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We study the charmonium spectrum on an ensemble with two heavy dynamical quarks with a mass
at half the physical charm quark mass. Operators for different quantum numbers are used in the
framework of distillation with different smearing profiles to increase the overlap with ground and
excited states. The use of exact distillation, large statistics and the absence of light quarks gives
robust results for the charmonium spectrum. We also present preliminary results for the glueball
spectrum in this theory.
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1. Introduction

where 𝐷 is the Dirac operator and the elementals, which contain all the information of the operator
Γ that defines the symmetry channel, are defined as
Φ[𝑡] 𝛼,𝛽 = 𝑣 [𝑡]𝑖,† 𝛼 Γ𝑣 [𝑡] 𝑗,𝛽 .
𝑖𝑗

(2)

Given that the perambulators are independent of the Γ operator, a wide variety of such operators
can be used without incurring into additional inversion costs. However, the cost of calculating the
perambulators, given by 4 × 𝑁 𝑣 × 𝑁𝑡 inversions of the Dirac operator, can become too high when
sufficiently large lattices and high number of eigenvectors are considered. Namely, the number of
eigenvectors required to keep a fixed physical eigenvalue threshold scales with the physical volume
of the lattice making the study of large lattices difficult. To deal with this problem the framework
of stochastic distillation was introduced in [2], where stochastic estimation together with dilution
operators in distillation space allows to keep the number of inversions approximately fixed even as
the lattice volume increases. Carefully chosen dilution schemes can be used to reduce the stochastic
noise as much as possible yet the exact calculation of the perambulators is no longer performed.
In this work we present an alternative improvement to the distillation method where all inversions
are still performed yet the eigenvectors, specifically in the elementals, will be used in what can be
considered the best way possible.

2. Exploiting the quark distillation profiles
The distillation operator which acts on the quark fields at time 𝑡 is defined, in the most general
way, as
𝑆[𝑡] = 𝑉 [𝑡]𝐽 [𝑡]𝑉 [𝑡] † ,
(3)

where 𝑉 [𝑡] corresponds to the 4 × 3𝐿 3 × (4 × 𝑁 𝑣 ) block of 𝑉 whose columns are the components
at time 𝑡 of the vectors 𝑣 [𝑡]𝑖, 𝛼 and 𝐽 [𝑡] is a diagonal matrix acting on distillation space which is
often taken as 𝐽 [𝑡] = 1. This matrix serves to weigh the contribution that each eigenmode will have
in the smeared quark field and if taken as the identity then 𝑆[𝑡] becomes an othogonal projector onto
the span of the eigenmodes, defining standard distillation, but if not then 𝑆[𝑡] serves as a modulated
"low eigenmode" filter. In this case the elementals become
Φ[𝑡] = 𝐽 [𝑡] †𝑉 [𝑡] † Γ𝑉 [𝑡]𝐽 [𝑡]
2

(4)
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The quark smearing technique known as distillation has been widely used since its introduction
in [1] to gain access to all-to-all smeared propagators known as perambulators which allow to
calculate improved hadronic correlation functions. The smearing is defined as a projection onto a
low-dimensional space spanned by the 𝑁 𝑣 lowest eigenmodes of the 3D gauge covariant Laplacian
operator in a lattice of spatial volume 𝐿 3 and temporal extent 𝑁𝑡 . These vectors are stored in a
matrix 𝑉 of size (4 × 3𝐿 3 × 𝑁𝑡 ) × (4 × 𝑁 𝑣 × 𝑁𝑡 ) whose columns are labeled 𝑣 [𝑡]𝑖, 𝛼 corresponding
to the 𝑖-th eigenvector of time 𝑡 located only in Dirac component 𝛼 and time component 𝑡 and full of
zeros everywhere else. The perambulators, which contain all the relevant information about quark
propagation, are defined as
𝑖𝑗
𝜏[𝑡1 , 𝑡2 ] 𝛼𝛽 = 𝑣 [𝑡1 ]𝑖,† 𝛼 𝐷 −1 𝑣 [𝑡2 ] 𝑗,𝛽
(1)
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and, when defining the entries of 𝐽 [𝑡] as 𝐽 [𝑡]𝑖 𝑗 = 𝑔 (𝜆𝑖 [𝑡]) 𝛿𝑖 𝑗 with 𝜆 𝑖 [𝑡] the 𝑖-th eigenvalue of the
Laplacian at time 𝑡 and 𝑔(𝜆) the quark distillation profile, the entries of the elemental become
Φ[𝑡]𝑖 𝑗 = 𝑔(𝜆𝑖 [𝑡]) ∗ 𝑔(𝜆 𝑗 [𝑡])𝑣 [𝑡]𝑖,† 𝛼 Γ𝑣 [𝑡] 𝑗,𝛽
𝛼𝛽

(5)

𝐶 (𝑡)𝑎𝑏 = 𝑂 𝑎 (𝑡) 𝑂¯ 𝑏 (0) ,

(6)

where h...i denotes an average over gauge configurations. For the sake of numerical stability and
keeping useful operators for the calculation this matrix can be pruned [3, 4] by projecting it onto
its 𝑁 𝑆 most significant singular vectors 𝑢 𝑖 at a given 𝑡 𝑆 , resulting in
𝐶˜ (𝑡)𝑖 𝑗 = 𝑢 †𝑖 𝐶 (𝑡)𝑢 𝑗 , 𝑡 ≥ 𝑡 𝑆 .

(7)

At this point a generalized eigenvalue problem can be formulated with 𝐶˜ (𝑡) as
𝐶˜ (𝑡)𝑤 𝑘 (𝑡, 𝑡0 ) = 𝜌 𝑘 (𝑡, 𝑡0 ) 𝐶˜ (𝑡0 )𝑤 𝑘 (𝑡, 𝑡0 )

(8)

where from the eigenvalues 𝜌 𝑘 (𝑡, 𝑡0 ) one can extract the effective mass of the 𝑘-th energy state and
from the eigenvectors 𝑤 𝑘 (𝑡, 𝑡0 ) one can get the coefficients that define the linear combination of the
basis operators of 𝐶˜ (𝑡) that yields a meson operator that overlaps the most with the 𝑘-th energy state
[5–7]. These basis operators are defined by the meson distillation profiles obtained after pruning
the original 𝐶 (𝑡) and therefore will be a linear combination of the original meson profiles built from
simple products of the quark distillation profiles. These pruned profiles can be written explicitly as
𝑓 𝑘( 𝑝) (𝜆 𝑖 , 𝜆 𝑗 )

=

𝑁Õ
𝐵 −1

𝑢 𝑘(𝑎) 𝑔 𝑎 (𝜆𝑖 ) ∗ 𝑔 𝑎 (𝜆 𝑗 )

(9)

𝑎=0

where 𝑢 𝑘(𝑎) denotes the 𝑎-th entry of the singular vector 𝑢 𝑘 and the ( 𝑝) simply labels the profile
as being a pruned one. The profiles corresponding to the optimal operator for energy state 𝑒 =
0, ..., 𝑁 𝑆 − 1 can be built from these pruned profiles as
𝑓˜𝑒 (𝜆𝑖 , 𝜆 𝑗 ) =

𝑁Õ
𝑆 −1

𝑤 𝑒(𝑘) 𝑓 𝑘( 𝑝) (𝜆𝑖 , 𝜆 𝑗 )

(10)

𝑘=0

and inserted into what can be considered an optimal meson elemental for energy state 𝑒 as
𝛼𝛽
Φ𝑒 [𝑡]𝑖 𝑗 = 𝑓˜𝑒 (𝜆𝑖 , 𝜆 𝑗 )𝑣 [𝑡]𝑖,† 𝛼 Γ𝑣 [𝑡] 𝑗,𝛽 .

3

(11)
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and 𝑓 (𝜆𝑖 [𝑡], 𝜆 𝑗 [𝑡]) = 𝑔(𝜆𝑖 [𝑡]) ∗ 𝑔(𝜆 𝑗 [𝑡]) can be thought of as a meson distillation profile that
modulates the coupling of the eigenvectors via the Γ operator. One can now attempt to find an
optimal meson distillaton profile for different operators which might not be as simple as a product
of two quark distillation profiles. This optimization is done by first defining a set of 𝑁 𝐵 quark
profiles 𝑔 𝑎 (𝜆), 𝑎 = 0, ..., 𝑁 𝐵 − 1, which will serve to build different meson operators 𝑂 𝑎 (𝑡) where
𝑔 𝑎 (𝜆) is acting accordingly on the quark and anti-quark that make up the meson. From these meson
operators a correlation matrix 𝐶 (𝑡) can be built as
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3. Charmonium spectrum results
The construction of an optimal meson distillation profile is tested in an ensemble with two
degenerate heavy dynamical quarks with mass equal to half the mass of the physical charm quark.
The lattice size is 48 × 243 with a lattice spacing 𝑎 ≈ 0.066 fm and 𝑎𝑡02 ≈ 1.849, where 𝑡0 is the flow
scale [8]. A total of 𝑁 𝑣 = 200 eigenvectors of the 3D gauge covariant Laplacian operator are used
per time slice. The quark distillation profiles used are given by 𝑁 𝐵 = 7 gaussians of the form
𝜆2
2
𝑔 𝑘 (𝜆) = 𝑒 2𝜎𝑘 ,
−

where 𝑘 = 0, ..., 𝑁 𝐵 − 1 and the different widths 𝜎𝑘 are given by
𝜎𝑡 0 = [0.092, 0.165, 0.238, 0.311, 0.384, 0.457, 0.529].

(13)

These choices for the widths can be graphically justified by looking at Fig. 1, where it can be seen
that the chosen widths allow for a wide range of decays over the 200 eigenvalues considered in this
study. Other choices of 𝑔 𝑘 (𝜆) were tested, such as 𝑔 𝑘 (𝜆) = 𝜆 𝑘 , yet the gaussian basis yielded the
most numerically stable results.
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Figure 1: Quark distillation profiles used in this study.

Once the quark distillation profiles are chosen the optimal meson profiles for a given Γ operator
can be found. For the case of Γ = 𝛾5 Fig. 2 shows the pruned meson profiles for 𝑁 𝑆 = 4 and Fig. 3
shows the resulting optimal profiles for the lowest three states when the GEVP is set with 𝑡0 = 𝑡 𝑆 = 3.
Since 𝛾5 is a local operator the elemental is diagonal in distillation space and only 𝑓˜𝑒 (𝜆𝑖 , 𝜆𝑖 ) matters,
which can be plotted solely as a function of 𝜆𝑖 . First, it is clear that the optimal meson profiles are
not a constant, contrary to what is enforced in standard distillation, and they are different for different
energy states, which is also not present in standard distillation. Second, especially for the ground
state, low eigenmodes have larger contributions than the high ones, indicating that a suppression
4
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of high eigenmodes beyond the projection that standard distillation performs is convenient. Fig. 4
shows a comparison of the ground state effective mass for Γ = 𝛾5 , 𝛾𝑖 using standard distillation and
with the optimal meson distillation profile, displaying the suppressed excited state contamination
via an earlier mass plateau and the success of this improvement.
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Figure 2: Meson distillation profiles that make up the basis for the pruned correlation matrix 𝐶˜ (𝑡) using
Γ = 𝛾5 .
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Figure 3: Optimal meson distillation profiles for the three lowest states using Γ = 𝛾5 .

Fig. 5 displays the effective masses, extracted from the corresponding plateaus, for the two
lowest states of different irreps and quantum numbers of interest. All of these results, except for the
case of 𝑇2 , were obtained with local operators and using a total of 4080 gauge configurations. The
𝑇2 operator corresponds to |𝜖 𝑖 𝑗 𝑘 |𝛾 𝑗 ∇ 𝑘 , with ∇ 𝑘 being the symmetric covariant lattice derivative in
spatial direction 𝑘 [9], and is analyzed over a subset of 1500 gauge configurations. The use of the
optimal meson distillation profiles allows to obtain clear results in all of the analyzed channels.
5
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Figure 4: Ground state effective masses of Γ = 𝛾5 , 𝛾𝑖 using standard distillation and the optimal meson
distillation profile.
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Figure 5: Lowest two states for different irreps of interest.

A quantity of special interest is the mass difference between the iso-scalar and iso-vector
channels for the pseudoscalar case. In this study this quantity is extracted in the following manner.
First, the optimal meson distillation profile for the iso-vector is calculated via the pruning and
GEVP previously described. Second, this same profile is used for the calculation of the iso-scalar
correlation. Finally, the corresponding effective masses are extracted and, after determining an
early time plateau for the iso-scalar case, the mass difference is calculated. The optimal meson
distillation profile for the iso-scalar is not calculated because that correlation data are considerably
noisier than the iso-vector case, which has a significant negative impact on the GEVP and the results
it yields. There is no reason to assume this optimal meson distillation profile should be identical to
the iso-vector one yet one may suspect that it is closer to the the iso-vector one than to the constant
that standard distillation assumes. Fig. 6 shows the ground state effective masses for both iso-scalar
and iso-vector with Γ = 𝛾5 using both standard distillation and the optimal meson profiles. A
6
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Figure 6: Ground state mass for iso-scalar and iso-vector channels for Γ = 𝛾5 using standard distillation
(blue and black points) and optimal meson distillation profiles (green and red points). The optimal profile in
both iso-scalar and iso-vector cases corresponds to the one obtained from a GEVP using only the iso-vector
data.

4. Glueball results
To complement the charmonia study done in this ensemble a preliminary study of the scalar
glueball was performed. The glueball operators used in this work are built from Wilson loops whose
shapes are chosen as to transform according to the irrep of interest and with the desired parity and
charge conjugation symmetries, in this case 𝐴1++ . The shapes used are those given in [11] for length
8. To build a basis of operators for a GEVP formulation, single and double windings of these
loops [12], together with those of the same shape but double length, were used and both HYP [13]
and improved APE [14] smearing schemes were tried. Using low statistics the optimal smearing
parameters were determined and the most significant operators from the pruning were chosen as
the variational basis. Fig. 7 displays the resulting effective mass for the ground state of the scalar
glueball in this work calculated using 10200 gauge configurations. A preliminary plateau can be
seen yet there is still the presence of excited state contamination at very early times. To investigate
the relation to the presence of the dynamical quarks the same measurements were performed in
7100 gauge configurations of a quenched ensemble with the same dimensions and almost equal 𝑎𝑡02 .
This result can be seen in Fig. 8, where there is a preliminary plateau with much less excited state
contamination.
7
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reduction of excited state contamination in both cases is seen again, confirming the suspicion that
using the profile of the iso-vector for the iso-scalar is better than using a constant. The iso-scalar
effective masses are considerably noisier than their iso-vector counterparts so a preliminary plateau
is taken at early times keeping in mind that excited state contamination is still present. The value of
the mass difference in this work is found to be 99 ± 15 MeV, which is non-negligible, and the use of
larger statistics could lead to a more precise determination. An indirect measurement of this same
quantity, although in a 𝑁 𝑓 = 2 + 1 + 1 QCD + QED setup with different quark masses (physical
charm), yielded a value of 7.3 ± 1.2 MeV [10]. The difference in quark masses can account for the
difference between this mass splitting and the one presented in this work.
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Figure 7: Ground state effective mass of the scalar glueball made up of Wilson loops in the setup with 2
dynamical charm quarks.
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Figure 8: Ground state effective mass of the scalar glueball made up of Wilson loops in the quenched setup.

5. Conclusions
In this work an improvement to the distillation method was proposed via exploiting quark and
meson distillation profiles. This improvement was tested by computing the spectrum of 𝑁 𝑓 = 2
QCD with mass at half the physical charm quark mass with both standard and improved distillation,
displaying the clear advantages of the latter. Additionally the mass difference between the iso-scalar
and iso-vector pseudoscalar operators was directly measured yielding a non-negligible result. To
complement this study, the ground state mass of the scalar glueball was also measured in this setup
resulting in a visible, albeit slightly contaminated by excited state contributions, signal.
8
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