𝜋

1The general definition for susceptibilities we used is:
𝐵𝑄𝑆

𝜒𝑖 𝑗 𝑘

=

1
𝜕 𝑖+ 𝑗+𝑘
𝑙𝑛𝑍
𝑉𝑇 3 𝜕 (𝜇 𝐵 /𝑇) 𝑖 𝜕 (𝜇𝑄 /𝑇) 𝑗 𝜕 (𝜇 𝑆 /𝑇) 𝑘

where 𝑍 is the partition function, 𝑉 the volume of the system [6].

3

(2)
(3)
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Using Eq.(2) and Eq.(3) we were able to extract the value of the normalization constant 𝑧 0 , defined
1/𝛽 𝛿
as 𝑧0 = ℎ0 /𝑡0 , performing a scaling fit of the LYEs.
We also used the Magnetic Equation of State in order to evaluate 𝑧 0 , isolating 𝑓𝐺 from Eq.(1):
𝑓𝐺 (𝑧) =

𝑀 (𝑡, ℎ) − 𝑀𝑟 𝑒𝑔 (𝑡, ℎ)
ℎ1/ 𝛿

(4)

2.2 LYEs for chiral transition
In the case of a (2+1)-flavor QCD theory with staggered fermions and away from the continuum
limit, one expects that the universal scaling of the chiral transition belongs to the universality class
of the 3D 𝑂 (2) model. We have set the scaling variables as:
ℎ=

1  𝑚𝑙 
ℎ0 𝑚 𝑠

𝑡=

 𝜇 2i
1 h 𝑇 − 𝑇𝑐
𝐵
− 𝜅 2𝐵
,
𝑡0
𝑇𝑐
𝑇

where the ratio 𝑚 𝑙 /𝑚 𝑠 , the mass of the light and strange quarks, is the order parameter of the
transition and 𝜅 2𝐵 [16], the curvature parameter along the line of 𝑇𝑐 (𝜇 𝐵 ). From these we obtain the
subsequent scaling [17]:
𝜇 𝐵 h 1  𝑇 − 𝑇𝑐 𝑧 𝑐  𝑚 𝑙  1/𝛽 𝛿  i 1/2
= 𝐵
−
𝑇
𝑇𝑐
𝑧0 𝑚 𝑠
𝜅2

(5)

2.3 Lattice setup
We performed simulations with Highly Improved Staggered Quarks in the (2+1)-flavor QCD
with Rational Hybrid Monte Carlo (RHMC) algorithm. The calculations has been done with lattice
sizes 243 × 4 and 363 × 6 at different imaginary chemical potentials. The conversion of beta to
temperature values in MeV at finite lattice spacing has been done using the parametrization given
in [3, 18]. For more details on the choice of parameters please see [13].

4
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Figure 2: The first order susceptibility at different temperatures (left) and the behavior of the scaling function
(right). It is possible to see how all the points on the first figure are mapped along the scaling function line.
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3. Results
3.1 RW transition
To study the RW transition we used the lattice size 𝑁 𝜎 = 243 × 𝑁 𝜏 = 4 which allowed us
to take advantage of the value of RW critical temperature 𝑇𝑅𝑊 = 201 MeV already measured in
[14, 15]. In Fig.(3) on the left we show the behavior of 𝜒1𝐵 measured at different temperatures.

In Fig.(3) on the right we plotted the behavior of LYEs measured at different temperatures. We
performed a fit of the real parts of the singularities using the function:
𝑓 (𝑥) = 𝑎 · 𝑡 𝛽 𝛿 + 𝑏

(6)

The imaginary parts are found to be consistent with 𝜇ˆ 𝐵 = 𝑖 · 𝜋. We used the well known critical
exponents from the 3D Ising model 𝛽 = 0.3264 and 𝛿 = 4.789, we have taken 𝑧 𝑐 = 2.452 ± 0.025
from Ref.[19]. Our preliminary result for the normalization constant is 𝑧 0 = 9.28 ± 0.26 and
2
𝜒𝑡𝑒𝑠𝑡
≈ 0.8. It’s possible to see that the real part of the LYEs at 𝑇𝑅𝑊 doesn’t vanish entirely as
expected, which is related to finite volume effects still to fully understand.
We compared the obtained result of 𝑧 0 with the one calculated using the Magnetic Equation of
State. We have performed a fit of Eq.(4) with the function:
𝑀𝑟 𝑒𝑔 (𝑡, ℎ) = 𝑎 2 · 𝑡 · ℎ

(7)

2
finding the value 𝑧 0 = 5.316±0.017 with a 𝜒𝑡𝑒𝑠𝑡
≈ 6. The discrepancy of the two values is quite large
and it might be due to several factors. First of all, a larger number of fitting parameters; secondly,
since the scaling fit is not performed at constant 𝑧, extra fits of the independent normalization
parameters 𝑡0 and ℎ0 are necessary; for last, a well balanced choice of the distance from the
transition is needed: as closer to the phase transition one takes measures as larger is the variation
of 𝑧, while, at large distances from the transition, the corrections originated from the regular
contribution 𝑀𝑟 𝑒𝑔 increase.

5
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Figure 3: 𝜒1𝐵 at different temperatures (left) and the temperature scaling fit of the LYEs (right).

Guido Nicotra

Lee-Yang edge singularities in 2+1 flavor QCD with imaginary chemical potential

3.2 Chiral transition
Regarding the chiral transition we performed calculations with a lattice size 𝑁 𝜎 = 363 × 6,
physical mass ratio 𝑚 𝑙 /𝑚 𝑠 = 1/27 and we chose the critical temperature 𝑇𝑐 = 147 MeV, 𝜅 2𝐵 =
0.012 ± 0.002, the non-universal constant 𝑧 0 = 2.35 [20] and |𝑧 𝑐 | = 2.032 [19].
In Fig.(4) we show our LYEs and the predicted temperature dependence which was plotted using a
parameter free prediction based on non-universal parameters obtained by the HotQCD collaboration.
It is possible to observe that the LYEs is less than one sigma distant from the predicted value.
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Figure 4: Comparison between the LYEs we measured and the temperature scaling prediction from HotQCD
(the dashed line). The little point in the center of the green region is the predicted value at the temperature
𝑇 = 145 MeV. We also show the 68% and 95% confidence level.

3.3 Future perspective: possible location of the critical end point
As an outlook we discuss here a possible scenario for predicting the QCD critical end point
(cep) using our technique. In this case, the mapping to the universal theory with Z(2)-symmetry is
actually unknown. One possibility is to use a linear map for the scaling variables:
𝑝
ℎ = 𝛼ℎ (𝑇 − 𝑇𝑐𝑒 𝑝 ) + 𝛽 ℎ (𝜇 𝐵 − 𝜇 𝑐𝑒
𝐵 ),
𝑝
𝑡 = 𝛼𝑡 (𝑇 − 𝑇𝑐𝑒 𝑝 ) + 𝛽𝑡 (𝜇 𝐵 − 𝜇 𝑐𝑒
𝐵 ).

This choice leads us to the following scaling relation [21]:
𝜇 𝐿𝑌 (𝑇) = 𝜇cep − 𝑐 1 (𝑇 − 𝑇𝑐𝑒 𝑝 ) + 𝑖𝑐 2 |𝑧 𝑐 | −𝛽 𝛿 (𝑇 − 𝑇𝑐𝑒 𝑝 ) 𝛽 𝛿 ,

(8)

where 𝑐 1 is the slope of the transition line at the critical point and 𝑐 2 ·|𝑧 𝑐 | −𝛽 𝛿 is a parameter depending
on the relative angle between the ℎ and 𝑡 axes. In [22] it has been shown how the parameters 𝑐 1 , 𝑐 2 ,
𝑇𝑐𝑒 𝑝 and 𝜇 𝑐𝑒 𝑝 can be determined in the case of the Gross-Neveu model performing a fit of Eq.(8).
To illustrate a possible behavior of the temperature dependence of LYEs, namely the red band in
6
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Fig.(1), we have set the parameters as:
𝑐 1 = 0.024,

|𝑧 𝑐 | −𝛽 𝛿 = 0.5,

𝑇𝑐𝑒 𝑝 = 𝑇 𝑝𝑐 (1 − 𝜅 2𝐵 (𝜇 𝑐𝑒 𝑝 /𝑇 𝑝𝑐 ) 2 ),
where 𝑇 𝑝𝑐 = 156.5 MeV.

4. Summary and conclusions
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