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The QCD-coupling is a necessary input in the computation of many observables, and the parametric
error on input parameters can be a dominant source of uncertainty. The coupling can be extracted
by comparing high order perturbative computations and lattice evaluated moments of mesonic
two-point functions with heavy quarks, which provide a high energy scale for perturbation theory.
The truncation of the perturbative series is an important systematic uncertainty.
We report on our attempt to study this issue by measuring pseudo-scalar two-point functions in
volumes of ! = 2 fm with twisted-mass Wilson fermions in the quenched approximation. We
use full twist, the non-perturbative clover term and lattice spacings down to 0 = 0.015 fm to
tame the sizable discretization effects. Our preliminary results indicate that either higher order
perturbative corrections or the continuum limit are not under sufficient control despite our small
lattice spacings and quark masses extending beyond 2<charm.
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1. Introduction and Motivation

The running QCD-coupling U(`) is one of the fundamental parameters of the Standard Model
and its precise knowledge is needed for many predictions in phenomenology. For instance, the
parametric error on U(`) is crucial in partial widths of the Higgs boson such as � → 11̄,
� → 66 [1]. Lattice computations of the coupling are today among the most competitive ones
[2–4]. It is mandatory to check that all sources of errors in their determinations are under control.
We focus here on the so called “moments method”, introduced in Refs. [5, 6], in which concurrent
high order perturbative and lattice non-perturbative knowledge of these observables is used to extract
the coupling. Here we want to study the main systematic errors present in this approach, namely
the truncation of the perturbative series, as well as the reliability of the continuum extrapolation for
these observables.
On the lattice side, one wants the typical scale of the observable, in this study given by the heavy
quark mass <ℎ, as well as all other relevant scales to be far from the cutoff, while the lattice size
! has to be large enough to avoid finite size effects. At the same time we need <ℎ � Λ for the
coupling to be small, so that perturbation theory provides a usable asymptotic expansion. These
conditions are best summarized as

!−1 � Λ � <ℎ � 0−1 , (1)

where a limit on !/0 is set by computational resources. Since it is notoriously difficult to control
cutoff effects in this context, our study is done fully in the quenched model, where it is much easier
to simulate at small lattice spacings.

2. Definition of the Moments

The definition of the moments in the continuum and in Euclidean spacetime is given by

M= ("RGI) =
∫ +∞

−∞
dC C=

∫
d3G <2

ℎ

〈
�†(G)� (0)

〉
, � (G) = 8kℎ (G)W5kℎ′ (G) , (2)

where <ℎ = <ℎ′ denotes the mass of a heavy-quark doublet1 which is one-to-one with "RGI, the
renormalization group independent quark mass. Note that using the pseudo-scalar density is a
choice, and phenomenological studies use also other W-structures, which are, however, affected by
larger statistical noise. The mass factor is introduced to make �̄ (G) = <ℎ � (G) renormalization
group invariant if /%/< = 1 holds, such as for the twisted mass fermions (at full twist) employed in
this study. The moments have a weak coupling expansion (in terms of MS-renormalized parameters)

M (PT)
= ("RGI) = <MS(`)

4−=
3∑
8=0

2
(8)
= (`/<MS(`)) U

8

MS
(`) + O(U4) , (3)

where the coefficients 2 (8)= (`/<MS(`)) are know for 8 = 0, 1, 2, 3 [7, 8] from perturbation theory
(PT). Note, in M (PT)

= there is a spurious `-dependence originating from the truncation of the
perturbative, asymptotic series. The variation of this very scale around the physical scale is often

1We have two different, mass-degenerate flavors in order not to have disconnected diagram contributions.
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used to assess the size of the truncated terms [4, 9].
In terms of bare quantities on a finite lattice with periodic boundary conditions in space and open
boundary conditions (to avoid topological freezing, see [10]) in time, eq. (2) becomes

M (lat)
= ("RGI, 0) = lim

),!→∞
20

X∑
C=Gsrc

0

C=
( 0
!

)3
03

!−0∑
x, y=0

`2
C<

〈
�†(C, x)� (0, y)

〉
, with (4)

lim
0→0

M (lat)
= ("RGI, 0) = M= ("RGI) , (5)

where `C< is the bare, twisted mass, X is a cutoff introduced to avoid values of C affected by the
boundary at G0 = ) and the factor 2 accounts for negative times present in the continuum definition
(the PS-PS correlator is time-symmetric). Independence of results on X is checked.

3. Methodology

M (lat)
= of eq. (4) is finite in the continuum limit and needs no further renormalization, as long as

the short distance divergence is integrable, which is the case2 for = ≥ 4. We define a line of constant
physics by fixing the value of the RGI-mass in units of the gradient flow scale

√
8C0 = 0.463(3) fm

[11], i.e. we tune the twisted mass parameter so that

I =
√

8C0"RGI =

√
8C0
0

"RGI

<SF(`)
0`C<

(
/SF
% (0`, 60)

)−1
, (7)

is equal to some chosen value and constant as we take the continuum limit. In the above,
"RGI/<SF(`) and /SF

%
(0`, 60) are taken from a reanalysis of the data of Ref. [12] for

Table 1: Mass values
in units of

√
8C0 and of

the quenched RGI-charm
mass.

z "RGI/"charm
RGI

13.5 3.48

9 2.32

6 1.55

4.5 1.16

3 0.77

` = !−1
ref, where !ref is defined as 62(!ref) = 2.4484; finally

√
8C0/0 can be

measured with accuracy below the level of other errors. Equating eq. (5)
with eq. (3), one can extract the MS-parameters at some renormalization
scale. Since we are mostly interested in the coupling, we will work with
dimensionless observables in which non-logarithmic, i.e. rather strong,
dependence on <MS drops out.
Measurements are carried out for the range of masses found in table 1
where the quenched charm mass is taken to be "charm

RGI = 1.684(60) GeV
[13]. In this way, the scale dependence of the coupling can be studied. Let
us mention that the larger = is, the more the integral/sum is dominated by
large, non-perturbative, distances so that the values most used in literature
are = = 4, 6, 8, 10.
Two further modifications of the moments are introduced. First, the tree-
level moments,

MTL
= (0`C<, !/0) BM (lat)

=

��
60=0 , (8)

2From an OPE analysis one finds that

� (C) B
∫

d3G <2
ℎ
〈� (G)� (0)〉 C→0∼ 1

|C |3
2=BC.

(
62 (1/|C |)

)W0/V0 (
1 + O(62 (1/|C |))

)
, (6)

denoting by W0 the leading order pseudoscalar anomalous dimension and by V0 the leading V-function coefficient.
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Figure 1: Improvement seen in the continuum approach of '4 for I = 9 when setting the scale of the
analytically computed, finite lattice spacing tree-level to the relevant mass scale.

are analytically computed, so that the ratios

'= (0"RGI, I) =


M= (0"RGI,I)

MTL
= (0`TL

C<,!/0) , = = 4(
M= (0"RGI,I)

MTL
= (0`TL

C< ,!/0)

) 1
=−4

, = = 6, 8, 10,
(9)

are formed. In this way the leading lattice artefacts of O(02) are suppressed by a factor of U (up
to logs, see [14]). Formally, all we need is 0`TL

C< = 0< + O(62) with < any definition of the mass.
At first sight one tends to set 0`TL

C< = 0`C<(60) where 0`C<(60) is the bare twisted mass of the
simulation at coupling 60. This choice is represented by the red diamonds in fig. 1. A much better
choice is to set 0`TL

C< = 0<∗, where <∗ is a renormalized mass and we choose <∗ = <MS(<∗). We
use it in the following and note that it helps a lot in taking the continuum limit.
For dimensionful moments with = > 4 the above ratio is elevated to some =-dependent power so

that they all have mass dimension 3 = −1. In the case of dimensionful '=, one can then take ratios
of normalized moments and thus study the set of dimensionless observables

R= (0"RGI, I) =
{

'4(0"RGI, I) , = = 4,
'= (0"RGI,I)
'=+2 (0"RGI,I) , = = 6, 8 .

(10)

4. Lattice Setup

Let us give a brief overview of the lattice setup details. We use a plaquette action to generate
pure gauge ensembles and a Wilson, mass-degenerate fermion doublet with a twisted mass term.
We set 2SW to its non-perturbative value, taken from [15] in order to reduce ambiguities in the
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Figure 2: � (G0) =
∑!−0

x, y=0
〈
�† (G0, x)� (0, y)

〉
. No asymmetry can be resolved within errors around the source

time slice; I = 6, V = 6.7859.

point of full twist and to avoid second order corrections of the Pauli-term in the Symanzik effective
theory. Both might lead to enhanced cutoff effects. We work at full twist by tuning ^ to its critical
value [15] independent of the quark mass. With units [16] of A0 = 0.49 fm, the typical size of our
lattice is ! ' 2 fm for the spatial extent and ) ' 6 fm for the time extent, where open boundary
conditions are imposed. Sources are placed ∼ 1 fm away from the time boundary and the absence of
boundary effects was checked by monitoring the correlator around the source time-slice (see fig. 2).
The correlator is symmetric around the source time-slice with no significant deviation seen up to
very close to the boundary. In the example in fig. 2, for instance, an asymmetry can be resolved
only at 4-5 lattice spacings distance from the boundary. Random U(1)-noise sources are used for
the estimate of the two-point function, with typically #( ' 16 noise vectors. The autocorrelation
analysis is carried out with the Γ-method [17].

Table 2: Gauge configuration details: ; = !/0, C = )/0, sft-ensembles are from [18].

Run Name V ; × C #cnfg C0/02 0[fm] gint(C0) [cfg]

q_beta616 6.1628 32 × 96 128 5.376(10) 0.071 0.78

q_beta628 6.2885 36 × 108 137 7.790(22) 0.059 1.37

q_beta649 6.4956 48 × 144 109 13.778(51) 0.044 1.55

sft4 6.7859 64 × 192 200 29.39(10) 0.030 1.00

sft5 7.1146 96 × 320 80 67.74(23) 0.020 0.55

sft6 7.3600 128 × 320 98 124.21(91) 0.015 1.03

sft7 7.7 192 × 480 55 0.010
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Figure 3: Continuum limit for I = 6, or " ' 1.55"2.

5. Results

In this Proceedings we report our preliminary results on '4 and on the Λ-parameter extracted
from this moment. Results from higher moments will be discussed in a future publication.

5.1 Continuum Extrapolations

The continuum extrapolations vary in quality depending on the observable and mass. In fig. 3
one such continuum limit is shown for several fit ansätze. Here and in the following, only fits with
j2/dof < 2 are considered. The extrapolated value for each fit is shown in the gray band on the
left hand side. The discretization errors scale roughly like 02"2 as seen in fig. 4. Higher quark
masses require a better resolution and are computationally more challenging. Continuum limit
fits are shown for all ansätze which satisfy our cut on j2. We are not able to take a significant
continuum limit for the highest mass "RGI/"charm

RGI ' 3.48, but hope we will be able to do so
once data on the smallest lattice spacing (ensemble sft7) is available. At the larger masses, the
extrapolation from the last computed point to the continuum limit is still rather significant. A correct
extrapolation therefore depends on having (approximately) the correct extrapolation function. As a
precaution we therefore add to our continuum extrapolation result a further error, given by half of
the distance between the extrapolated result and the point closest to the continuum. We will discuss
the continuum limit further in sect. 6.

6
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Figure 4: Camparison of continuum limit for different masses.

5.2 Coupling Values

The observables defined in eq. (10) all have a perturbative expansion

lim
0→0

R= (0"RGI, I) =
3∑
8=0

38 (B) U8

MS
(`B) + O(U4) , `B = B<MS(`B) , (11)

where the coefficients 38 (B) can be given in terms of the 2
(8)
= (`/<MS(`)) in eq. (3) and B is a scale

parameter chosen of O(1). For a given B, there is a unique value `B. The parameter B can be varied
to probe the behavior of PT, namely the size of the truncated terms. By inverting eq. (11) we obtain
UMS(`B), which can be run from `B to infinite energy to obtain the Λ-parameter.

5.3 Λ Parameter

For any given B and I, one can extract
√

8C0ΛMS from the ratio of the definition of the RGI-
parameters using the perturbative beta function, VMS(6), and quark mass anomalous dimension,
gMS(6), [19–22] and by plugging in the value of 6MS obtained above:

√
8C0ΛMS√
8C0"RGI

=B
(106MS(`B)

2)−11/(212
0)

(2106MS(`B)2)−30/(210)
exp

{
− 1

2106MS(`B)2

}
× (12)

exp

{
−
∫ 6MS (`B)

0
dG

[
1 − gMS(G)
VMS(G)

+ 1
10G3 − 11

12
0G

+ 30

10G

]}
. (13)

Resulting numbers are an estimator, Λeff
MS

, of ΛMS. The estimator depends on the coupling from
which it was extracted because we use a perturbative approximation both in (11) and in the RG

7
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Figure 5: Results for Λeff
MS

computed from '4. Each value of the scale parameter B is in a different color and
shape, while nearby points are the result from different fit Ansätze. The dashed line is plotted to guide the
eye, and is an extension of the result for ΛMS by [23], which is in the limit U → 0.

functions. The latter is subdominant but the O(U4)-uncertainty in R= implies

Λeff
MS

= ΛMS + O
(
U2

MS
(`B)

)
. (14)

In fig. 5, Λeff
MS

is plotted against U2(`B) for different choices of B. Same-colored points close to
one another result from different fit ansätze, while different colors indicate different values for the
perturbative scale factor B.

6. Discussion

The results for Λeff
MS

depend strongly on UMS and on the scale parameter B. Taking the full
variation with both of these parameters as an error estimate one ends up with a very large error. In
the past, in QCD with three or more light quark flavours [24–27], subsets of such variations have
been taken to estimate the uncertainty.

However, a systematic determination ofΛMS fromΛeff
MS

is to fix B, reach the perturbative regime
where the U2 term dominates in eq. (14) and then extrapolate also in U. One can see by eye that each
set with fixed B is compatible with a pure U2 correction and the different sets tend to extrapolate
to an approximately consistent value which is, however, quite a bit below ΛMS of Dalla Brida and
Ramos [23]. The reason is not known at present.

A first possibility is that none of our data are in the region where perturbation theory applies
well and the observed agreement with an U2 scaling is accidental. There are other observables
which require small U to approach the perturbative region [28].

8
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A second possibility is that our continuum extrapolation formulae are not quite adequate.
Indeed, our extrapolation in powers of 02 is motivated by Symanzik effective theory (neglecting the
log-corrections originating from the renormalization of the operators in the effective theory [14]).
However, Symanzik effective field theory is built for correlation functions at long distances, not for
the short distance region contained in the moments. It is plausible that for = = 6 the short distance
region is sufficiently suppressed, but for the here discussed – and most perturbative – moment M4,
short distance effects result in log(0)-enhanced cutoff effects [29] – at least at tree level. While
our tree-level improvement removes part of those, as a next step we need to investigate whether our
continuum limit is really safe. To this end we want to perform a partial subtraction of the short
distance region similar to the subtraction proposed in [29] and also work towards developing a more
systematic approach to the issue.
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