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The Hubbard model on the honeycomb lattice undergoes a quantum phase transition from a
semimetallic to a Mott insulating phase and from a disordered to an anti-ferromagnetically phase.
We show that these transitions occur simultaneously and we calculate the critical coupling 𝑈𝑐 =
3.835(14) as well as the critical exponents 𝜈 = 1.181(43) and 𝛽 = 0.898(37) which are expected
to fall into the 𝑆𝑈 (2) Gross-Neveu universality class. For this we employ Hybrid Monte Carlo
simulations, extrapolate the single particle gap and the spin structure factors to the thermodynamic
and continuous time limits, and perform a data collapse fit. We also determine the zero temperature
values of single particle gap and staggered magnetisation on both sides of the phase transition.
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1. Introduction
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Figure 1: Left: The two energy bands (in multiples of the hopping 𝜅) of the non-interacting Hubbard model
as a function of the momentum 𝑘 normalised by the lattice spacing 𝑎. Center: Inset showing the Dirac
cones. A band gap Δ separating the bands opens in the phase transition, once a critical coupling 𝑈𝑐 is
surpassed. The bottom figure is only a qualitative visualisation, not the exact result. Right: The sublattice
symmetry is broken at the same critical coupling and the disordered state (a superposition of all possibilities)
transitions to an antiferromagnetic order. We show in the following (and in [2, 3]) that the transitions happen
simultaneously.
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The Fermi-Hubbard model—a prototypical model of electrons hopping between lattice sites—
has a rich phenomenology of strongly-correlated electrons, requiring nonperturbative treatment.
On a honeycomb lattice, where it provides a basis for studying electronic properties of carbon
nanosystems like graphene and nanotubes, the Hubbard model is expected to exhibit a second-order
quantum phase transition between a (weakly coupled) semi-metallic (SM) state and an antiferromagnetic Mott insulating (AFMI) state as a function of the electron-electron coupling.
It is noteworthy that a fully-controlled ab initio characterization of the SM-AFMI transition
has not yet appeared; Monte Carlo (MC) calculations have not provided unique, generally accepted
values for the critical exponents [1, 2]. Such discrepancies are primarily attributed to the adverse
scaling of MC algorithms with spatial system size 𝐿 and inverse temperature 𝛽. The resulting
systematic error is magnified by an incomplete understanding of the extrapolation of operator
expectation values to the thermodynamic and temporal continuum limits.
In this work we summarise the recent progress made, using Lattice Monte Carlo (LMC)
techniques, in removing he systematic uncertainties which affect determinations of the critical
exponents of the SM-AFMI transition in the honeycomb Hubbard model [2, 3]. We present a
unified, comprehensive, and systematically controlled treatment of both the single particle gap and
the staggered magnetisation, the former being the electric and the latter the anti-ferromagnetic
(AFM) order parameters of the phase transition. We thus confirm the AFM nature of the transition
from first principles. The simultaneous opening of the gap and emergence of AFM order is illustrated
in figure 1. We find that the critical coupling 𝑈𝑐 /𝜅 = 3.835(14) and the critical exponents—expected
to be the exponents of the SU(2) Gross-Neveu, or chiral Heisenberg, universality class [4]—to be
𝜈 = 1.181(43) and β = 0.898(37).
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We formulate the grand canonical Hubbard model at half filling in the particle-hole basis and
without a bare staggered mass. Its Hamiltonian reads
 𝑈Õ
Õ 
𝑝 †𝑥 𝑝 𝑦 + ℎ†𝑥 ℎ 𝑦 +
𝜌𝑥 𝜌𝑥 ,
(1)
𝐻 = −𝜅
2 𝑥
h𝑥,𝑦 i

where 𝑝 and ℎ are fermionic particle and hole annihilation operators, 𝜅 is the hopping amplitude,
𝑈 the on-site interaction, and
𝜌 𝑥 = 𝑝 †𝑥 𝑝 𝑥 − ℎ†𝑥 ℎ 𝑥 ,
(2)

2. Observables
2.1 The single particle gap
The single particle gap measures the distance between the two energy bands which is closest
at the Dirac momenta 𝐾 and 𝐾 0. It can readily be obtained from the single particle correlator
D
E D
E
𝐶 (𝑡) B 𝑝 𝐾 ,𝑡 𝑝 †𝐾 ,0 ≡ 𝑝 𝐾 0 ,𝑡 𝑝 †𝐾 0 ,0
(3)
at said momenta in imaginary time by a fit of the effective mass 𝑚 eff to the functional form
𝐶 (𝜏) = 𝑎 cosh (𝑚 eff 𝛿 (𝜏 − 𝑁𝑡 /2)) ,

(4)

with 𝑎 and 𝑚 eff as fit parameters in a reasonable scaling region. Here 𝜏 = 𝑡/𝛿 has integer values
and we symmetrised the correlator about 𝑡 = 𝛽/2. For an example of such a fit see figure 2 and for
more details see Ref. [2]. The single particle gap is simply given by
Δ = 2𝑚 eff ,

(5)

for a specific value of 𝐿 and 𝛿.
2.2 Spin structure factors
At half-filling, we compute expectation values of one-point and two-point functions of bilinear
local operators, the spins
𝑆 𝑖𝑥 =

1 †
( 𝑝 , (−1) 𝑥 ℎ 𝑥 )𝜎 𝑖 ( 𝑝 𝑥 , (−1) 𝑥 ℎ†𝑥 ) >
2 𝑥

(6)

and the charge (2) where the 𝜎 𝑖 are Pauli matrices and (−1) 𝑥 provides a minus sign depending on
the triangular sublattice of the honeycomb to which the site 𝑥 belongs; the sign originates in the
particle-hole transformation. In this work we focus on the staggered sum of spins
Õ
𝑆−𝑖 =
(−1) 𝑥 𝑆 𝑖𝑥 ,
(7)
𝑥

1Throughout this work, we use an upright β for the critical exponent and a slanted 𝛽 for the inverse temperature.
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is the charge operator. Using Hasenbusch-accelerated HMC with the BRS formulation [5, 6] and
a mixed time differencing [2] which has favorable computational scaling properties, we generate
ensembles of auxiliary field configurations for different linear spatial extents 𝐿 with a maximum of
𝐿=102 corresponding to 20,808 lattice sites, interaction strengths 𝑈 (with fixed hopping 𝜅), inverse
temperatures 𝛽 = 1/𝑇, and 𝑁𝑡 Trotter steps;1 See Ref. [2] for full details.
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Figure 2: Examples of effective mass determinations from the single-particle correlators, extracted from
ensembles of auxiliary field configurations. The blue line with error band gives 𝑚 eff with statistical error,
obtained from a hyperbolic cosine effective mass (4). The length of the blue band indicates the fitting region.
For comparison, a constant fit to the effective local mass is shown by the dashed orange line. The dot-dashed
red line shows the estimation of the systematic error [2]. Note that the red and orange lines have been
extended outside of the fitting region, for clearer visibility. Left panel: 𝜅𝛽 = 8, 𝐿 = 15, 𝑁𝑡 = 64, 𝑈/𝜅 = 3.5.
Right panel: 𝜅𝛽 = 12, 𝐿 = 6, 𝑁𝑡 = 72, 𝑈/𝜅 = 3.85. The timeslice index 𝜏 is integer-valued. The effective
mass 𝑚 eff is given in units of 𝜅.

which computes the difference between the sublattices, though the uniform sum of spins and the
charge operators are readily available too and have been investigated in Ref. [3]. We omit them here
because they are no order parameters of the phase transition of interest.
Furthermore we define the correlator
𝑖𝑖
𝑆−−
= 𝑆−𝑖 𝑆−𝑖 .

(8)

Because the dynamical exponent 𝑧 = 1 [7] we can obtain intensive order parameters at any finite
temperature by taking the thermodynamic limit of these extensive quantities and dividing them by
𝛽2 , rather than the spatial volume 𝑉 = 𝐿 2 .

3. Analysis
All our results have been extrapolated to the thermodynamic and continuous time limits in a twodimensional fit simultaneously. In particular the single particle gap and the staggered magnetisation
defined by
Í 𝑖𝑖
𝑆
2𝑆 11 + 𝑆 33
2
𝑚 𝑠 = 𝑖 −−2 = −− 2−− ,
(9)
𝑉 (𝜅𝛽)
𝑉 (𝜅𝛽)
have been fitted using the functional dependences
Δ2 (𝐿, 𝑁𝑡 ) = Δ20 + 𝑐Δ0 𝑁𝑡−2 + 𝑐Δ1 𝐿 −3 ,
𝑚 𝑠 = 𝑚 𝑠,0 +
An example of such a fit can be found in figure 3.
4

𝑐 0𝑚𝑠

𝛿+

𝑐 1𝑚𝑠

𝐿

−2

(10)
.

(11)
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Figure 3: Simultaneous two-dimensional fit of Δ(𝑁𝑡 , 𝐿) (in units of 𝜅) using Eq. (10), for 𝜅𝛽 = 8 and
𝑈/𝜅 = 3.5. Data points for 𝐿 < 9 have been omitted from the fit, but not from the plot. Very small
lattices lead to large values of Δ, which are not visible on the scale of the plot. This fit has 𝜒2 /d.o.f. ' 1.1,
corresponding to a p-value of ' 0.34.

3.1 Results
Our results for Δ0 and 𝑚 𝑠 are shown in Figure 4 for all values of 𝑈/𝜅 and 𝜅𝛽, along with an
extrapolation (with error band) to zero temperature (𝛽 → ∞). For details as to the zero-temperature
gap, see Ref. [2].
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Figure 4: All quantities in units of 𝜅 and after the thermodynamic and continuum limit extrapolations. 𝛽 is
the inverse temperature. The single-particle gap Δ0 (𝑈, 𝛽) (left) and the AFMI order parameter (staggered
magnetization) 𝑚 𝑠 (right). We also show Δ0 (𝑈, 𝛽 = ∞) and 𝑚 𝑠 (𝑈, 𝛽 = ∞) as solid black lines with error
band. The legend from the left plot applies to both.

Finally, we perform a simultaneous data collapse fit to
𝛽Δ0 = 𝐹 (𝛽 𝜇 (𝑈 − 𝑈𝑐 )) ,
𝛽 𝜇β 𝑚 𝑠 = 𝐺 (𝛽 𝜇 (𝑈 − 𝑈𝑐 ))
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with some universal functions 𝐹 and 𝐺. Here 𝜇 = 1/(𝑧𝜈) with the dynamical exponent 𝑧 = 1. Thus
we obtain the critical parameters 𝑈𝑐 = 3.835(14), 𝜈 = 1.181(43) and β = 0.898(37). The collapse
plots are shown in figure 5. The critical coupling 𝑈𝑐 and the critical exponent 𝜇 appear in both
contributions (12) and (13) to the collapse fit proving that gap and AFM order do indeed emerge
simultaneously.
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Figure 5: Data collapse plots with the optimal parameters of 𝑈𝑐 , 𝜈, and β obtained from a simultaneous
collapse fit to the gap Δ (left panel) and the order parameter 𝑚 𝑠 (right panel). Note that the “outliers” are due
to particularly small 𝛽 and are excluded from the analysis. All quantities are expressed in units of 𝜅.

4. Conclusions
Our work represents the first instance where the grand canonical Brower-Rebbi-Schaich (BRS)
algorithm has been applied to the hexagonal Hubbard model (beyond mere proofs of principle), and
we have found highly promising results.
We calculated the single particle gap Δ as well as all operators that contribute to the antiferromagnetic (AFM), ferromagnetic (FM), and charge density wave (CDW) order parameters of the
Hubbard Model on a honeycomb lattice (all the details in Refs. [2, 3]). Furthermore we provide a
comprehensive analysis of the temporal continuum, thermodynamic and zero-temperature limits for
all these quantities. The favorable scaling of the HMC enabled us to simulate lattices with 𝐿 > 100
and to perform a highly systematic treatment of all three limits.
The semimetal-antiferromagnetic Mott insulator (SM-AFMI) transition falls into the GrossNeveu (GN)-Heisenberg 𝑆𝑈 (2) universality class [7]. The GN-Heisenberg critical exponents have
been studied by means of multiple methods. In Table 1, we give an up-to-date comparison of
these calculations with our results. Our value for 𝑈𝑐 /𝜅 is in overall agreement with previous
Monte Carlo (MC) simulations. For the critical exponents 𝜈 and β, the situation is less clear. Our
results for 𝜈 (assuming 𝑧 = 1 due to Lorentz invariance [7]) agree best with the MC calculation
(in the Blankenbecler-Sugar-Scalapino (BSS) formulation) of Ref. [8], followed by the FRG and
large 𝑁 calculations. On the other hand, our critical exponent 𝜈 is systematically larger than most
projection Monte Carlo (PMC) calculations and first-order 4 − 𝜖 expansion results. The agreement
appears to be significantly improved when the 4 − 𝜖 expansion is taken to higher orders, although
6
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Table 1: Summary of critical couplings 𝑈𝑐 /𝜅 and critical exponents 𝜈 and β obtained by recent MC
calculations of various Hubbard models in the Gross-Neveu (GN) Heisenberg universality class, and with
other methods for direct calculations of the GN Heisenberg model. We include brief comments of special
features of each calculation. Note the abbreviations HMC (Hybrid Monte Carlo), AF (Auxiliary Field), BSS
(Blankenbecler-Sugar-Scalapino) and BRS (Brower-Rebbi-Schaich). These concepts are explained in the
main text. Furthermore, we denote FRG (Functional Renormalization Group). Our value of 𝜈 (†) is given
for 𝑧 = 1 [7]. The asterisk (*) indicates that the 4 − 𝜖 exponents of Ref. [9] were used as input in the MC
calculation of 𝑈𝑐 in Ref. [10]. Also, note the ambiguities [1] as to the correct number of fermion components
in the 4 − 𝜖 expansion of Ref. [11].

𝑈𝑐 /𝜅
3.835(14)
3.90(5)
3.94
3.85(2)
3.80(1)
3.78

𝜈
β
†
1.181(43)
0.898(37)
1.162
1.08(2)
0.93
0.75
1.02(1)
0.76(2)
0.84(4)
0.71(8)
0.882
* 0.794
*
0.882
* 0.794
*
0.851
0.824
1.01
0.995
1.08
1.06
1.20
1.17
1.31
1.32
1.26
1.1823

the discrepancy between expansions for 𝜈 and 1/𝜈 persists. Finally, our critical exponent β does
not agree with any results previously derived in the literature. They have been clustering in two
regions. The PMC methods and first order 4 − 𝜖 expansion yielding values between 0.7 and 0.8,
the other methods predicting values larger than 1. Our result lies within this gap at approximately
0.9 and our uncertainties do not overlap with any of the other results.
Thus, though we are confident to have pinned down the nature of the phase transition and to have
performed a thorough analysis of the critical parameters, the values of 𝜈 and β remain ambiguous.
This is mostly due to a large spread of incompatible results existing in the literature prior to this
work. With our values derived by an independent method we add a valuable confirmation for the
critical coupling and some estimations of 𝜈 as well as a new but plausible result for β.
Our progress sets the stage for future high-precision calculations of additional observables of
the Hubbard model and its extensions, as well as other Hamiltonian theories of strongly correlated
electrons. We anticipate the continued advancement of calculations with ever increasing system
sizes, through the leveraging of additional state-of-the-art techniques from lattice QCD, such as
multigrid solvers on GPU-accelerated architectures. We are actively pursuing research along these
lines.
7
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Method
Grand canonical BRS HMC ([3], present work)
Grand canonical BSS HMC, complex AF [8]
Grand canonical BSS QMC [12]
Projection BSS QMC [1]
Projection BSS QMC [13]
Projection BSS QMC, pinning field [10]
GN 4 − 𝜖 expansion, 1st order [1, 9]
GN 4 − 𝜖 expansion, 1st order [1, 11]
GN 4 − 𝜖 expansion, 2nd order [1, 11]
GN 4 − 𝜖 expansion, 𝜈 2nd order [4, 11]
GN 4 − 𝜖 expansion, 1/𝜈 2nd order [4, 11]
GN FRG [4]
GN FRG [14]
GN Large 𝑁 [15]
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