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Removing ultraviolet noise from the gauge fields is necessary for glueball spectroscopy in lattice
QCD. It is known that the Yang-Mills gradient flow method is an alternative approach instead
of link smearing or link fuzzing in various aspects. In this work we study the application of
the gradient flow technique to the construction of the extended glueball operators. We examine
a simple application of the gradient flow method, which has some problems in glueball mass
calculations at large flow time because of its nature of diﬀusion in space-time. To avoid this
problem, the spatial links are evolved by the “spatial gradient flow”, that is defined to restrict the
diﬀusion to spatial directions only. We test the spatial gradient flow in calculations of glueball
two-point functions as a new smearing method, and then discuss its eﬃciency in comparison with
the original gradient flow method and traditional smearing methods.
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An improvement of glueball mass calculations using gradient flow
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1. Introduction

2. Smearing methods
2.1 Original gradient flow
The Yang-Mills gradient flow on the lattice is a kind of diﬀusion equation where the link
variables 𝑈 (𝑥, 𝜇) evolve smoothly as a function of fictitious time 𝜏 (denoted as flow time). The
associated flow 𝑉𝜏 (𝑥, 𝜇) of the link variables (hereafter called as the Wilson flow) is defined by the
following equation with the initial conditions 𝑉𝜏 (𝑥, 𝜇)| 𝜏=0 = 𝑈 (𝑥, 𝜇):
𝜕
(1)
𝑉𝜏 (𝑥, 𝜇) = −𝑔02 𝜕𝑥, 𝜇 𝑆𝑊 (𝑉𝜏 (𝑥, 𝜇))𝑉𝜏 (𝑥, 𝜇)
𝜕𝜏
where 𝑔0 is the bare coupling, 𝑆𝑊 denotes the standard Wilson plaquette action in terms of the
flowed link variables. According to Eq. (1), the link variables are diﬀused in the four-dimensional
space-time, so that the Wilson flow is approximately spread out in a Gaussian distribution with the
√
diﬀusion radius (or length) of 𝑅 𝑑 = 8𝜏 [3]. Although such smearing procedure works well with
the longer flow time, too much smearing will destroy or hide the true temporal correlation of the
glueball two-point function due to the overlap of two glueball operators given by the Wilson flow.
Therefore, the longer flow is not applicable for the glueball spectroscopy to avoid over smearing [5].
2.2 Spatial gradient flow as a new smearing method
As described in Sec 2.1, the previous attempt to apply the gradient flow to the glueball
spectroscopy is not fully satisfactory. We propose the “spatial gradient flow” as a new smearing
method in order to overcome the limited usage of the Wilson flow due to over smearing. The spatial
gradient flow is defined to restrict the diﬀusion to spatial directions only, so that the spatial links
𝑈 (𝑥, 𝑖) are evolved into the spatial Wilson flow V𝜏 (𝑥, 𝑖) as the initial conditions of V𝜏 (𝑥, 𝑖)| 𝜏=0 =
𝑈 (𝑥, 𝑖) in the following gradient flow equation:
𝜕
V𝜏 (𝑥, 𝑖) = −𝑔02 𝜕𝑥,𝑖 𝑆splaq (V𝜏 (𝑥, 𝑖))V𝑖 (𝑥, 𝑖)
𝜕𝜏
2

(2)
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The existence of composite states consisting solely of gluons, called glueballs, is one of the
important predictions of QCD. Since none of them have been identified in experiments as a glueball
state, the lattice QCD results play an essential role in studying properties of the glueball states
including their masses. However, ultraviolet noise from the gauge fields makes it diﬃcult to
calculate the glueball spectrum in lattice QCD. Therefore, the noise reduction technique such as
the link smearing or fuzzing procedure plays an increasingly important role on the construction of
the extended glueball operators. Several smearing techniques are developed for this purpose, such
as APE smearing [1], or stout smearing [2]. Recently, it is known that the Yang-Mills gradient
flow method [3] is an alternative approach instead of the link smearing or the link fuzzing in
various aspects. Indeed, the gradient flow equation can be regarded as a continuous version of
the link fuzzing step in the stout smearing with the small smearing parameter at the finer lattice
spacing [3, 4]. Therefore, in this study, we investigate the application of the gradient flow technique
to the glueball calculation and also demonstrate its eﬀectiveness in comparison to the conventional
method.
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where 𝑆splaq denotes the spatial plaquette term in the Wilson plaquette action
𝑆splaq =

]}
{
[
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Tr
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−
Re
V
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+
𝑖,
𝑗)V
(𝑥
+
𝑗,
𝑖)V
(𝑥,
𝑗)
.
𝜏
𝜏
𝜏
𝜏
𝑔02 𝑥,𝑖> 𝑗

(3)

The indices 𝑖 and 𝑗 run only over spatial directions. Since the spatial Wilson flow is diﬀused
√
only in three-dimensional space, its diﬀusion radius is given by R 𝑑 = 6𝜏. We will later show that
this new smearing works well even for the glueball spectroscopy without over smearing.

3.1 Simulation details
We perform the pure Yang-Mills lattice simulations using the Wilson plaquette action with a
fixed physical volume (𝐿𝑎 ≈ 1.6 fm) at four diﬀerent gauge couplings (𝛽 = 6/𝑔02 = 6.2, 6.4, 6.71
and 6.93). All lattice spacings are set by the Sommer scale (𝑟 0 = 0.5 fm) [6, 7]. For both original
and spatial gradient flows, the forth-order Runge-Kutta scheme is used with an integration step size
of 𝜖 = 0.025. The flow time 𝜏 is given by 𝑛flow × 𝜖 where 𝑛flow denotes the number of flow iterations.
Table 1: Summary of simulation parameters: gauge coupling, lattice size (𝐿 3 × 𝑇), lattice spacing (𝑎),
spatial physical size (𝐿𝑎), the Sommer scale (𝑟 0 ), the number of the accumulated gauge configurations
(𝑁conf ), the number of measurements per configuration (𝑁meas ) and the number of total measurements
(𝑁total = 𝑁conf × 𝑁meas ). All lattice spacings are set by the Sommer scale (𝑟 0 = 0.5 fm) [6, 7].

𝛽 = 6/𝑔02
6.2
6.4
6.71
6.93

𝐿3 × 𝑇
243 × 24
323 × 24
483 × 48
643 × 64

𝑎 [fm]
0.0677
0.0513
0.0345
0.0256

𝐿𝑎 [fm]
1.63
1.64
1.66
1.64

𝑟 0 /𝑎 (Ref. [7])
7.38
9.74
14.49
19.48

𝑁conf
4000
3000
500
300

𝑁meas
4
1
4
4

𝑁total
16000
3000
2000
1200

3.2 Results obtained from the gradient flows
We first recapitulate the problem of a simple application of the original gradient flow to
calculate the glueball two-point functions. In this subsection, we focus on the results of the 0++
glueball mass spectrum calculated on a 324 lattice at 𝛽 = 6.4 with a simple plaquette for glueball
operator as a typical example. In Fig. 1, we show the results of two-point functions (left panel) and
their eﬀective mass plots (right panel) using the original gradient flow with three values of flow
√
time 𝜏, which are represented by the values of the diﬀusion radius 𝑅 𝑑 = 8𝜏 in lattice units.
As shown in the left panel of Fig. 1, the statistical errors on the glueball two-point function
are dramatically reduced up to the large time slice region as the flow time increases. However,
the temporal correlation in the region of 𝑡 < 𝑅 𝑑 become suﬀered from the overlap of two glueball
operators which are smeared in space-time according to a Gaussian spread. In fact that if the two2
2
point function 𝐶 (𝑡) forms a Gaussian shape, 𝐶 (𝑡) ∝ 𝐶guass (𝑡) = 𝑒 −𝑡 /(2𝜎𝑡 ) with a Gaussian width
3
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3. Numerical results
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Figure 1: Examples of the 0++ glueball results obtained from the original gradient flow: two-point functions
(left) and their eﬀective mass plots (right) as functions of the time slice 𝑡 for three values of flow time 𝜏.

𝜎𝑡 associated with the diﬀusion radius 𝑅 𝑑 like 𝜎𝑡 ∝ 𝑅 𝑑 , its eﬀective mass gives rise to a peculiar
𝑡-dependence as below.
𝑡
𝑑
𝑡
(4)
𝑚 eﬀ = − log 𝐶 (𝑡) → 2 ∝ 2 ,
𝑑𝑡
𝜎𝑡
𝑅𝑑
whose value linearly increases from zero with a coeﬃcient of 1/𝜎𝑡2 as a function of the time
slice 𝑡. This feature can be observed in the right panel of Fig. 1, where each eﬀective mass
approximately starts from zero and linearly raise up to around 𝑡 ≈ 𝑅 𝑑 with increasing of the time
slice 𝑡. Furthermore, as expected in Eq. (4), it is easily observed that the slope of the linear
dependence decreases with the larger flow time. When the shorter flow time such as the case of
𝑅 𝑑 /𝑎 = 4.47 is chosen to avoid over smearing, the eﬀective mass shows a plateau behavior in the
region of 𝑡 > 𝑅 𝑑 . However, the eﬀective mass tends to approach zero toward the temporal midpoint
(𝑡/𝑎 = 16) due to the wrap-around eﬀect, so that the plateau region highly depends on the choice of
the flow time. As a result, the plateau behavior is too uncertain to extract the ground-state mass of
the glueball with high accuracy.
We next show the results obtained from the spatial gradient flow in Fig. 2. First of all, in the
left panel of Fig. 2, the exponential fall-oﬀs are clearly seen for all three values of the flow time and
their slopes in the asymptotic region are independent of the choice of the flow time. The latter point
can be confirmed in the right panel of Fig. 2, where their eﬀective mass plots are displayed. For
suﬃciently large flow time (R 𝑑 /𝑎 > 6.71), the plateau behavior in the eﬀective mass plot does not
change with variation in flow time. This is a great advantage compared to the original gradient flow.
Furthermore, the plateau behavior starts at a smaller time slice, where the true temporal correlation
of the glueball two-point function is kept unaﬀected during the smearing procedure contrast to the
original gradient flow. It is another advantage for extracting the ground-state mass of the glueball
with high accuracy, though the large statistical fluctuations still remain in the large 𝑡 region.
Finally, we calculate the ground-state mass of the 0++ glueball by fitting the glueball two-point
function with a single exponential form for both gradient flow cases. The choice of 𝑅 𝑑 /𝑎 = 4.47
for the original gradient flow is taken to avoid over smearing, while the data with R 𝑑 /𝑎 = 8.66 is
4
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used for the spatial gradient flow as a typical example. The 0++ glueball masses are respectively
evaluated from two types of the gradient flow as below:
{
0.446(14) (original gradient flow)
𝑎𝑀0++ =
(5)
0.402(9) (spatial gradient flow)
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Figure 2: Examples of the 0++ glueball results obtained from the spatial gradient flow: two-point functions
(left) and their eﬀective mass plots (right) as functions of the time slice 𝑡 for three values of flow time 𝜏.

3.3 Spatial gradient flow vs. Stout smearing
We will later show numerical equivalence between the spatial gradient flow and the stout
smearing in the glueball calculations. As emphasized in Ref. [2], the stout smearing is a relatively
new type of smearing technique, which can keep the diﬀerentiability with respect to the link
variables during the smearing procedure. This property is maintained by the use of the exponential
function in the link fuzzing algorithm to remain within the SU(3) group. For the gradient flow,
the numerical integrations of Eqs. (1) and (2) with respect to the flow time are perform with the
Runge-Kutta scheme to obtain the Wilson flow as a solution of Eqs. (1) and (2). This procedure
requires the exponentiation of the “Lie-algebra fields” for the integration. In this sense, neither of
the two methods uses the projection into SU(3) for the flowed or smeared link variables.
The gradient flow equation can be regarded as a continuous version of the link fuzzing step
in the stout smearing as pointed out in the original paper [3]. Moreover, the authors of Ref. [4]
relate the smoothing parameter for other smoothing schemes to the gradient flow time 𝜏 under the
assumption that the lattice spacing and the smearing parameter are small enough. For the case of
5
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Each of the central values and errors is displayed as a blue dotted line and yellow shaded bands
within the fit range in the right panel of Fig. 1 and Fig. 2 . The statistical error on the original
gradient flow result is slightly larger than that of the spatial gradient flow, while the central value of
the former is slightly overestimated in comparison to the latter. Recall that the central value of the
original gradient flow result tends to be lower when the flow time is taken longer regardless of over
smearing. Needless to say, the original gradient flow requires the optimal choice of the flow time,
while the spatial gradient flow result becomes stable for the large flow time.
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Figure 3: Comparisons of the eﬀective mass plots using the spatial gradient flow and the stout smearing.
The left panel is for the lower diﬀusion case (R 𝑑 /𝑎 = 5.48), while the right panel is for the higher diﬀusion
case (R 𝑑 /𝑎 = 9.48).

3.4 Comparison with previous results for the 0++ glueball mass
Finally, It is worth comparing our result obtained from the spatial gradient flow with previous
results obtained from the original gradient flow [5] (denoted as CHJ) and a conventional smearing [11] (denoted as AT). We calculate the glueball mass spectrum at four diﬀerent lattice spacings
6
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the stout smearing, the corresponding flow time 𝜏 is given by the matching relation of 𝜏 = 𝜌 × 𝑛st
with the number of stout smearing steps 𝑛st for the isotropic four-dimensional case of the smearing
parameters (𝜌 𝜇𝜈 = 𝜌).
In Fig. 3, we show the eﬀective masses of the 0++ glueball state obtained from the spatial
gradient flow and the stout smearing at the same flow time 𝜏 that is determined by the matching
relation between the two methods. In this work, for the stout smearing, the spatially isotropic
three-dimensional parameter set is chosen to be 𝜌𝑖 𝑗 = 𝜌 = 0.1 and 𝜌4𝜇 = 𝜌 𝜇4 = 0. The numerical
correspondence between the two methods is clearly observed in both the lower and higher diﬀusion
cases as shown in Fig. 3. It is worth remarking that the values of 𝑛st adopted in Fig. 3, is much larger
than a typical value of less than 10 in the usual usage. Although the usage of the stout smearing
with a small value of 𝑛st is not eﬀective for the glueball calculations, the almost identical result to
√
the one made by the spatial gradient flow with the diﬀusion radius ( 6𝜏) can be obtained by the
√
same amount of the diﬀusion radius ( 6𝜌𝑛st ) in the stout smearing.
Finally, we remark that both the spatial gradient flow and stout smearing methods share the
strong isotropic nature in the extended glueball operators . We adopt five types of Wilson loop
shapes (plaquette, rectangle, bent rectangle, fish, hand) [8] to construct the 0++ glueball operator.
The shape-dependence of the resulting two-point functions disappears due to the strong isotropic
nature after the large flow time or the high diﬀusion case. Therefore, the variational analysis [9, 10]
based on the diﬀerent shapes is not applicable. Instead of the diﬀerent shapes, we can use the
diﬀerent diﬀuseness of the extended operator, which is given at the diﬀerent flow time or the
diﬀerent smearing step, to carry out the variational analysis.
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with a fixed physical volume (1.6 fm) 4 as summarized in Table 1. In Fig. 4, we show our results of
the 0++ glueball mass calculated by the spatial gradient flow method for a comparison with previous
works. Our two data points obtained at the coarser lattice spacings are in good agreement with
both CHJ and AT results, while the other two data points calculated at the finer lattice spacings are
consistent with the continuum result of AT.

We next would like to assess eﬀectiveness of our proposed method in comparison to the
conventional approaches. A simple indicator of eﬀectiveness or eﬃciency of a given method to
calculate the glueball mass is defined as the following index:
[

(Error)
Eﬀectiveness index (EI) =
(Central value)

]2
× (No. of measurements),

(6)

which corresponds to the relative size of the square of the signal-to-noise ratio with respect to the
statistics. Table 2 compiles the values of eﬀectiveness of respective smearing methods among three
simulations (CHJ, AT and this work) performed at the similar lattice spacing (𝛽 ≈ 6.4). According
to the EI value, the spatial gradient flow or the stout smearing with the high value of 𝑛st is several
times more eﬀective than the original gradient flow and the conventional smearing method.
It should be noted that the EI value does not reflect actual eﬃciency since the computational
cost for the gradient flow method is relatively higher than the conventional smearing methods.
Nevertheless, the above mentioned eﬃciency of the spatial gradient flow would have an advantage
in dynamical lattice QCD simulations for glueball observables.
Table 2: Comparison of eﬀectiveness of respective smearing methods among three simulations (CHJ, AT and
this work) performed at the similar lattice spacing (𝛽 ≈ 6.4). 𝑁total denotes the number of total measurements
in each simulation.

label
This work

𝛽
6.40

𝐿3 × 𝑇
323 × 32

𝑁total
3000

CHJ [5]

6.42

323 × 64

1958

AT [11]

6.338

303 × 30

80000

method
Spatial gradient flow
Stout smearing (high 𝑛st )
Stout smearing (low 𝑛st )
Gradient flow (𝑅 𝑑 = 0.23 fm)
Gradient flow (𝑅 𝑑 = 0.3 fm)
Gradient flow (𝑅 𝑑 = 0.35 fm)
Conventional smearing [12]

7

𝑎𝑀0++
0.404(9)
0.403(9)
0.442(31)
0.446(14)
0.393(15)
0.387(18)
0.4276(37)

EI
1.5
1.5
14.8
3.0
2.9
4.2
6.0
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A more detailed comparison of the AT results computed with high precision reveals that
our results are slightly overestimated. This is simply due to the eﬀect of residual excited states
contamination that is still in our analysis. We evaluate the 0++ glueball mass by a single exponential
fit on the glueball two-point function computed at a fixed flow time, though the AT results are
obtained through the variational analysis. We have indeed confirmed that the results given by the
variational analysis, where the transfer matrix is constructed with the extended operators computed
at diﬀerent flow times, are slightly shifted closer to the AT results.
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Figure 4: Comparison with previous results of the 0++ glueball mass. Our results are calculated by the
spatial gradient flow method, while the CHJ and AT results are given by the ordinary gradient flow and the
conventional smearing, respectively.

4. Summary

We have studied the glueball two-point function with two types of the gradient flow method.
The original gradient flow, which makes the Wilson flow diﬀused in the four-dimensional spacetime, has some problem in measuring the glueball mass from the two-point function. It is known
to be over smearing due to the overlap of two glueball operators extended in both space-time as
reported in the previous study [5]. This particular issue makes the plateau behavior uncertain in
the eﬀective mass plot, so that it is diﬃcult to extract the ground-state mass of the glueball with
high accuracy. To avoid over smearing, we propose the spatial gradient flow approach and also
apply it to the glueball calculation. Our numerical simulations show that the spatial gradient flow
method works well as a noise reduction technique, meanwhile it has a good property that the plateau
behavior in the eﬀective mass plot does not change with variation in flow time for suﬃciently large
flow time. The latter gives an advantage for extracting the ground-state mass of the glueball with
high accuracy without over smearing. We have also showed numerical equivalence between the
spatial gradient flow and the stout smearing in the glueball calculations from the low diﬀusion case
to the high diﬀusion case. It means that the extracted glueball mass with the spatial gradient flow is
surely the universal result that does not depend on details of the smearing procedure. Furthermore,
to assess eﬀectiveness of our proposed method, we have compared to the previous results of the 0++
glueball mass. We found that the spatial flow is a few times more eﬀective than the original gradient
flow and the conventional smearing method. Indeed, the precision of our results are comparable to
that of the AT results, though our results are obtained with much smaller number of measurements
than the AT results[11].
8
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3.5
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