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In this talk, we discuss real-time thermalization dynamics of Z2 Lattice Gauge Theory in 2+1
spacetime dimensions [1]. While classical thermalization is commonly associated with chaotic behavior, turbulence and universality, the manifestation of these phenomena in quantum mechanical
systems is not clear. However, when viewed through the lens of Entanglement Structure, we find
that quantum thermalization proceeds in characteristic stages and reveals phenomena remarkably
similar to their classical counterparts: chaos, turbulence and universality.

The 38th International Symposium on Lattice Field Theory, LATTICE2021 26th-30th July, 2021
Zoom/Gather@Massachusetts Institute of Technology
∗ Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0).

https://pos.sissa.it/

PoS(LATTICE2021)441

chaos, turbulence and universality

Quantum thermalization of gauge theories:
chaos, turbulence and universality

Maximization of
Schmidt rank

Niklas Mueller

0.1

saturation of
thermal entropy

self-similar
evolution

spreading of entanglement
and level repulsion

50

1

200

ϵ⋅t

Figure 1: Overview of the stages of quantum thermalization of Z2+1
2 , including (exponential) growth of
Schmidt values and build-up of level repulsion at earliest time, and saturation of the von-Neumann entropy
at a parametrically later stage. An intermediate regime is characterized by self-similar evolution, typical for
(classical) wave turbulence.

Recent advances in simulating quantum many-body systems with digital quantum computers
and analog devices, based on atomic, molecular and optical (AMO) systems, have opened new
avenues to address old problems [2–9]. One such question is the thermalization of gauge theories,
relevant e.g. for Quantum Chromodynamics (QCD) in ultra-relativistic heavy ion collisions [10],
and in many other fields ranging from atomic gases [11], to condensed matter physics [12], and
cosmology [13].
Much understanding has been derived from the Eigenstate Thermalization Hypothesis [14, 15]
and it has become clear that entanglement is an important ingredient in thermalization, yet the
latter is barely explored for gauge theories because of its ambiguous definition [17–20]. In this
work, we overcome this issue for Z2 LGT in (2+1) spacetime dimensions (Z2+1
2 ), by developing
dual formulations ‘with entanglement cuts’, allowing us to compute the Entanglement Structure of
non-equilibrium states. Focusing on quench dynamics of an initial unentangled state, we investigate the ‘Entanglement Spectrum’ (ES), a representation of a state in terms of an ‘Entanglement
Hamiltonian’ (EH), analogous to energy levels, first suggested by Li and Haldane as an indicator of
topological order in non-Abelian fractional Quantum Hall effect systems [21].
We find that thermalization proceeds in clearly separated stages, c.f. Fig. 1: Exponentially-fast
growth of Schmidt values and maximization of the rank of the reduced density matrix at earliest
times, followed by spreading of ES level repulsion, and saturation of entanglement entropy at
parametrically later times. An intermediate regime is characterized by self-similar evolution of the
Schmidt spectrum, with scaling coefficients 𝛼 = 0.8 ± 0.1 and 𝛽 = 0.05 ± 0.03, reminiscent of
classical wave turbulence and universality.

2. Hamiltonian Formulation of Z2+1
2 Lattice Gauge Theory
The Hamiltonian of Z2+1
2 LGT is [1, 22]
Õ
Õ
𝑧
𝑧
𝑧
𝑥
𝐻=−
𝜎n,𝑧 𝑥 𝜎n+
𝜎n,𝑖
,
𝑥,𝑦
ˆ 𝜎n+ 𝑦,
ˆ 𝑥 𝜎n,𝑦 − 𝜖
n

(1)

n,𝑖=𝑥,𝑦

𝑥/𝑧
where 𝜎n,𝑖
are Pauli operators positioned along the links of a two-dimensional spatial lattice
Î
𝑥 specifies the physical sector
n ≡ (𝑛 𝑥 , 𝑛 𝑦 ) with 𝑛𝑖 ∈ [0, 𝑁𝑖 − 1]. Gauss law 𝐺 n ≡ 𝑖 𝜎n𝑥 𝜎n−
𝑖ˆ
𝐺 n |𝜓 phys i = |𝜓 phys i. Z2+1
LGT
was
first
proposed
by
Wegner
[22]
as
a model containing a phase
2
transition without a local order parameter, a deconfinement (𝜖 < 𝜖 𝑐 ) versus confinement (𝜖 > 𝜖 𝑐 )
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transition, later understood in the context of topological order (TO) [23]. Our main interest is the
Entanglement Spectrum {𝜉𝜆 } of a quantum state |𝜓i, defined from its Schmidt decomposition
Õ
𝜉
𝜒
− 2𝜆 𝜆
|𝜙 𝐴i|𝜙𝜆𝐵 i ,
(2)
|𝜓i =
𝜆=1 𝑒
where |𝜙𝜆𝐴i and |𝜙𝜆𝐵 i are the Schmidt vectors of a bipartition into subsystems 𝐴 and 𝐵, respectively,
and 𝜒 the rank of the reduced density matrices,
Õ
𝜒
− 𝜉𝜆 𝜆
𝜌𝐴 =
|𝜙 𝐴ih𝜙𝜆𝐴 | ≡ exp(−𝐻 ent. ) ,
(3)
𝜆=1 𝑒

3. Thermalization of Z2+1
2 Lattice Gauge Theory
Considering the entanglement of a bipartition of a two-dimensional lattice with periodic
boundary conditions, we study non-equilibrium dynamics after a quench by computing the ES
of non-equilibrium states. Towards this end, we prepare an initially unentangled state, a random
(excited) eigenstate of Eq. (1) for 𝜖 → ∞, and then time-evolve it with the full Hamiltonian, for
𝜖 = 1.
We find that the thermalization process occurs in characteristic stages with clearly separated
timescales, depicted in Fig. 1. At earliest times, 𝜖 · 𝑡 / 1, there is quick change from an initially
un-entangled product state, with Schmidt rank 𝜒 = 1, to a state with maximal rank 𝜒 = dim( 𝐴).
As is illustrated in Fig. 2(a), this phase is characterized by exponential growth of Schmidt values
𝑃𝜆 (𝑡) ≡ exp (−𝜉𝜆 (𝑡)), reminiscent of unstable mode growth in classical plasmas [29].
We study the evolution of the system from the perspective of level statistics of the ES, an
important measure indicating the presence of chaos in the system [30], by computing the level
spacing distribution of the unfolded ES [31] and the gap ratio [32],
𝑟𝜆 ≡

min(𝛿𝜆 , 𝛿𝜆−1 )
,
max(𝛿𝜆 , 𝛿𝜆−1 )

(4)

where 𝛿𝜆 ≡ 𝜉𝜆 − 𝜉𝜆−1 > 0 are the level spacings of the ES. Fig. 2(b) shows the distribution of
gap ratios, P (𝑟 𝜆 , 𝑡) for 𝜖 · 𝑡 ≥ 1 and Fig. 2(c) its time dependence, with average h𝑟i Poisson ≈ 0.38,
3
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which defines the Entanglement Hamiltonian (EH), 𝐻 ent. (𝜒 = 1 denotes an un-entangled state).
A duality, between Eq. (1) and a two-dimensional Ising model, for an infinite system was
recognized in [22, 24], however, the naive definition of entanglement on the Ising-side of the duality
does not match that of the gauge theory. In light of this, we developed generalized dualities [1],
whereby the dual theory is embedded into a larger, unphysical Hilbertspace along entanglement cuts
and physical boundaries, enabling us to compute the entanglement spectrum of the gauge theory.
We verify the validity of our approach by explicitly demonstrating Li and Haldane’s bulkboundary conjecture [21], for the first time in a gauge theory, both analytically in perturbation theory
for an infinite systems, as well as numerically on a torus at arbitrary coupling [1]. We also reconstruct
the Entanglement Hamiltonian, using an ansatz based on the Bisognano-Wichmann theorem [25,
26], and find good agreement with expectations from the theorem [27] in the topological ordered
and trivial phase, as well as at the critical point 𝜖 = 𝜖 𝑐 . Using the closure of the ‘Entanglement Gap’
[21] of the ES as an indicator, we can determine the critical coupling 𝜖 𝑐 to within 10% accuracy [28],
even on very small lattices 𝑁 𝑥 × 𝑁 𝑦 = 6 × 4 [1].
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h𝑟i GOE ≈ 0.52 and h𝑟i GUE ≈ 0.60. We compare to expectations from a completely uncorrelated Poisson distribution (blue dotted), commonly associated with many-body localization, versus
Gaussian Orthogonal (GOE, red dashed) and Gaussian Unitary Ensembles (GUE, green dotted)
attributed to the presence of chaotic behavior1. The EH is consistent with GUE statistics at 𝜖 · 𝑡 ≥ 1
and remains so at all times, we note that the level spacing statistics of the physical Hamiltonian
Eq. (1) for 𝜖 = 1 is GOE2.
At intermediate times 𝜖 · 𝑡 ≈ 2 − 80, the approach to thermal equilibrium is characterized by a
self-similar form of the Schmidt spectrum, see Fig. 3,
𝑃𝜆 (𝑡) = 𝜏 −𝛼 𝑃(𝜏 𝛽 𝜆) ,

(5)

where 𝜏 ≡ 𝜖 · (𝑡 − 𝑡0 ) with scaling exponents 𝛼 = 0.8 ± 0.1, 𝛽 = 0.05 ± 0.03 and 𝜖 · 𝑡0 =
1.8 ± 0.2, the error reflecting the systematic uncertainty of our statistical analysis but not finite
volume effects, which we believe are significant. Self-similar scaling behavior is characteristic of
wave turbulence and universality in classical systems [29], consequently we call this phenomenon
‘quantum turbulence’.
We point out that the scaling regime does not cover the whole range 𝜆, as can be seen in
Fig. 3. Whether this is because of the presence of a separate scaling regime in the ‘low energy
part’ of the ES, as is typical, e.g. for classical non-Abelian plasmas [34, 35], or simply due to
finite-volume effects is not clear and deserves further investigation. Given the exponential cost
for classical computers to do so, this is a strong motivation for exploration with near-future digital
quantum computers and analog simulators.
Displayed in the inset of Fig. 2(c), the system finally reaches thermal equilibrium at late times
𝜖 · 𝑡 ≥ 150, marked by the von-Neumann entropy 𝑆 𝐸 = −tr 𝐴 (𝜌 𝐴 log(𝜌 𝐴)) saturating to the thermal
entropy of a global Gibbs state.
1Because contributions from different symmetry sectors are always uncorrelated, we consider the symmetry-resolved
ES by projecting the reduced density matrix into its symmetry sectors.
2The significance of GUE over GOE is the absence of time reversal invariance. While one may naively assume that
the EH approaches Eq. (1), in line with a Gibbs ensemble i.e. 𝜌 thermal
∼ exp (−𝛽𝐻 𝐴), and that the level statistics should
𝐴
be equal, we point out that this is not exactly correct because it should be the global state corresponding to a Gibbs
ensemble, i.e. 𝜌 thermal
= tr 𝐵 (𝜌 can. ), where 𝜌 can. = exp(−𝛽𝐻)/tr(exp(−𝛽𝐻)) [33].
𝐴
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Figure 2: (a) Exponential growth in the Schmidt spectrum 𝑃𝜆 (𝑡), in the early-time regime 𝜖 · 𝑡 ≤ 1. Level
repulsion: (b) distribution of gap ratio 𝑟 𝜆 for 𝜖 · 𝑡 ≥ 1 and (c) the level distribution is consistent with GUE and
chaotic behavior at late times. Inset of (c): Saturation of the von Neumann entropy 𝑆 𝐸 to thermal entropy at
asymptotically late times 𝜖 · 𝑡 ≥ 150. Results are for a lattice of 𝑁 𝑥 × 𝑁 𝑦 = (3 + 5) × 3.
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Figure 3: Left: Un-rescaled Schmidt spectrum 𝑃𝜆 (𝑡) for different times. Right: The rescaled spectrum is
characterized by a self-similar universal form in the scaling regime, spanning roughly 𝜖 · 𝑡 ≈ 2 − 80. The
spectra for times outside this scaling regime, 𝜖 · 𝑡 ≤ 2 and 𝜖 · 𝑡 ≥ 80, are shaded out.

4. Discussion
Understanding thermalization of gauge theories is a major motivation for high energy and nuclear physics, e.g., in the context of Quantum Chromodynamics (QCD) probed in ultra-relativistic
heavy ion collisions, but also for deeply inelastic scattering experiments at a future Electron-Ion
Collider. While thermalization of QCD has been studied intensely, mostly by semi-classical approaches [10], the implications of Eigenstate Thermalization Hypothesis or Entanglement Structure
were not addressed. For example, gauge theories have an extensive number of constraints, and one
may expect their thermalization dynamics to be different from non-gauge systems. Our results
suggest that this is not the case, and we expect the uncovered thermalization scenario to apply
generically to many other systems 3.
Understanding thermalization is an important motivation for exploration of high energy and
nuclear physics with quantum computers and analog simulators, using tools such as Entanglement Structure. Extracting Entanglement Hamiltonians and Entanglement Spectra in state-of-theart quantum simulator experiments has already been demonstrated using efficient Entanglement
Hamiltonian Tomography (EHT) protocols [27, 37–41].
As shown in [1], Entanglement Structure is also key to understand topological phases, e.g. of
condensed matter systems [42, 43] and in the context of topological quantum computation [44, 45],
and is central to an interdisciplinary interchange of high energy and nuclear physics with these
fields.
Clearly, a long and winding road lies ahead, from Z2+1
2 to quantum simulating QCD. Nonetheless, Entanglement Structure and Eigenstate Thermalization, may already give important phenomenological insights, e.g., into the rapid hydrodynamization and thermalization of the quarkgluon plasma in ultra-relativistic heavy ion collisions, including (quantum) chaos, turbulence and
universality. We will explore those opportunities in the near future.
3In fact, the large separation in time scales, between build-up of level repulsion and thermalization, has been noted
first in non-gauge systems [36].
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