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1. Introduction

The energy-momentum tensor (EMT) plays a fundamental role in quantum field theories,
by virtue of being the collection of Noether currents related to space-time symmetries. Our main
motivation for studying the EMT comes from the application of holography to cosmology [1]. In this
holographic approach, cosmological observables, such as the cosmic microwave background (CMB)
power spectra, can be described in terms of correlators of the EMT of a dual three-dimensional
quantum field theory (QFT) with no gravity.

This proceeding summarizes the work in [2]. In this paper, we are interested in renormalizing
the EMT of the simplest version of the holographic dual theories, which is the class of 3d massless
scalar QFTs with ¢ in the adjoin of SU(N) and a ¢* interaction.

2. Scalar Action
The theory under consideration is a three-dimensional Euclidean scalar su(N) valued ¢* theory,

3
$101= “8 S T | 3 (5,0(0) + (0 - m)p(x)? + p()® M

8 xeN3 M

with fields ¢{(x) = ¢¢ (x)(Ta){, where ¢“(x) is real, and T are the generators of SU(N). Here o,
is the forward finite difference operator defined by, 6, ¢(x) = a”'[¢(x + aft) — #(x)], where i is the
unit vector in direction g, A3 is a lattice with cubic geometry containing N 2 points (with periodic
boundary conditions), and a the lattice spacing. g is the ¢* coupling constant with mass dimension
one (which does not renormalize), m? is the bare mass. Since the mass of the theory renormalizes
additively, we include the mass counterterm, or critical mass mg (g), i.e. the value of the bare mass
such that the renormalized theory is massless. The critical masses for the ensembles simulated
are determined in [3] at two loops in lattice perturbation theory, as well as nonperturbatively by
analyzing the finite-size scaling of the Binder cumulant. The relevant masses are summarized
in table 1.

ag One loop Two loop Nonperturbative
0.1 -0.03159 -0.03125 -0.0313408(38)
0.2 -0.06318 -0.06194 -0.0622974(98)
0.3 -0.09477 -0.09208 -0.092935(16)

Table 1: The critical masses (am,)? in the infinite volume limit are calculated at NLO in lattice perturbation
theory, as well as nonperturbatively in [3], which are listed for each ’t Hooft coupling ag. These are used in
the later global fit to obtain c3 in the massless limit.
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3. Energy-momentum tensor

In the continuum theory, the energy-momentum tensor 7}, is defined as the conserved current
of space-time symmetries. For our scalar SU(N) theory, it is given by

N
T =T {2<6u¢><av¢> - G lz@@z b (m? = ) + ¢
P

+ é: (5141’ Z(ap¢)2 - (6#¢)(3V¢))} .
P
(2)

Here the term multiplying £ is the improvement term. In the continuum theory, due to translational
invariance, the EMT satisfies Ward-Takahashi identities (WI) of the form
(T (2)P(Y)) = _<% V¢<x>> )

where P(y) is any composite operator inserted at point y. If P is such that the right-hand side
of eq. (3) is finite for separated points x # y, the left-hand side correlation function, which contains
the divergence of the EMT, is finite up to contact terms. For this theory, it can be shown that the
insertion of 7}, does not introduce new UV divergences. The improvement term is identically
conserved and trivially satisfies eq. (3). Therefore & will be set to O for the remainder of the text.

On the lattice, the continuous translational symmetry is broken into the discrete subgroup of
lattice translations; because of this a naive discretization of the EMT on the lattice,

} , “

which is obtained by replacing the partial derivatives d,¢(x) with the central finite difference
Syqb(x) = ﬁ [¢(x + aft) — ¢(x — ajfi)] (this is chosen in order to obtain a Hermitian EMT), does not
satisfy the W1 eq. (3). Now, the WI on the lattice includes an additional term [4],

N - - -
Toy=73T {2(6#¢>(6v¢> ~ Sy [Z(am)z + (m* = mZ)* + ¢
P

- SP(y)-
(0" T, (X)P(y)) = —< o 6v¢(X)> + (X, (x)P(y)). ®)
6(x)
Here % is obtained by replacing the fields and derivatives in the continuum functional derivative
SP(y)

with their lattice counterparts, and X, is an operator proportional to a?, which classically van-

o¢(x)
ishes in the continuum limit. However, radiative corrections cause the expectation value (X, (x)P(y))

to produce a linearly a~! divergent contribution to the WI. Therefore, the naively discretized EMT
will not reproduce the continuum WI when the regulator is removed; 7},, has to be renormalized by
adjusting the coefficients of a linear combination of lower-dimensional operators which satisfy the
same symmetries.

In three dimensions, dimensional counting indicates that divergent mixing can only occur with
O3 = 6, Tr (/)2. The renormalized EMT on the lattice can therefore be defined as an operator
mixing,

N
Tlﬁ’ = T/.(I)V - C3(5/NZ Tr ¢2. (6)
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The coefficient c3 has to be tuned to satisfy the continuum WI up to discretization effects when the
regulator is removed.
At leading order (LO) O(g) (i.e. one loop) in lattice perturbation theory, c3 is shown to be

1 loop _ 3 6Zp -1
! _(2-ﬁ)( 1), @

@ dk 1
Zo = — =0.252731..., 8
0=a o B2 3

for lattice momentum & = % sin(ka/2). By determining the value of ¢3 nonperturbatively, we are
able to renormalize the EMT on the lattice.

Before discussing the strategy to obtain the value of c3 nonperturbatively, we define an EMT
correlator which will be useful in our analysis. Consider the momentum-space two-point correlator,

Chula) = = (=) Tr @) = =a* 37 (T, T 420 ©)

XEA

This can be decomposed into three components,

(@) = Cool@) + 356, C2() + = (10)
where
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The first term C‘W(q) is the renormalized EMT correlator, which can be taken to the continuum
limit; the second term C3§6ﬂyC2(q) comes from the divergent operating mixing from eq. (6); the
third term £ 0, comes from a constant (momentum-independent) contact term.

4. Wilson Flow

In order to nonperturbatively renormalize the EMT operator, we need to isolate the contact
term from the operator mixing, and we will utilize the method of the Wilson flow [5] to achieve
this. For our scalar field ¢(x), define a flowed field p(t, x) governed by the flow equations,

al‘p(l" X) = aZP(ta X), P(t, -x)lt:() = ¢(X), (14)

where 9% = 3, u (95 is the Laplacian, and ¢ is the flow time, a new parameter introduced into the
theory. Solving by means of Fourier transformation, one finds

e, k) = e X1 k), (15)
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where g(t, k) is the Fourier transform of p(z, x); the flow effectively smears the field with radius
~ .

The Wilson flow suppresses high-momentum modes exponentially, and thereby regulates the
divergent contact term present in the EMT correlator Cgv(q). We are therefore able to isolate the
divergent mixing c3 from the divergent contact term.

In our case, we replace the operator Tr ¢*(x = 0) in eq. (9) with the operator Tr p(t, x = 0) at
finite flow time ¢, and keep the renormalized EMT operator Tlﬁ,(x) at flow time ¢ = 0 to obtain

N N .
Coy(1.q) = . (T (-a) Trp(1.q)) = §a3 D eI, (x) Tr p(t, x = 0)). (16)
X€EA

By definition, C'BV 0,9) = Cﬁv(q). Again, this can be decomposed into three components:

A 8
Conl1.0) = Cur(1.9) + &3 26,0 Colt,9) + K (). (17

At vanishing flowtime, K(¢ = 0) = £; however at small finite flowtime,

w
K(t) = N +o(\/2) (18)
N2 1 V2
lloop _ _ =Y o
w P — > (1 N2)247r3/2' (19)

We utilize this small # expansion to remove the contact term contribution in our correlation function
in order to obtain the value of c3.

5. Lattice Setup

The theory is simulated using the hybrid Monte Carlo algorithm, which was implemented
using the Grid library [6]. For this paper, we focus on the N = 2 theory. The simulated volumes
N z ’t Hooft coupling in lattice unit ag (or equivalently the dimensionless lattice spacing), and bare
masses (am)? are listed in table 2. For each of the three ’t Hooft couplings, two bare masses in the
vicinity of the critical mass have been simulated (see table 1).

ag (am)? Nz Trajectories Sample frequency
0.1 | -0.0305, -0.031 643 1,500,000 50
0.2 -0.061, -0.062 1283 500,000 50
0.3 -0.092, -0.091 256° 200,000 100

Table 2: For each ’t Hooft coupling ag, two bare masses are simulated in three volumes

6. EMT renormalization condition

The renormalization scheme is defined by imposing the Ward identity

Z],uéuv(tv CI) =0 (20)
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on all lattice ensembles. Here g = é sin (aq) is the lattice momentum. This condition is imposed
on specific values of momentum aq*. This gives a value of ¢3 for each choice of momentum, mass,
volume and ’t Hooft coupling. We then extrapolate the value c3 towards the massless and infinite
volume limit to obtain c¢3. This defines a massless renormalization scheme, which is independent
of the volume.

The renormalization condition eq. (20) implies that CA‘,W(t, q) is purely transverse, i.e.,

Cov(t,9) Ty (21)
where 7, = 64 — q’(i;" is the transverse projector. In other words, for a fixed longitudinal

momentum g; = (0,0,¢"), Con(t, q;) = 0.
By rearranging eq. (17) for the longitudinal component, we obtain the expression

a ng(t, Q;)

Q V2agq?
- — =3+ —=, where Q:—ql
8 CZ(t,ql)

gV 332

We perform a fit using a linear function of the inverse physical flowtime gL\/;’ leaving Q and ¢3

(22)

as fit parameters. From the fit, we can extrapolate c3 from the y-intercept.

7. Numerical Results

Picking the fit ranges for the physical flow time gV/f requires special attention. They must first
be sufficiently small to justify the small flow time expansion of eq. (17). This also ensures the
smearing radius is sufficiently smaller than the length of the lattice (gL = gaNp) such that there
will be small finite volume contributions from the boundaries. The physical flow time must also
be larger than the lattice spacing (ag) such that actual smearing occurs across lattice points. We
therefore impose the range to be between ag < gVt < 1. We performed the analysis for four values
of momenta alq;| = 0.049, 0.098, 0.147, 0.196. Some examples of the fit are shown in fig. 1, the
full fit results can be found in [2].

In order to include the mass, volume and lattice-spacing dependence of the value of c¢3, we
perform global fits using

(i gL.ag) = T + pomi + 7+ pa(ag), (23)
where m_%e = (m>-m2)/g? is the dimensionless renormalized mass (The values of 72 are summarized
intable 1), gL is the dimensionless length of the lattice, and ag the dimensionless lattice spacing. As
we have chosen our simulation to have large volume, small lattice spacing, and close to the critical
mass, we believe that the linear corrections are appropriate. In particular, since the divergent mixing
is a UV effect, we expect there to be small volume dependence coming from the IR.

For the global fits, the three parameters pg, p1, p2 are switched on individually, resulting in
2 X 2 x 2 = 8 fit models for each of the four momenta, which gives a total of 32 fit results for the
value of ¢3. fig. 2 shows examples of the global fits for momentum a|qg;| = 0.098.

In order to estimate the final statistical and systematic errors, we adopt the following procedure
inspired by [7]. We construct the distribution of values for c3 from global fits which does not include
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Figure 1: Plots showing c3 against the inverse physical flow time gL\/; using eq. (22) for momentum
alg;| = 0.098 with ’t Hooft coupling ag = 0.1 for three volumes. The red and blue data points are for
the lighter and heavier mass simulations respectively, and the corresponding error bands in the fit are from
statistical uncertainty. The value of c3 is the y intercept on the fit.
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Figure 2: c; global fits using model 2, 3, 4 for a|q;| = 0.098. Each plot is plotted against the respective free

fitting parameter for each model, i.e. mfe, gL, and ag; the value for c3 is the y-intercept of the fit line.

any parameter with a fit value 0.50 compatible with 0. From the 17 results within the distribution,
the central value of c3 is defined to be the mean of the distribution, the statistical error to be the
statistical error of the mean as measured with the bootstrap samples, and the systematic error to be
the symmetrized central 68.3% confidence interval of the distribution. A summary of the values
of ¢3 and a histogram of the distribution are shown in fig. 3, along with the one-loop value c; loop
from eq. (7). This procedure yields the final result ¢3 = 0.0440(16)sta((51)sys.

It is worth noting that the finiteness of this value in the infinite volume limit is a nonpeturbative
feature of the theory. In perturbation theory, all terms of O (gz) are IR divergent and depend on
the IR regulator; but as shown in [3] the theory is in fact nonperturbatively IR finite, where the
dimensionful coupling effectively acts as the IR regulator in the infinite volume limit. Comparing
the nonperturbative result for c3 with the one-loop perturbative value, the nonperturbative value is
approximately 20% smaller than the one-loop result. This is qualitatively expected, as the higher
order terms in perturbation theory (with the IR regulator replaced by the coupling) changes sign at
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Figure 3: The red line shows the final central result, the red and gray bands represent the statistical
and systematic errors respectively. The brown dashed line shows the one-loop perturbation theory value
from eq. (7). The fact that the nonperturbative result is close to the one-loop perturbative value is expected
due to the super-renormalizability of the theory.

every order, and the two-loop result is a correction of the opposite sign to the one-loop value.

8. Conclusion and Outlook

We have presented a procedure to nonperturbatively renormalize the EMT on the lattice for a
three-dimensional scalar QFT with a ¢* interaction and field ¢ in the adjoint of SU(N). We have
also presented numerical results of the EMT operator mixing for the theory with N = 2. The method
utilizes the Wilson flow to define a probe at positive flow time, which can eliminate the divergent
contact term present in the EMT correlator. This allows us to determine the mixing coefficient with
the lower-dimensional operator 6, Tr #>. This ensures that the Ward identity can be restored in the
continuum limit, up to cutoff effects.

The context of our investigation is to predict the CMB power spectrum for holographic cosmo-
logical models, and to test them against observational data. The next step of the investigation is to
determine the renormalized EMT two-point function, Cp,,p0-(9) = Ty ()T (—q)), for this class of
scalar theories. This two-point function can be used to compute the primordial CMB power spectra
in the holographic cosmology framework. On the lattice, this correlator contains a large contact
term of order O (a‘3). This large contact term presents significant statistical noise to the signal
of the renormalized two-point function. We are currently exploring using a position-space-based
filtering technique to eliminate the presence of such a contact term, which will allow us to make
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a fully nonperturbative prediction for the CMB power spectra with the SU(N) scalar theory as the
dual theory.

We are also working towards simulating and performing the renormalization of the EMT for
three-dimensional QFTs with adjoint SU(N) scalars coupled to gauge fields. This is the class of
theories preferred by the fit of the perturbative predictions to Planck data [8]. In these theories,
the lattice EMT contains more counterterms which need to be determined. Much work has been
performed in studying the EMT on the lattice for gauge theories [9]. The implementation of the
Wilson flow for renormalizing the EMT has also been studied for gauge theories, e.g. [10]. We
are exploring related methods to perform renormalization of the EMT for theories with scalar
fields coupled to gauge fields. This will take us closer to fully testing the viability of holographic
cosmological models as a description of the very early Universe.
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