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fermions. Gauge ensembles are generated with Möbius domain-wall (MDW) fermions, and in the
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175 MeV.

The 38th International Symposium on Lattice Field Theory, LATTICE2021 26th-30th July, 2021
Zoom/Gather@Massachusetts Institute of Technology
∗ Speaker
© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0).

https://pos.sissa.it/

PoS(LATTICE2021)332

Sinya Aoki𝑎 , Yasumichi Aoki𝑏 , Hidenori Fukaya𝑐 , Shoji Hashimoto𝑑,𝑒 ,

Axial U(1) symmetry at high temperatures in 𝑁 𝑓 = 2 + 1 lattice QCD with chiral fermions

Kei Suzuki

1. Introduction
The 𝑆𝑈 (2) 𝐿 × 𝑆𝑈 (2) 𝑅 chiral symmetry (in the massless limit of the up and down quarks) and
the 𝑈 (1) 𝐴 anomaly pray important roles in quantum chromodynamics (QCD). At zero temperature,
the spontaneous breaking of chiral symmetry, characterized by the chiral condensate, and also the
𝑈 (1) 𝐴 anomaly are related to low-energy dynamics of QCD, such as masses of hadrons. The chiral
symmetry is restored if the temperature is high enough, but the fate of the 𝑈 (1) 𝐴 anomaly in the
chiral-symmetric phase is still a problem we have not reached to a consensus.

In these 𝑁 𝑓 = 2 lattice QCD studies with chiral fermions [1–3], we have found that the axial
𝑈 (1) anomaly is strongly suppressed near the chiral limit, at least, to a few % level of the scale
of temperature. Our data of the axial 𝑈 (1) breaking suppression show a consistency among the
different lattice sizes up to 𝐿 = 4fm, as well as among different lattice spacings down to 𝑎 = 0.075
fm.
In this contribution to the proceedings of LATTICE2021, we report on our preliminary investigation of the same observables but with a more realistic set-up in 𝑁 𝑓 = 2 + 1 lattice QCD. Including the dynamical strange quark, we generate the gauge link ensembles employing the tree-level
Symanzik improved gauge action [8] and dynamical MDW fermion action and the configurations
are then reweighted to those with overlap fermion determinant, where the reweighting factor is
stochastically computed. Numerical parameters are summarized in Table 1. We set the gauge
coupling to 𝛽 = 4.17, which corresponds to the lattice cut-off 𝑎 −1 = 2.453 GeV (or 𝑎 ∼ 0.08 fm)
and choose two different temperatures by setting the temporal lattice extent to 𝐿 𝑡 = 12 (204 MeV)
and 𝐿 𝑡 = 14 (175 MeV), which are above the (pseudo) critical temperature ∼ 150 MeV. The fixed
strange quark mass 𝑚 𝑠 = 0.04 and the lightest up and down quark masses 𝑚 𝑢𝑑 = 0.002 are near
their physical points, and the spacial lattice size 𝐿 = 32 is ∼ 2.6 fm.
Table 1: Numerical parameters of lattice simulations. 𝐿 3 × 𝐿 𝑡 are the spatial and temporal lattice size. 𝑚 is
the degenerate mass of up and down quarks, and 𝑚 𝑠 is the strange-quark mass. Lattice cutoff is 𝑎 −1 = 2.453
GeV.
𝐿3 × 𝐿𝑡
323 × 12
323 × 12
323 × 12
323 × 12
323 × 14
323 × 14
323 × 14
323 × 14

𝑇 (MeV)
204
204
204
204
175
175
175
175

𝑎𝑚
0.0020
0.0035
0.0070
0.0120
0.0020
0.0035
0.0070
0.0120

2

𝑚 (MeV)
4.9
8.6
17
29
4.9
8.6
17
29

𝑚𝑠
0.040
0.040
0.040
0.040
0.040
0.040
0.040
0.040
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The JLQCD collaboration has been investigating the high-temperature phase of QCD with
𝑁 𝑓 = 2 lattice simulations [1–3]. In Ref. [1], we focused on the behavior of the 𝑈 (1) 𝐴 anomaly in
a fixed topological sector. In Ref. [2, 3], we generated gauge ensembles with Möbius domain-wall
(MDW) fermions [4–6] and quantities measured on the MDW fermion ensembles are reweighted
to those on overlap (OV) fermion ensembles by using the MDW/OV reweighting technique [2, 7].
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2. Overlap Dirac spectrum
First, we study the spectral density of Dirac operator,
𝜌(𝜆) =

1 ∑︁
h𝛿(𝜆 − 𝜆𝑖 )i,
𝑉 𝜆

(1)

𝑖

In Fig. 1, we plot the spectral density of the Möbius domain-wall Dirac operator (in the left
panels) and that of overlap Dirac operator (right panels) at 𝑇 = 204 MeV (top panels) and 175
MeV (bottom panels). As a reference, we draw a horizontal line at the chiral condensate divided
by 𝜋 obtained at zero temperature in our previous work [11]. We can see a strong suppression near
𝜆 = 0 as the up-down quark mass decreases. In Fig. 2, we focus on the lowest bin of the Dirac
specturm and plot the data as a function of the quark mass. We can confirm that the near-zero peak,
which may be reflecting the instanton-like excitations through the chiral zero modes, is also strongly
suppressed near the chiral limit. These observation suggests that the both of 𝑆𝑈 (2) 𝐿 × 𝑆𝑈 (2) 𝑅 and
𝑈 (1) 𝐴 breakings are suppressed at these temperatures.
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Figure 1: Dirac spectrum 𝜌(𝜆) at 𝑇 = 204 (upper) and 175 MeV (lower). Left: the results on MDW
ensembles. Right: the results on reweighted OV ensembles.
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where 𝑉 is the lattice volume, 𝜆𝑖 is the 𝑖-th positive eigenvalue of the overlap Dirac operator, and
h· · · i denotes the gauge ensemble average. According to the Banks-Casher relation [9], the Dirac
spectrum 𝜌(𝜆) at 𝜆 = 0 is proportional to the chiral condensate. Its derivatives are also connected
to the observables probing the 𝑆𝑈 (2) 𝐿 × 𝑆𝑈 (2) 𝑅 symmetry breaking, as well as to those related to
the 𝑈 (1) 𝐴 breaking [10].
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3. 𝑈 (1) 𝐴 susceptibility
Next let us discuss the 𝑈 (1) 𝐴 susceptibility, defined by the difference between the two-point
mesonic functions of the isovector-pseudoscalar 𝜋 𝑎 and isovector-scalar 𝛿 𝑎
∫
Δ 𝜋− 𝛿 ≡ 𝜒 𝜋 − 𝜒 𝛿 ≡
𝑑 4 𝑥h𝜋 𝑎 (𝑥)𝜋 𝑎 (0) − 𝛿 𝑎 (𝑥)𝛿 𝑎 (0)i,
(2)
where the subscript 𝑎 denotes the isospin index.
In lattice gauge theory, we can express this quantity using the spectral decomposition of the
overlap Dirac operator by
Δov
𝜋− 𝛿

*
+
∑︁ 2𝑚 2 (1 − 𝜆 (ov,𝑚)2 ) 2
1
𝑖
=
,
𝑉 (1 − 𝑚 2 ) 2 𝑖
𝜆 (ov,𝑚)4

(3)

𝑖

where 𝜆𝑖(ov,𝑚) is the eigenvalue of the massive overlap Dirac operator 𝐻𝑚 = 𝛾5 ((1 − 𝑚)𝐷 ov + 𝑚).
Here and in the following, the lattice spacing is set to unity 𝑎 = 1. In order to cancel a possible
logarithmic divergence, we employ a simple subtraction scheme using different valence masses
proposed in Refs. [2, 3].
In Fig. 3, we show the quark mass dependence of the 𝑈 (1) 𝐴 susceptibility at 𝑇 = 204 and 175
MeV. At the heaviest quark mass, we find that Δov
𝜋− 𝛿 is a nonzero value at both the temperatures.
ov
As the up-down quark mass decreases, Δ 𝜋− 𝛿 becomes smaller to a few MeV level at the physical
point 𝑚 ∼ 5 MeV. We conclude that the axial 𝑈 (1) breaking is suppressed near the chiral limit, at
a similar rate of 𝑁 𝑓 = 2 QCD [3].

4. Topological susceptibility
The topological susceptibility defined by
𝜒𝑡 =

h𝑄 2𝑡 i
,
𝑉
4

(4)
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Figure 2: The lowest-bin value of Dirac spectrum, 𝜌(𝜆 = 0), at 𝑇 = 204 and 175 MeV. Open symbols: the
results on MDW ensembles. Filled symbols: the results on reweighted OV ensembles.

Axial U(1) symmetry at high temperatures in 𝑁 𝑓 = 2 + 1 lattice QCD with chiral fermions

Kei Suzuki

Nf=2+1
1x106
T=175MeV, OV(reweighted)
T=175MeV, DW
T=204MeV, OV(reweighted)
T=204MeV, DW

2
∆UVsubt. [MeV ]

800000
600000
400000
200000
0
0

5

10

15

20

25

30

m (MeV)

Nf=2+1

4
χt [MeV ]

3.5x108
OV index, T=204MeV
3x108 DW index, T=204MeV
Gluonic, T=204MeV
2.5x108
OV index, T=175MeV
8 DW index, T=175MeV
2x10
Gluonic, T=175MeV
1.5x108
1x108
5x107
0
0

5

10

15

20

25

30

m [MeV]

Figure 4: Topological susceptibilities 𝜒𝑡 at 𝑇 = 204 and 175 MeV. Colored points: 𝜒𝑡 from the fermionic
definition (5) on MDW and reweighted OV ensembles. Black points: 𝜒𝑡 from the gluonic definition (6) on
MDW ensembles.

where 𝑄 𝑡 is the topological charge of the gluonic fields, is another probe of the 𝑈 (1) 𝐴 anomaly.
In this work, we try two types of definitions: 1) the definition by the index of the overlap Dirac
operator,
𝑄 𝑡 = 𝑛+ − 𝑛− ,

(5)

where 𝑛± is the number of the zero modes with positive or negative chirality, and 2) the geometric
definition given by

1 ∑︁ 𝜇𝜈𝜌 𝜎 
𝑄 𝑡 (𝑡) =
𝜀
Tr 𝐹𝜇𝜈 (𝑥, 𝑡)𝐹𝜌 𝜎 (𝑥, 𝑡) ,
(6)
2
32𝜋 𝑥
with a clover-type discretization of the gluon field strength tensor 𝐹𝜇𝜈 (𝑥, 𝑡) at spacetime 𝑥. Before
the measurement of 2), we perform 𝑡𝑎 2 = 5 steps of the Wilson flow [12].
In Fig. 4, we show the results for the three types of the topological susceptibilities: fermionic
definitions on MDW and OV ensembles and the gluonic definition. Three results are almost
consistent with each other, and we find that 𝜒𝑡 is strongly suppressed at the lightest quark mass.
5
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Figure 3: 𝑈 (1) 𝐴 susceptibility Δov
𝜋− 𝛿 at 𝑇 = 204 and 175 MeV.
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5. Conclusion
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