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Scattering at physical pion mass is still an exploratory field in lattice QCD. This generally involves
the extraction of excited states through multi-particle correlators on systems with resonances. In
that context, distillation has been demonstrated to be effective both as a smearing kernel and a
computational tool. Motivated by the study of the smearing profile of the distillation operator,
we compare stochastic and exact distillation cases for different numbers of Laplacian eigenvectors
using a RBC-UKQCD Nf = 2 + 1 domain-wall fermion lattice with a physical pion mass.
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1. Introduction

Lattice QCD is formulated on a Euclidean space and simulations always take place on finite
volumes, which means that there is no way of obtaining infinite-volume scattering information
directly from the lattice. We only have access to the Euclidean spectrum of the theory. Nevertheless,
a connection between the spectrum of a finite-volume Euclidean theory and the scattering amplitude
of the correspondent infinite-volume Minkowski theory was established already in the 1980s [1, 2]
and was further developed over the years [3, 4]. Moreover, lattice QCD is able to address hadronic
resonances by studying the scattering phase shift obtained from such finite-volume analysis [5].

The number of lattice studies of hadronic resonances has increased over the last years but still
is in an early stage [6]. As we approach physical pion masses, the number of energy levels available
for the finite-volume analysis decreases, which further motivates the inclusion of moving frames
on the calculation in order to satisfactorily constrain phase shift models. In particular, we will be
interested in studying P-wave Kπ scattering and the K∗(892) resonance at a physical pion mass.
This calculation was addressed previously at higher pion masses by other collaborations [7–10].

Another clear difficulty of scattering studies at physical pion mass is its computational cost. As
we decrease mπ , the physical spatial extension L must be increased in order to keep exponentially
suppressed finite-volume effects under control. For scattering studies, it is crucial to have access to
a reasonable operator basis in order to use variational analysis methods, and thus we use distillation
to smear quark fields and compute lattice correlators [11, 12].

After looking at the smearing radius of the distillation operator, we have done a tuning study
across different setups using 9 configurations of the RBC-UKQCD Nf = 2+1 domain-wall fermion
lattice with mπ ≈ 139 MeV and mK ≈ 499 MeV and a 483 × 96 volume [13]. Inversions of the
Dirac operator were done on every 8th time slice, and extended in exact distillation to every 2nd
time slice. We observe that for our case, opting for exact (non-stochastic) distillation is an optimal
choice and we outline the variational analysis setup in its early stage.

We use Grid as the data parallel C++ library for the lattice computations and Hadrons as
the workflow management system [14, 15]. The computation of meson fields efficiently and at
manageable storage cost demanded writing of dedicated code within Grid and Hadrons, which are
being documented and released as open-source and free software. The previous version of the
distillation code within Grid and Hadrons was first showcased in Ref. [16].

2. Distillation

In order to compute the correlator data necessary to extract the finite-volume energy spectrum,
we use the so-called distillation method [11]. Distillation involves a combination of link smearing
and 3D-Laplacian (Lap) quark smearing, which are both gauge covariant by construction. Suppose
a lattice of spatial volume N3, time extension Nt , number of Dirac components ND and number of
colors Nc. Given the gauge-covariant 3D-Laplacian [11] eigenvalues and eigenvectors on a certain
time slice, namely

− ∇2vk(t) = λk(t)vk(t), k = 1,2, . . . , 0 < λ1 < λ2 < . . . . (1)
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we define the smearing operator for distillation as a projector onto the low-mode subspace of −∇2,
i.e.

S(t) =
Nvec∑
k=1

vk(t)vk(t)†. (2)

The distillation operator defines the smeared quark field through ψ(t) → S(t)ψ(t). The suppression
of short-distance modes is desirable as they are deemed to contribute less to low-energy physical
signals in hadron correlation functions.

Given the Dirac operator D, smearing the quark field effectively defines the distilled quark
propagator S as

Sab,αβ(x, y) ≡
[
SD−1S†

]
ab,αβ

(x, y) =
∑̃
x,ã
Saã(x, x̃; t f )

∑
ỹ,b̃

D−1
αβ,ãb̃

(x̃, t f ; ỹ, t)(S†)b̃b(ỹ,y; t) (3)

=
∑
k

∑
l

vak(x; t f )

∑̃
x,ã

vãk(x̃; t f )∗
∑
ỹ,b̃

D−1
αβ,ãb̃

(x̃, t f ; ỹ, t)vb̃l(ỹ; t)
 vbl(y; t)∗,

where the term between square brackets is the perambulator ταβ,kl(t f , t). This is what is referred to
as exact distillation.

The perambulator gives us access to all spatial entries of the propagator between t f and t0.
Due to the projection of the space-color subspace into the distillation subspace, the number of
inversions needed to access a perambulator is way smaller than the number of inversions for an
explicit full propagator (all color-positions to all color-positions), namely 4Nvec ∼ O(102) against
12N3 ∼ O(106) per source and sink time slice, quark flavor and configuration (typically for O(10)
time slices and O(102) configurations).

2.1 Stochastic and Diluted Distillation

Instead of evaluating S exactly using distillation, we can stochastically evaluate the perambula-
tors in the spin-time-Lap subspace, which can be efficient when the noise introduced is not greater
than the gauge noise [12]. For that, we define the spin-time-Lap noises η = [ηr

αk
(t f )], which obey〈

ηrαk(t f )
〉
η
= 0,

〈
ηrαk(t f )η

s
βl(t)

〉
η
= δrsδklδαβδ(t f − t), (4)

where r, s are noise hit indices and the expectation value is given by the usual definition 〈O〉η =
limNη→∞

1
Nη

∑Nη

r=1 Or .
It is also desirable to reduce the variance of such an estimation by introducing exact zeros

through dilution. We partition a single dilution space I as in

I =
Ni⋃
i=1

I i, i1 , i2 ⇒ I i1 ∩ I i2 = ∅, I i , ∅, (5)

where I i is a dilution partition labeled by i, which is a subset of I. There are no overlaps between
different partitions and no partition is empty. Furthermore, when combining different dilution
spaces, we demand the overlap between them to also be zero. The standard way of projecting
different objects onto the various partitions is to define dilution projectors in spin-time-Lap spaces,
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respectively, PS,PT and PL , and the collective projector Pd ≡ PSPT PL , where d is a compound
index containing S,T, L. The projectors have the usual properties

(Pd)2 = Pd,
∑
d

Pd = 1, (6)

where 1 here is the identity operator in the whole dilution space considered.
Using stochastic noises and dilution projectors, we can factorise the propagator into two vectors,

ϕ, %, as in

Sαβ
ab
(x, t f ; y, t) =

〈∑
d

ϕdaα(x, t f )%dbβ(y, t)
∗

〉
η

=
〈
Sab,αβ(x, y)

〉
η
, (7)

where the source vector is

%dbβ(y, t) ≡
∑
l

vbl(y; t)
∑

σ,n,w0

Pd
βσ,ln(t,w0)ησn(w0) =

∑
l

vbl(y; t)
(
Pdη

)
βl
(t) (8)

and the correspondent solution vector is

ϕdaα(x, t f ) ≡
∑
k

vak(x; t f )

[ ∑̃
β,t̃

∑̃
x,ã

vãk(x̃; t f )∗
∑
ỹ,b̃

D−1
αβ̃,ãb̃

(x̃, t f ; ỹ, t̃)%d
b̃β̃
(ỹ, t̃)

]
. (9)

In matrix notation, we can express a simple 2-point correlation function as

C(x, y) = − 〈tr [ΓS(x, y)ΓS′(y, x)]〉η = −

〈 ∑
d1,d2

[
%d1(y)†Γ1ϕ

d2(y) %d2(x)†Γ2ϕ
′d1(x)

]〉
η

= −

〈 ∑
d1,d2

[
Md1,d2
Γ1
(%, ϕ; y) Md2,d1

Γ2
(%, ϕ′; x)

]〉
η

. (10)

The meson fields Md1,d2
Γ
(%, ϕ; x) ≡ %d1(x)†Γϕd2(x) can be further momentum projected to enable

computation of momentum-space correlators. Note that we can use the stochastic-diluted notation
for exact distillation if we take full dilution in all subspaces, Nη = 1 and noise vectors with all
entries equal 1.

2.2 Smearing Profile and Radius

Choosing Nvec is not an easy task. In order to keep the 3D-Lap cut off constant between lattices
of different volumes, the number of eigenvectors has to be proportional to the volume. If we were to
scale Nvec from an earlier study on a 243×64 RBC-UKQCD lattice [16], we would need Nvec ∼ 500
low-lying 3D-Lap eigenvectors, rendering exact distillation prohibitively expensive. On the other
hand, having a small enough Nvec can potentially over-smear the quark field, prevent a satisfactory
momentum projection and remove excited states that we actually want to study. As this project is
tackling a physical-pion mass lattice directly, we decided to tune Nvec independently and report on
our findings in this section.

Given the distillation kernel of Eq. (2) and r ≡ |r|, we can build a spatial distribution function
[11]

Ψ(r) =
∑
x,t

√
tr Sx,x+r(t)Sx+r,x(t) (11)
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which measures the amount of smearing done by the S operator on the spatial lattices, or in
other words, how far is the smeared source from a point source. In Fig. 1, we see that, as Nvec
increases, the smearing profile tends to a narrow spatial distribution, which should approximate a
delta function for large enough Nvec.

Figure 1: Smearing profile for distillation operator for various Nvec. Stout-smearing parameters:
ρ = 0.2,n = 3.

Figure 2: Smearing radius defined in Eq. (12) as a function of Nvec. The dashed line is a naive fit to
A(Nvec + B)C , yielding C ≈ −0.3.

By defining the smearing radius as∫ R

0
Ψ(r)dr = 0.682

∫ aL/2

0
Ψ(r)dr, (12)

we can study how the smearing effect of distillation varies with Nvec on this ensemble. In Fig. 2, a
significant curve flattening starts at Nvec ∼ 60, showing that the decreasing of the smearing radius

5
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in physical units is progressively less effective as Nvec is increased above that regime. Given the
cost of a high Nvec, this motivated the study of simple observables at the region of Nvec ∼ 100 using
various distillation schemes in Table 1.

LI = 4 LI = 8 LI = 16 LI = 32 exact exact exact
Nvec 64 64 64,96,128 64 20 40 64
Ninv 32 64 128 256 80 160 256

Table 1: Distillation schemes explored. Full spin and time dilution were used on the stochastic runs and
LI corresponds to the number of Laplacian sources on an interlaced scheme [12]. For the exact runs,
Ninv = 4Nvec, while for the stochastic ones Ninv = 2NηLI with Nη = 2 noises (number of light and strange
inversions per configuration per time source).

3. Nvec and Cost Comparison

A first study on the smearing effect of distillation on simple observables was done using
light-strange vector-to-vector correlators, i.e. Eq. (10) with Γ = γi and one light and one strange
propagator, which we call K∗-like or vector correlator.

3.1 Nvec dependence

Firstly, we study the behavior of the K∗-like correlator by computing it at several values of
Nvec = 20,40,64,96,128 without any computational-cost normalization. In Fig. 3, using a cosh
fit function C(t) = Z0

(
e−E0t + e−(Nt−t)E0

)
, we tested the effectiveness of the momentum projection

by comparing E0 at different moving frames through the lattice dispersion relation. The fit ranges
were chosen on the exact distillation data with Nvec = 64.

Figure 3: Fitted values of the ground state energy obtained from cosh fits against Nvec (or the smearing
radius on top). Different colors represent different moving frames with total momentum P = 2πd/L. Data
computed in moving frames (A1 irrep) was boosted to the CM.
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We observe that for Nvec ≤ 64, there is a spread of different moving frame energies boosted
to the CM, which indicates a poor resolution of the momentum-space K∗-like operator. Note that
the comparison is done between moving frames at each value of Nvec, as the cost varies along that
axis. Also, by the same argument, we do not see a clear benefit when going above Nvec = 64, into
the stochastic data.

The boxed data points refer to exact distillation with 64 Laplacian eigenvectors, where just
gauge noise is present. In Fig. 4, we show the cosh effective mass for that exact setup. We
emphasize that the 12 time translations on each configuration were treated as independent samples,
which at low statistics was our best way to estimate errors. Progressive binning of those was
performed to check that conclusions did not change dramatically due to correlations. Also, we
are only looking at the ground state of a vector correlator, which limits our conclusions about the
signal-to-noise of excited states present in this channel.

Figure 4: Effective mass at different moving frames boosted to the CM (Nvec = 64 and exact distillation).
The bands represent the E0 fit results contained inside the box in Fig. 3.

3.2 Stochastic and Exact

Having some level of confidence around the value of Nvec = 64, we can also make a cost-
comparison study of the exact and different stochastic setups with LI Laplacian interlaced dilution
sources.

We can compare the cost-normalized error σ̃ = σ
√

Ninv between results of stochastic distillation
and exact, where there is only gauge noise. The dashed lines on Fig. (5) are a reference for when
only gauge noise would be present. As it is expected, lower values of LI tend to be quite above the
gauge noise reference. However, as we increase LI, the normalized gauge noise limit is not reached
even for LI = 32, where the number of inversions is the same as in exact distillation. On a Kπ
scattering workflow, the number of noises would be increased to at least 4 and the stochastic runs
would cost twice as much.

7
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(a) (b)

Figure 5: Cost-normalized error (σ̃ = σ
√

Ninv) ratio between stochastic and exact distillation for Nvec = 64
(fitted energy on the left and effective mass at source-sink separation t = 7 on the right). The dashed line
represents the gauge-noise limit (exact distillation).

4. Outlook of Variational Analysis

To perform a lattice scattering calculation based on the finite-volume formalism, we need to
obtain towers of low-lying energies on several moving frames. Defining a variational problem
and solving a generalized eigenvalue problem (GEVP) of a multi-hadron correlator matrix is a
possible way to proceed [6]. Multi-hadron correlators are suitable for computing within distillation,
as we can combine the same perambulators with different operators and generate correlators with
potentially different overlaps to various states.

The previous sections motivated the use of exact distillation and Nvec = 64. We extended the
run to have Dirac-operator inversions on every other time slice (for a total of 48 on our lattice). This
means that the correlators with backtracking lines are defined only on even time slices.

A simple estimation with non-interacting particles shows that even using moving frames up
to |P|2 = 4(2π/L)2 only yields ∼ 10 levels below the inelastic threshold. This means that for
each moving frame, a maximum of 3 energies might be in the elastic regime where the 2-particle
quantisation of the finite-volume formalism is valid. We produced meson fields that are able to
construct multi-hadron correlators with total momenta squared up to 4(2π/L)2, with the possibility
of building up to 10× 10 GEVPs depending on the irrep, by varying the combinations of momenta.

We performed a preliminary rest-frame GEVP (T1u irrep) on a 2 × 2 correlator matrix C(t)
defined by single-hadron (s̄γz l) (p = 0) and multi-hadron (K(q)π(−q))I=1/2 operators. The GEVP
was solved using a simple fixed-t0 method defined by

C(t)u(t, t0) = λ(t, t0)C(t0)u(t, t0), (13)

and yielded results in Fig. 6. Note that the lowest level on rest frame is above the inelastic threshold,
which means the extracted rest-frame energies will not contribute to the conventional Lüscher’s
analysis. To further investigate larger correlator matrices and moving frames in the future, we will
extend the computation to have all correlators defined on every time slice, which will enable a finer
tuning of t0.

8
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Figure 6: Preliminary fixed-t0 GEVP on a 2 × 2 correlator matrix (t0 = 2). The Kπ-like operator has
back-to-back momenta q = (0,0,1) (not averaged over different directions). Every 8th consecutive time
translations were binned together. The physical K∗ mass (mphys

K∗ ) was taken from Ref. [17].

5. Conclusions and Outlook

By studying several distillation setups for various Nvec, we observed that the smearing cor-
responding to Nvec = 64 consistently momentum-projects single-particle operators at different
moving frames, and that going above that value is not particularly beneficial at correlator level.
Moreover, after defining a cost-normalized standard deviation, we noticed that the stochastic setups
with increasing number of diluted Laplacian sources and Nη = 2 do not present better cost-signal
than on the exact setups at Nvec = 64.

Using exact distillation at Nvec = 64, we have computed the multi-hadron correlators (on
every 2nd time slice) necessary for a minimal Kπ scattering study at physical pion mass. We have
performed a simple GEVP from a 2 × 2 rest-frame correlator matrix which yielded sensible results
at this stage. Sat as a next step, we will increase our statistics and perform the variational analysis
(and subsequently the finite-volume analysis) for n × n, n ≤ 10 GEVPs with Dirac inversions done
on every time slice. The correlator matrix size will depend on the operator basis used and on each
moving frame (with |P|2 ≤ 4(2π/L)2).
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