Baryon masses from full QCD+QEDC simulations

Lucius Bushnaq,𝑎 Isabel Campos,𝑏 Marco Catillo,𝑐 Alessandro Cotellucci,𝑑
Agostino Patella𝑑,ℎ and Nazario Tantalo𝑒, 𝑓
𝑎 School

of Mathematics, Trinity College Dublin, Dublin 2, Ireland
de Física de Cantabria & IFCA-CSIC, Avda. de Los Castros s/n, 39005 Santander, Spain
𝑐 Institut für Theoretische Physik, ETH Zürich, Wolfgang-Pauli-Str. 27, 8093 Zürich, Switzerland
𝑑 Humboldt Universität zu Berlin, Institut für Physik & IRIS Adlershof, Zum Großen Windkanal 6, 12489
Berlin, Germany
𝑒 Università degli Studi di Roma "Tor Vergata", Via Cracovia 50, 00133 Rome, Italy
𝑓 INFN, Sezione di Tor Vergata, Via della Ricerca Scientifica 1, 00133 Rome, Italy
𝑔 University of Cyprus, Department of Physics, 1 Panepistimiou Street, 2109 Aglantzia, Nicosia, Cyprus
ℎ DESY, Platanenallee 6, D-15738 Zeuthen, Germany
E-mail: bushnaql@tcd.ie, isabel.campos@csic.es, mcatillo@ethz.ch,
alessandro.cotellucci@physik.hu-berlin.de, m.dale@stimulate-ejd.eu,
fritzscp@tcd.ie, jens.luecke@hu-berlin.de, marinama@phys.ethz.ch,
agostino.patella@physik.hu-berlin.de, nazario.tantalo@roma2.infn.it
𝑏 Instituto

In these proceedings we present preliminary results for the masses of the proton, neutron and
Ω− baryons obtained from QCD+QED lattice simulations performed with four dynamical quarks
using C∗ boundary conditions. These results are part of the ongoing effort of the RC∗ collaboration
discussed in the companion proceedings [1], and have been obtained on a single ensemble in which
the renormalised electromagnetic coupling is 𝛼em ∼ 0.04, the physical volume is 𝐿 ∼ 1.7 fm and
the masses of the four dynamical quarks have been tuned at the 𝑈–spin symmetric point 𝑚 𝑑 = 𝑚 𝑠 .
We demonstrate on this unphysical ensemble that baryon masses can be calculated with satisfactory
precision when including QED without the need for gauge–fixing and perturbation theory. This
makes us confident in the effectiveness of the strategy presented here also in the case of simulations
closer to the physical point.
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1. Introduction
The statistical error in lattice QCD for certain quantities, such as for low-lying baryon masses,
is currently reduced to levels such that it is of a similar magnitude to the systematic error due to
neglecting QED effects. Pushing forward for increased precision therefore requires the inclusion of
QED if accuracy is to be maintained.

The QED 𝐿 formulation has been used in the reference work on the baryon spectrum by the
BMW collaboration [2]. In this work, we will use the C∗ formulation [3, 4] of QED on the lattice,
which is based upon enforcing 𝐶-parity boundary conditions along the spatial directions for all the
fields. This results in a spatially anti-periodic 𝑈 (1) gauge field, meaning that spatial zero-modes
sum to zero. As this approach is totally local, renormalisability is guaranteed. Thus the spectra of
electrically–charged states may be calculated without perturbation theory or gauge–fixing.
A caveat must be made on the ability to determine the spectra of flavoured particles. C∗ boundary conditions allow some flavour violation when the particles travel around the torus. Colourless
particles only (given a large enough box) may violate flavour under the conditions: Δ𝑄 = 0 mod 2;
Δ𝐵 = 0 mod 2; Δ𝐹 = 0 mod 6 where 𝑄 is the electric charge in units of 𝑒, 𝐵 is the baryon number
Í
and 𝐹 = 𝑓 𝐹 𝑓 is the total sum of flavour numbers. While the flavour mixing of pseudoscalar
mesons is harmless as they will not mix with lighter states, and nucleons cannot mix with 𝐵 = 0 and
are the lightest 𝐵 = 1 states, the Ω− baryons can mix with lighter states. A possible example of this
mixing is given in Fig. 1. However, it is expected on the basis of a detailed theoretical analysis that
any flavour violation is strongly exponentially suppressed with volume [4] and here we are working
under this assumption, postponing as future work a detailed numerical investigation of this issue.
This baryon mass calculation forms part of a larger effort by the RC∗ collaboration. These
simulations are 1+2+1 simulations of 𝑂 (𝑎)-improved Wilson fermions with three C∗ dimensions and
periodic boundaries in time. Details of and justification for the trajectories of renormalisation, along
which the physical point will be reached, are presented in the companion proceedings [1] and will
not be discussed here. A Lüscher-Weisz 𝑆𝑈 (3) gauge action with 𝛽 = 3.24 is used, along with the
SW improvement coefficients depending on the fermion electric charge 𝑐 𝑞=2/3
= 𝑐 𝑞=−1/3
=
𝑆𝑊 ,𝑆𝑈 (3)
𝑆𝑊 ,𝑆𝑈 (3)
2.18859 and 𝑐 𝑞=2/3
= 𝑐 𝑞=−1/3
= 1.0. The ensemble analysed in these proceedings is labelled
𝑆𝑊 ,𝑈 (1)
𝑆𝑊 ,𝑈 (1)
Q*D-32-1 in the companion proceedings, in which full details of the ensemble may be found. This
ensemble, of 64 time-points and spatial dimensions 𝐿 = 1.682(5)fm = 32𝑎, is relatively far from
the physical point, with 𝛼em = 0.04077(6) ∼ 6𝛼phys .
2
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One complication in the formulation of QED on the lattice is that Gauss’ Law dictates that, on
a torus with periodic boundary conditions, only states with net-zero electric charge belong to the
physical Hilbert space. A naive local gauge–fixing results in unconstrained global zero-modes. The
principle behind QED 𝐿 , the more common formulation of lattice
∫ QED, is to decouple zero-modes
from gauge field dynamics through enforcing the constraint 𝐿 3 𝑑 3 𝑥 𝐴 𝜇 (𝑡, x) = 0. A disadvantage
of this approach is that this constraint is non-local. Therefore, it is not guaranteed that properties
such as renormalisability will hold; they must be proven for individual observables, although it is
relatively simple to address these issues at O (𝛼), and in fact it has been proven that at this order
these properties hold for the spectrum.
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2. Method
2.1 𝑈 (1)–gauge–invariant charged correlators
Following the treatment prescribed in Ref. [4], we can create through the use of a dressing factor
an electrically–charged fermion operator Ψ that is invariant under 𝑈 (1) local-gauge transformations.
We use the ‘string’ dressing factor given in Equation (3.9) of Ref. [4]. In the rest of these proceedings,
we use capital letters to denote 𝑈 (1)–gauge–invariant quark operators.
2.2 Baryon interpolating operators
For the proton, which is a spin- 21 baryon, we use the interpolating operator


O𝑎± (𝑥) = 𝑃±𝑎𝑏 𝜖 𝐴𝐵𝐶 𝑈𝑐𝐴 (𝑥) (C𝛾5 ) 𝑐𝑑 𝐷 𝑑𝐵 (𝑥) 𝑈𝑏𝐶 (𝑥),

(1)

where 𝐴, 𝐵, 𝐶 are colour and 𝑎, 𝑏, 𝑐, 𝑑 are Dirac indices, 𝜖 is the anti-symmetric tensor, 𝑈 and 𝐷
are the 𝑈 (1)–gauge–invariant up and down quark operators and C is the charge–conjugation matrix.
The neutron operator is simply obtained by 𝑈 ↔ 𝐷. These interpolating operators are known to
have a good projection on the ground state in QCD [5]. The state is projected to a positive or
negative parity state using the projector 𝑃± = 12 (1 ± 𝛾0 ).
The Ω− baryon belongs to a vertex of the spin- 32 decuplet and is calculated here using the
interpolating operators



O𝑎𝑖 (𝑥) = 𝜖 𝐴𝐵𝐶 𝑆 𝑏𝐴 (𝑥) C𝛾 𝑖 𝑏𝑐 𝑆 𝑐𝐵 (𝑥) 𝑆𝐶
(2)
𝑎 (𝑥),
where 𝑖 is a spatial Lorentz index and 𝑆 is the 𝑈 (1)–gauge–invariant strange quark operator. The
𝑖𝑗
𝑗
correlator 𝐶𝑎𝑏 (𝑡) = 𝑇 h0|O𝑎𝑖 (𝑡) Ō𝑏 (0)|0i contains contributions from spin- 12 and spin- 32 states.
Following the treatment in Ref. [5] we use the projection
3
2
𝐶𝑎𝑏
=

3
Õ

𝐶 𝑖 𝑗 P 𝑗𝑖


𝑎𝑏

P 𝑖 𝑗 = 𝛿𝑖 𝑗 − 𝛾 𝑖 𝛾 𝑗 ,

;

(3)

𝑖, 𝑗=1

where 𝑖, 𝑗 are spatial Lorentz indices. This correlator is then projected to a definite parity state by
taking the trace over Dirac indices with the same parity projector 𝑃± as above:
3

3

𝐶 2 ,± = Tr[𝐶 2 𝑃± ].
3

(4)
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Figure 1: Example of flavour mixing for Ω− baryon
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Both the octet and decuplet correlators are finally folded according to 𝐶 (𝑡) = 𝐶 + (𝑡) −𝐶 − (𝑇 − 𝑡)
to reduce the statistical fluctuations on a given time-slice.
As anticipated in the Introduction, the results presented below correspond to the fermion–
connected part of the baryon correlators. Indeed, by relying on the theoretical analysis of
Ref. [4], we postpone a detailed investigation of the contributions corresponding to the contractions
hΨ(𝑥)Ψ𝑇 (0)i, that are peculiar of 𝐶 ∗ –boundary conditions and that induce the spurius flavour
mixings discussed above, to future work on the subject.
2.3 Smearing

spatial
𝑉¤𝑡 (𝑥, 𝑘) = −𝑔02 {𝛿 𝑥,𝑘 𝑆 𝑤 (𝑉)}𝑉𝑡 (𝑥, 𝑘) ,

𝑉0 (𝑥, 𝑘) = 𝑉 (𝑥, 𝑘) ,
𝑘 = 1, 2, 3 ,
𝑑
𝛿 𝑎𝑥,𝑘 𝑓 (𝑉) =
𝑓 (𝑒 𝑠𝑋 𝑉)| 𝑠=0 ,
𝑑𝑠

𝛿 𝑥,𝑘 𝑓 (𝑉) = 𝑇 𝑎 𝛿 𝑎𝑥,𝑘 𝑓 (𝑉) ,
( 𝑎
𝑇
if (𝑦, 𝑖) = (𝑥, 𝑘)
𝑋 (𝑦, 𝑖) =
,
0
otherwise

(5)

to produce smeared gauge links 𝑉𝑡 (𝑥, 𝑘). Here 𝑇 𝑎 are the generators of the 𝑆𝑈 (3) Lie algebra and
spatial
𝑆 𝑤 (𝑉) is the spatial part of the 𝑆𝑈 (3)–Wilson action (the sum over spatial plaquettes without
any prefactor). It is important to note here that the smearing is applied on the spatial dimensions
only, i.e. 𝑉¤𝑡 (𝑥, 0) = 0, and only on the gauge links that enter into the fermion smearing operators.
We have applied to our correlators one level of gauge smearing with evolution time 𝑡 = 180𝜀 with
a resolution of 𝜀 = 0.02. We have also checked that this procedure is roughly equivalent to using
the more conventional APE smearing when the plaquette, computed in terms of smeared links, is
matched. A technical advantage of using the gradient—flow is that unitarity of the links is exactly
preserved at any stage.
The smeared gauge links are used in the Gaussian smearing of the gauge–invariant fermion
operator Ψ to give the smeared operator Ψsmeared :
Ψsmeared = (1 + 𝜅 𝑔 𝐻) 𝑁 Ψ;
𝐻𝑡 (𝑥, 𝑦) =

(6)

3
Õ

𝑉𝑡 (𝑥, 𝑗)𝛿(𝑥 + 𝑗ˆ, 𝑦) + 𝑉𝑡 (𝑥 − 𝑗ˆ, 𝑗) † 𝛿(𝑥 − 𝑗ˆ, 𝑦)

.

(7)

𝑗=1

We have applied Gaussian smearing on both the source and the sink, with three levels of smearing
each 𝑁 = (0, 200, 400), whilst keeping 𝜅 𝑔 = 0.5 fixed.
2.4 Generalised Eigenvalue Problem
The Generalised Eigenvalue Problem (GEVP) [7] is a standard method of spectral decomposition used to optimise the ground state overlap and to explore excited states. We build a basis of
interpolating operators using all possible combinations of three levels of Gaussian smearing on both
the source and the sink. All chosen interpolating operators have the same amount of gradient–flow
4
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In order to optimise the isolation of the ground state, we use a combination of gradient–flow
gauge smearing and Gaussian fermion smearing. We smear the 𝑆𝑈 (3) gauge fields 𝑉 (𝑥, 𝜇) using
the gradient–flow specified for periodic spatial boundary conditions [6] by
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(a) Correlator for different levels of Gaussian smearing

(b) Spectrum from GEVP

Figure 2: Neutron analysis. Fig. 2a shows the neutron correlator at three different levels of fermion smearing
at both the source and the sink; the correlators are labelled in the legend as (𝑛source , 𝑛sink ), indicating 𝑛source
smearing levels on the source and 𝑛sink levels on the sink. We see that increased smearing reduces the
curvature of the correlator at small times. These correlators with different smearing levels when analysed
using the GEVP give three distinct energy levels, as shown in Fig. 2b, with the ground state in blue, for which
we see a long plateau, and excited states in red and green. The plateau without error is shown in lighter blue,
with the range of the line showing the points used in the fit.

gauge smearing. The correlators with different levels of fermion smearing can then be expressed as
a 3-by-3 correlator matrix 𝐶𝑛𝑚 with 𝑛 and 𝑚 indexing the smearing levels on the source and sink
respectively. This correlator matrix is then fed into the GEVP. The normalisation time-point for the
GEVP was chosen to be 𝑥 0 = 1.
Fig. 2a shows the neutron correlator for different levels of Gaussian smearing, folded as
described in Section 2.2, and then solved with the GEVP to obtain the spectrum, see Fig. 2b.

3. Results
The results presented here were obtained with 1993 gauge configurations by performing four
point–like propagator inversions starting from random points. We stress once again that this
ensemble is rather far from the physical point. In order to help the interpretation of the baryon mass
results given below we quote for reference the value of the charged pion (and kaon) mass calculated
for this ensemble, 𝑚 𝜋 + = 𝑚 𝐾 + = 496(2) MeV (see Ref. [1] for more details). This result, as well as
all the following ones, take into account the universal finite volume corrections on charged hadron
masses given by the first two terms of Eq. (5.1) in Ref. [4].
The proton spectrum is shown in Fig. 3a. We see a reasonably long ground state plateau for
the statistics used, with a clear first excited state. The ground state plateau and its error are shown
more clearly in Fig. 3b. The mass of the ground state is found to be 1282(8) MeV. An estimate of
the lowest energy gap was found to be roughly consistent with a proton + photon state.
Next, we present the Ω− baryon in Fig. 4. We find a plateau that starts early and persists until
around 𝑥 0 = 24. The mass result we obtain is 1633(8) MeV. The energy gap was found to be roughly
equivalent to an Ω− + photon state.
5
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Figure 3: Proton analysis. Fig. 3a shows the proton spectrum from the GEVP. The ground state effective
mass is given in blue, while excited states are shown in red and green. The ground state is shown in more
detail in Fig. 3b, with the plateau in red and its error in lighter blue. We obtain a mass of 𝑚 𝑝 = 1282(8) MeV.
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(a) Ω− spectrum
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Figure 4: Ω− baryon analysis. Fig. 4a shows the GEVP output for the Ω− baryon. The blue points show
the ground state effective mass, whereas the red and green points show the excited states. Fig. 4b shows the
ground state in more detail. The plateau is shown in red and its error in lighter blue, and we see that the
plateau is rather long for these statistics. We find a mass of 𝑚 Ω− = 1633(8) MeV.

Fig. 5 shows the mass difference between the proton ground state and the neutron ground state,
i.e. the proton-neutron mass difference. We see here a plateau that starts early but the signal-to-noise
ratio becomes poor around 𝑥 0 = 20. We find the mass difference to be 𝑚 𝑛 − 𝑚 𝑝 = 9(1) MeV. It is
worth noting here once again the un-physicality of the ensemble if one is tempted to compare it to
the physical value of roughly 1 MeV.
6
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Figure 5: Proton-neutron mass difference analysis. The difference between the proton and neutron
effective mass curves is shown here. The plateau is shown in red and its error is shown in lighter blue, with
the zero-intercept also shown in blue. We see a plateau that starts at a small 𝑥 0 -value and that the signal lasts
for a reasonably long 𝑥0 -length, giving the mass difference 𝑚 𝑛 − 𝑚 𝑝 = 9(1) MeV.

4. Conclusion
The results on the baryon mass spectrum presented in these proceedings form part of a larger
effort by the RC∗ collaboration. The ultimate goal of this effort is to obtain physical results for the
hadron spectrum by performing first–principles lattice simulations of QCD+QED without relying
at any stage on gauge–fixing or perturbation theory. Alongside the companion proceedings [1], a
first step towards this goal has been made here with results obtained on a single ensemble of gauge
configurations corresponding to an unphysical setup in which 𝛼em ' 6𝛼phys , the lattice volume is
𝐿 ' 1.7 fm with a lattice spacing 𝑎 ' 0.05 fm and the four dynamical quark masses have been
tuned at the 𝑈–spin symmetric point 𝑚 𝑑 = 𝑚 𝑠 .
Our results demonstrate that, in addition to charged meson masses, baryon masses can be calculated with satisfactory precision in QCD+QED𝐶 in a fully local and gauge–invariant setup. This
makes us reasonably confident in the possibility of reaching our goal and providing phenomenologically relevant results on the full hadron spectrum in the near future.
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