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1. Introduction

2. Description of the Model
The Euclidean model used here is composed of two real scalar fields 𝜙𝑖 , 𝑖 = 0, 1 with the
Lagrangian

∑︁  1
1
2
4
𝜕𝜇 𝜙𝑖 𝜕𝜇 𝜙𝑖 + 𝑚 𝑖 𝜙𝑖 + 𝜆𝑖 𝜙𝑖 + 𝜇𝜙20 𝜙21 ,
(1)
L=
2
2
𝑖=0,1
with nondegenerate (bare) masses 𝑚 0 < 𝑚 1 . The Lagrangian has a 𝑍2 ⊗ 𝑍2 symmetry 𝜙0 → −𝜙0
and 𝜙1 → −𝜙1 , which prevents sectors with even and odd number of particles to mix.
To study the problem numerically, we define the theory on a finite hypercubic lattice with
lattice spacing 𝑎 and a volume 𝑇 · 𝐿 3 , where 𝑇 denotes the Euclidean time length and 𝐿 the spatial
length. We define the derivatives of the Lagrangian (1) on a finite lattice as the finite differences
𝜕𝜇 𝜙(𝑥) = 𝑎1 (𝜙(𝑥 + 𝑎𝜇) − 𝜙(𝑥)). In addition, periodic boundary conditions are assumed in all
directions. The discrete action is given in Ref. [12] for the complex scalar theory, but it is trivial to
adapt it to this case. We set 𝑎 = 1 in the following for convenience.

3. The BH method
In Ref. [1], Bruno and Hansen derived a relation between the scattering length 𝑎 0 and the
following combination of Euclidean four-point and two-point correlation functions at the twoparticle threshold:
𝐶4BH (𝑡 𝑓 , 𝑡, 𝑡 𝑖 ) ≡

h𝜙˜0 (𝑡 𝑓 , 0) 𝜙˜1 (𝑡, 0) 𝜙˜1 (𝑡𝑖 , 0) 𝜙˜0 (0, 0)i
− 1,
h𝜙˜0 (𝑡 𝑓 , 0) 𝜙˜0 (0, 0)ih𝜙˜1 (𝑡, 0) 𝜙˜1 (𝑡𝑖 , 0)i
2

(2)
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The standard approach to determine scattering quantities from Lattice QCD is the Lüscher
method [2], which relates the finite-volume spectrum obtained from the lattice to the infinitevolume scattering amplitude. It has been applied to many physical systems, see Ref. [3] for a
review. The formalism has also been recently extended to three particles with three different but
conceptually equivalent formulations available in the literature at present [4–8], see Refs. [9, 10]
for recent reviews.
In this contribution we study the techniques to extract scattering amplitudes from the Euclidean
Lattice field theory. We use a Euclidean Lattice 𝜙4 theory with two fields having different masses.
Using this theory has proven to be an excellent test environment for novel scattering studies, as
shown in Refs. [11–13].
In particular we study the recent proposal [1], in which the authors found a relation between
the scattering length and the Euclidean four-point functions at threshold kinematic. Henceforth,
this will be referred to as the BH method. We compare the BH method to the standard Lüscher
approach and find good agreement. This study of the BH method presented here is based on [14].
We also investigate the extraction of the scattering quantities at non-zero momentum. In
particular we studied s-wave scattering amplitude for two particles with the Lüscher method [15].
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Í
with the time ordering 𝑡 𝑓 > 𝑡 > 𝑡 𝑖 > 0, and 𝜙˜𝑖 (𝑡, p) = x 𝑒 𝑖p·x 𝜙𝑖 (𝑡, x) being spatial Fourier
transform of the field. In particular 𝜙˜𝑖 (𝑡, 0) is the field projected to zero spatial momentum. The
relation of 𝐶4BH to the scattering length reads
√︄



𝑎
2
0
2 2(𝑡 − 𝑡 𝑖 )
0
BH
(𝑡 − 𝑡𝑖 ) − 2𝑎 0
+ 𝑂 (𝑡 − 𝑡𝑖 )
,
𝐶4 (𝑡 𝑓 , 𝑡, 𝑡 𝑖 ) −−−−−−−→ 3 𝜋
𝑡 𝑡𝑖 0 𝐿
𝜇01
𝜇01
𝑇 𝑡 𝑓 𝑡

(3)

with 𝐸 1𝑖 (p = 0) = 𝑀𝑖 for 𝑖 = 0, 1. To reduce the statistical error we average over all points with the
same source sink separation.
3.1 Numerical result
We generate ensembles using the Metropolis-Hastings algorithm with the bare masses 𝑚 0 =
−4.925 and 𝑚 1 = −4.85, and for simplicity we choose 𝜆0 = 𝜆1 = 2𝜇 = 2.5. The list of ensembles
generated in this work with their corresponding measured values of the masses 𝑀0 and 𝑀1 are
compiled in table 1. In this model, two-point correlators are dominated by the ground state from
the first time slice. This was also observed in previous investigations of the scalar theory [13].
We tried three different strategies to extract the scattering length:
1. We attempt a direct fit of eq. (3) the the data.

2. We include an overall constant in the fit to account for the 𝑂 (𝑡 − 𝑡𝑖 ) 0 effect.
3. We make use of the shifted function at fixed 𝑡𝑖 and 𝑡 𝑓 , Δ𝑡 𝐶4BH (𝑡 𝑓 , 𝑡, 𝑡 𝑖 ) = 𝐶4BH (𝑡 𝑓 , 𝑡 + 1, 𝑡𝑖 ) −
𝐶4BH (𝑡 𝑓 , 𝑡, 𝑡 𝑖 ), where the constant term cancels out. We then determine 𝑎 0 by fitting to
Δ𝑡 𝐶4BH (𝑡 𝑓

2 h 𝑎0
, 𝑡, 𝑡 𝑖 ) ≈ 3 𝜋
− 2𝑎 20
𝜇
𝐿
01

√︄

i
√
2 √︁
𝑡 + 1 − 𝑡𝑖 − 𝑡 − 𝑡𝑖 .
𝜇01

(5)

The three methods are compared in the left panel of fig. 1 for one of our ensembles. The black
triangles represent the correlator of eq. (3) with 𝑡𝑖 = 3 and 𝑡 𝑓 = 16 divided by (𝑡 − 𝑡𝑖 ) so that it goes
to a constant when (𝑡 − 𝑡𝑖 ) → ∞. The monotonic increase of the data points could be due to the

(𝑡 − 𝑡𝑖 ) 0 term in eq. (3). A fit to the formula eq. (3) in the time region [10, 14]—the black band—
gives a good 𝜒2 /𝑑.𝑜. 𝑓 ∼ 0.7, but results in large uncertainties. The quality of the fit deteriorates
very quickly if the fit range is extended: a fit in the time region [6, 14] yields 𝜒2 /dof ∼ 5.
With the second strategy—the red band in the left panel of fig. 1—one is able to start fitting at
significantly smaller 𝑡-values. The data are well described with a 𝜒2 /dof ∼ 0.2
For the third approach, we study Δ𝑡 𝐶4BH (𝑡). This is shown in the left panel of fig. 1 as blue
circles, and the blue band represents the best fit result with error. The main advantage of the latter
strategy is that it allows us to extract the physical information at smaller 𝑡 without introducing extra
3
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where 𝜇01 = (𝑀0 𝑀1 )/(𝑀0 + 𝑀1 ) is the reduced mass. It is defined in terms of the renormalized
masses 𝑀0 and 𝑀1 of the two particles. These masses can be extracted as usual from an exponential
fit at large time distances of the two-point correlation functions


𝑖
𝑖
(4)
h𝜙˜𝑖 (𝑡, p) 𝜙˜𝑖 (0, −p)i ≈ 𝐴1,𝑖 𝑒 −𝐸1 (p)𝑡 + 𝑒 −𝐸1 (p) (𝑇 −𝑡)
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Figure 1: Left panel: Four-point function of eq. (3) multiplied by 𝐿 3 /2, for 𝐿 = 22 and 𝑇 = 96 with 𝑡𝑖 = 3
and 𝑡 𝑓 = 16 divided by (𝑡 − 𝑡𝑖 ) (black triangles). the dashed vertical lines represent the fit interval, the black
band represent the result of the fit eq. (3) and the red band is the same fit with an extra constant term. The
blue circles and band represent the discrete derivative of the correlator eq. (5) and the corresponding fit.
Right panel: Plot of the discrete derivative of the correlator eq. (5) for different values of 𝑡𝑖 and 𝑡 𝑓 . We do
not observe any systematic shift and all correlators are compatible. The points with smaller 𝑡𝑖 and 𝑡 𝑓 tend to
have smaller error.

parameters in the fit. Indeed, the data looks almost constant over the complete 𝑡-range available.
Only very close to 𝑡𝑖 the square root term might become visible.
For the third strategy, which looks most promising from a systematic point of view, we also
investigate the dependence on the choice of 𝑡𝑖 and 𝑡 𝑓 . This is shown in right panel of fig. 1 for the
same ensemble as in the left panel. We do not observe any significant systematic effect stemming
from excited state contributions when changing 𝑡𝑖 or 𝑡 𝑓 . However, we clearly see significantly
smaller statistical uncertainties with smaller 𝑡𝑖 and 𝑡 𝑓 values.
3.2 Comparison to the Lüscher method
In this section we compare the BH method described above with the Lüscher threshold expansion [16, 17]. The latter relates the two-particle energy shift, defined as Δ𝐸 201 = 𝐸 201 − 𝑀0 − 𝑀1 , to
the scattering length 𝑎 0 via



 𝑎 2
2𝜋𝑎 0
𝑎0
0
01
−6
Δ𝐸 2 = −
1
+
𝑐
+
𝑐
+
𝑂
𝐿
,
(6)
1
2
𝐿
𝐿
𝜇01 𝐿 3
with 𝑐 1 = −2.837297, 𝑐 2 = 6.375183 and 𝐸 201 being the interacting two-particle energy at zero total
momentum. 𝐸 201 can be extracted from 𝐶2 (𝑡) = h𝜙˜1 (𝑡, 0) 𝜙˜0 (𝑡, 0) 𝜙˜1 (0, 0) 𝜙˜0 (0, 0)i, whose large-𝑡
behaviour is




𝑇
01 𝑇
𝑇
𝑇
𝑡 0
𝐶2 (𝑡) −−−−−−→ 𝐴2 𝑒 −𝐸2 2 cosh 𝐸 201 (𝑡 − ) + 𝐵2 𝑒 −( 𝑀0 +𝑀1 ) 2 cosh (𝑀1 − 𝑀0 ) (𝑡 − ) . (7)
𝑇 −𝑡 0
2
2
with the last term being a thermal pollution due to finite 𝑇 with periodic boundary condition.
Using 𝑀0 and 𝑀1 as input determined from the corresponding two-point functions, the only
additional parameter is 𝐵2 . Alternatively, it is possible to eliminate the second term defining

𝐶˜2 (𝑡) = 𝐶2 (𝑡)/cosh (𝑀1 − 𝑀0 ) (𝑡 − 𝑇2 ) , and then taking the finite derivative
Δ𝑡 𝐶˜2 (𝑡) = 𝐶˜2 (𝑡 + 1) − 𝐶˜2 (𝑡).

4

(8)
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Figure 2: Comparison of 𝑎 0 computed with BH method eq. (5) with 𝑡𝑖 = 2 and 𝑡 𝑓 = 10 (blue circles),
with 𝑡𝑖 = 3 and 𝑡 𝑓 = 16 (red triangles) and Lüscher method eq. (6) (black squares) the horizontal bands
correspond to the weighted average of each method.

The two-particle energies obtained from eq. (7) are compatible with those from eq. (8). The
results are reported in table 1, along with the values for the scattering length 𝑎 0 computed from
𝐸 2 using eq. (6). A comparison between the BH and the Lüscher method is depicted in fig. 2 for
all our ensembles. The values are compatible with each other. However, the BH method gives
systematically larger values for 𝑎 0 . For each ensemble separately Lüscher and BH methods appear
compatible. However we observe a systematic trend after averaging over all ensembles, as shown
in the bands of fig. 2. This might be attributed to different lattice artifacts. The statistical error is
similar in both approaches. Also, the scaling in 𝐿 appears to be similar. The different systematics
of the two methods offer in general a useful opportunity for cross-checks.

4. Scattering amplitude at not zero momentum with the Lüscher method
In this section, we report our study of the s-wave scattering amplitude for two particles with the
Lüscher method [15]. We compute the spectrum of our 𝜙4 model at p ≠ 0 for the lighter particle.
We generate ensembles using the Metropolis-Hastings algorithm with bare masses 𝑚 0 = −4.9 and
𝑚 1 = −4.65, to have 𝑀1 ∼ 3𝑀0 , keeping 𝜆 0 = 𝜆1 = 2𝜇 = 2.5. We extract the energies from an
exponential fit to eq. (4) with the discretised momentum p = 2𝜋n/𝐿 with n being a integer vector
in the set n ∈ {(0, 0, 0), (1, 0, 0), (1, 1, 0), (1, 1, 1)}. As we can see from the left panel of fig. 3,
we find that the measured one-particle energies 𝐸 10 (p) significantly deviate from the continuum
dispersion relation, while they are in good agreement with the lattice dispersion relation
!
3


 𝑝 2
∑︁
1
𝑖
cosh 𝐸 10 (p) = cosh(𝑀0 ) +
4 sin
,
(9)
2 𝑖=1
2
with 𝑀0 being the mass measured in the fitted in eq. (4) at zero momentum.
For each choice of the momentum we construct the two-particle operator in the A1 irrep of
the cubic group 𝑂ˆ 2 (𝑡, p) = 𝜙˜0 (t, p) 𝜙˜0 (t, 0). Only for the first unit of momentum we construct the
5
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a0 BH from ∆t C4BH (2, t, 10)
a0 BH from ∆t C4BH (3, t, 16)
a0 Lüscher

-0.6
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T
48
64
96
96
96
96
96
128

L
20
20
20
22
24
26
32
20

𝑀0
0.14675(5)
0.14659(5)
0.14662(4)
0.14604(3)
0.14574(4)
0.14547(4)
0.14521(4)
0.14668(3)

𝑀1
0.27487(5)
0.27480(5)
0.27487(4)
0.27470(4)
0.27458(4)
0.27455(3)
0.27449(4)
0.27484(3)

𝐸 201
𝐶2
0.4252(3)
0.4249(3)
0.4251(2)
0.4237(2)
0.4223(2)
0.4218(2)
0.4210(2)
0.42509(7)
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Δ𝑡 𝐶˜2
0.4253(3)
0.4250(3)
0.4251(3)
0.4237(3)
0.4221(3)
0.4219(3)
0.4213(3)
0.4251(3)

𝑎 0 Lüscher
𝐶2
Δ𝑡 𝐶˜2 Δ𝑡 𝐶4BH (3,t,16)
-0.41(3) -0.42(3)
-0.35(4)
-0.41(3) -0.41(4)
-0.30(4)
-0.41(2) -0.41(3)
-0.36(3)
-0.45(3) -0.45(5)
-0.34(4)
-0.39(3) -0.36(6)
-0.36(5)
-0.44(5) -0.47(8)
-0.30(7)
-0.62(9) -0.7(1)
-0.2(1)
-0.409(7) -0.41(3)
-0.40(3)

𝑎 0 BH
𝐶4BH + 𝑐 Δ𝑡 𝐶4BH (2,t,10)
-0.35(6)
-0.37(2)
-0.29(6)
-0.38(2)
-0.36(4)
-0.38(1)
-0.31(6)
-0.37(2)
-0.41(7)
-0.39(2)
-0.3(1)
-0.36(3)
-0.1(2)
-0.35(5)
-0.39(3)
-0.40(1)

Í
operator with back to back momentum still in the 𝐴1 irrep 𝑂ˆ 2 (𝑡, 0) = 𝑖=𝑥,𝑦,𝑧 𝜙˜0 (𝑡, 𝑝 𝑖 ) 𝜙˜0 (𝑡, −𝑝 𝑖 )
with 𝑝 𝑥 = (2𝜋/𝐿, 0, 0), 𝑝 𝑦 = (0, 2𝜋/𝐿, 0) and 𝑝 𝑧 = (0, 0, 2𝜋/𝐿). We measured the two-particle
energy from the exponential fit of the correlator


𝑇
0
𝑇
𝑡 0
h𝑂ˆ 2 (𝑡, p) 𝑂ˆ 2 (0, −p)i −−−−−−→ 𝐴2 𝑒 −𝐸2 (p) 2 cosh 𝐸 20 (p) (𝑡 − )
(10)
𝑇 −𝑡 0
2


𝑇
−(𝐸10 (p)+𝑀0 ) 𝑇2
0
(11)
+𝐴1 𝑒
cosh (𝐸 1 (p) − 𝑀0 ) (𝑡 − ) ,
2
where 𝐸 10 (p) and 𝑀0 are the ones obtained from the fit of eq. (4). From the two-particle energies
𝐸 20 (p) we calculate the s-wave phase shift as [15]
cot 𝛿 =

𝑍0,0 (1, 𝑞 2 )
,
𝜋 3/2 𝛾𝑞

(12)

where 𝑍0,0 is the Lüscher zeta function, the Lorentz boost 𝛾 = 𝐸 20 (p)/𝐸𝐶 𝑀 is defined in terms
of center of mass energy 𝐸𝐶 𝑀 = 𝐸 20 (p) − p2 and 𝑞 = 𝑘 𝐿/2𝜋 with the scattering momentum
𝑘 = 𝐸𝐶4𝑀 − 𝑀02 . We notice that, at large momentum p, the values of the phase shift computed with
eq. (12) come with large errors (red circles of fig. 3). These large errors stem from the fact that
the energies deviate significantly from the continuum dispersion relation. This problem was also
observed in [18], where as a solution the author propose to compute the center of mass energy 𝐸𝐶 𝑀
using the lattice dispersion relation. Here we follow a similar strategy. We subtract the difference
𝑓 𝑟 𝑒𝑒,𝑙𝑎𝑡𝑡
𝑓 𝑟 𝑒𝑒,𝑐𝑜𝑛𝑡
between the free two -particle energies 𝐸 2
− 𝐸2
computed with the lattice eq. (9)
𝑓 𝑟 𝑒𝑒,𝑙𝑎𝑡𝑡
𝑓 𝑟 𝑒𝑒,𝑐𝑜𝑛𝑡
and continuum dispersion relation from the two-particle energy. The factor 𝐸 2
− 𝐸2
is a lattice artifact, i.e. it goes to zero in the continuum limit. However, at finite lattice spacing,
we notice a reduction of the statistical error in the phase shift computed from energies at large
momentum fig. 3 (blue point of the right panel of fig. 3).
6
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Table 1: Measured values of 𝑎 0 , 𝑀0 , 𝑀1 and 𝐸 2 . The column Δ𝑡 𝐶4BH corresponds to the value of 𝑎 0 fitted
with eq. (5) fixing 𝑡𝑖 = 3 and 𝑡 𝑓 = 16 or 𝑡𝑖 = 2 and 𝑡 𝑓 = 10. The column 𝐶BH + 𝑐 is the result of the fit with
eq. (3) adding a constant term. The two-particle energy 𝐸 2 is computed from 𝐶2 with the fit of eq. (7) and
from Δ𝐶˜2 with eq. (8). The corresponding value of 𝑎 0 computed with the Lüscher method is reported in the
corresponding columns. We used 2 · 107 configurations for each ensemble, generated from 200 replicas each
of 105 thermalized configurations. We bin the configurations in blocks of 105 (the entirely replica) and we
resample the resulting 200 configurations with jackknife. For the light mass 𝑀0 we measured the integrated
autocorrelation time 𝜏𝑖𝑛𝑡 ∼ 1.5 , while 𝜏𝑖𝑛𝑡 ∼ 0.5 for 𝑀1 . We skip 1000 configurations in each replica for
thermalization.
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Figure 3: Left panel: Values of the energies level measured for different values of 𝑝 2 minus the value predicted
using the lattice dispersion relation (blue circles) or the continuum dispersion relation (red triangles). Right
panel: values of the phases shift 𝛿 obtained from eq. (12) using as input the two-particle energies measured
𝑓 𝑟 𝑒𝑒,𝑙𝑎𝑡𝑡
𝑓 𝑟 𝑒𝑒,𝑐𝑜𝑛𝑡
on the lattice (red circles) or the energies corrected by a lattice artifact 𝐸 2
− 𝐸2
(blue point).
The statistic used is the same as described in the caption of table 1.

5. Conclusion
In this contribution, we studied the BH method, proposed in [1]. We have verified that it
produces results that are compatible with those of the Lüscher method [16]. We also studied the
s-wave scattering amplitude for two particles with the Lüscher method at non-zero momentum
[15]. As in [18], we observed that the error on the computed phase shift becomes larger with the
momentum of the two-particle state. This increase of the error can be mitigated by the subtraction
of a lattice artifact in the measured energy.
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