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We present the results of a lattice calculation of four-quark states with the quark contents 𝑏̄𝑐𝑞1𝑞2
where 𝑞1, 𝑞2 ∈ 𝑢, 𝑑, 𝑠. For the spin 1 states, when the light quark (𝑞1, 𝑞2) masses are lighter, we
find at least one energy level below the possible elastic threshold energy levels. These calculations
are performed on three dynamical 𝑁 𝑓 = 2 + 1 + 1 highly improved staggered quark ensembles at
lattice spacings of about 0.12, 0.09, and 0.06 fm. We use the overlap action for light to charm
quarks while a non-relativistic action with non-perturbatively improved coefficients is employed
for the bottom quark.
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1. Introduction

Hadron spectroscopy is passing through an incredible era with the discovery of a large number
of subatomic particles in a short span of time [1]. Moreover, it is highly anticipated that many more
hadrons will be discovered in the near future from the large data being collected and to be collected
at LHCb, BESIII, BelleII, JPARC and JLAB. While some of the newly discovered particles could
be understood as the regular mesons and baryons, many of them do not fit in the conventional
valence quark-antiquark or three quark pictures. Observed decay channels for some of these states
even manifestly demand interpretation through four or five valence quark configurations. Though
a number of theories have been put forward to interpret these new exotic states – starting from
compact tetraquarks, loosely bound molecules, hadroquarkonia and hybrids, etc., and even by non-
resonant structures arising from threshold effects and triangle singularity, a coherent picture on the
formations, structures and properties of these new states, is still elusive [2–7].

Lattice QCD is the best suitable way to study the energy spectra and structures of subatomic
particles quantitatively with controlled systematic errors, which can further be improved with
increasing computing resources. Naturally, lattice QCD is a promising tool to study these new
particles. Here the primary goal is to understand the energy spectra and structures of these new
particles and to predict many more such particles to guide in discovering them at experimental
facilities. However, in order to unveil the infinite-volume physics from the finite-volume spectrum,
it is essential to perform chiral and continuum extrapolations to the physical limits, along with a
detailed finite-volume analysis to discern the pole distribution in the scattering amplitude across
the complex energy plane. For the states such as 𝑋 (3872), 𝑍 (4430), 𝑃𝑐-pentaquarks etc., where
there are a number of multi-particle thresholds, it is quite challenging to obtain precise results
with current-days available statistics and lattice technologies. As a result, only a few preliminary
attempts have so far been made to investigate these newly discovered exotics c.f. in charmonia
[8–10].

However, for the states well below the elastic threshold, lattice QCD can provide precise results
to investigate them in detail and even can guide in discovering them. Indeed, a consistent prediction
has been made by multiple lattice QCD groups [11–15] where deeply bound four-quark states have
been found with the valence quark contents 𝑏̄𝑏̄𝑢𝑑 and 𝑏̄𝑏̄𝑢𝑠 with spin 𝐽 = 1 and isospin 𝐼 = 0
and 𝐼 = 1/2. An energy level of about 100-150 MeV below the elastic threshold (𝐵𝐵∗) was found
for 𝑏̄𝑏̄𝑢𝑑 which can be associated with its binding energy assuming the finite volume effects are
small in a system of two heavy mesons. For its strange-sibling, 𝑏̄𝑏̄𝑢𝑠, the respective threshold and
the predicted binding energy are 𝐵𝐵∗

𝑠 and 70-100 MeV. That makes these very states stable under
strong interactions, and hence they are the prime candidates to search for at experimental facilities.
However, a large center of momentum energy is required to produce a hadron with two bottom
quarks and hence their discovery may get delayed. Other doubly heavy four-quarks that are also
appealing are 𝑏̄𝑐𝑢𝑑 𝑏̄𝑐𝑢𝑠, 𝑐𝑐𝑢𝑑 and 𝑐𝑐𝑢𝑠, and they have a greater discovery potential. Recently
a state with the valence quark configuration 𝑐𝑐𝑢̄𝑑, named as 𝑇+

𝑐𝑐 , has been discovered by LHCb
[16, 17]. Prior to that discovery, in a lattice calculation we found an energy level 23 ± 11 MeV
below the elastic threshold, 𝐷𝐷∗ [13]. However, as mentioned earlier, it is necessary to make
an amplitude analysis of finite-volume spectrum to associate that energy level with the discovered
state. For 𝑐𝑐𝑢𝑠, we also found an energy level 8 ± 8 MeV below the elastic threshold 𝐷𝐷∗

𝑠, which
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again needs a detail volume study to find whether that is a scattering state or a bound state close to
the threshold as in the case of 𝑇+

𝑐𝑐 .
Lattice calculations have also been performed recently for 𝑏̄𝑐𝑢𝑑 (𝐽 = 1, 𝐼 = 0) and 𝑏̄𝑐𝑢𝑠 (𝐽 =

1, 𝐼 = 1/2). In Ref. [18] it was reported that for 𝑏̄𝑐𝑢𝑑, an energy level exists 15-61 MeV below
its elastic threshold (𝐷𝐵∗). However, in Ref. [15] authors of Ref. [18] refined their results with
an improved quark source and reported a new set of results where no indication of any binding for
either 𝑏̄𝑐𝑢𝑑 or 𝑏̄𝑐𝑢𝑠 was found. In Ref. [19], no binding for 𝑏̄𝑐𝑢𝑑/𝑏̄𝑐𝑢𝑠 has also been reported.
𝑏̄𝑐𝑢𝑑/𝑏̄𝑐𝑢𝑠 have also been investigated through various models (see Ref. [18] for references on
such models). While the HQ-symmetry inspired and non-chiral models mostly found unbound or
very weekly bound states, QCD sum rule and chiral models reported a bound state (both for 0 and
1-isospins) with binding energy over a wide range ∼ 20 − 400 MeV.

Here we report preliminary results from our ongoing study of 𝑇𝑏𝑐 (𝑏̄𝑐𝑢𝑑) (𝐽 = 1, 𝐼 = 0) and
𝑇𝑏𝑐𝑠 (𝑏̄𝑐𝑢𝑠) (𝐽 = 1, 𝐼 = 1/2) channels. Contrary to the other two lattice calculations [15, 19] our
preliminary results indicate the presence of an energy level, which can be clearly extracted, below
the respective elastic thresholds both for 𝑏̄𝑐𝑢𝑑 and 𝑏̄𝑐𝑢𝑠. We perform this calculation at both coarse
and finer lattice spacings and find that the extracted energy levels have lattice spacing dependence
– the lowest energy level gets deeper below the elastic threshold at finer lattices.

2. Lattice set up and operators

The lattice set up for this work is the same as in ILGTI’s previous calculations on heavy hadrons
[20, 21], four-quarks [13] and dibaryons [22]. We use the three set of 𝑁 𝑓 = 2 + 1 + 1 flavours
HISQ gauge ensembles generated by MILC of lattice sizes 243 × 64, 323 × 96 and 483 × 144 with
lattice spacings 0.012, 0.0888 and 0.0582 fm, respectively [23]. We use overlap action for the light
to charm valence quarks and the valence propagators are calculated employing a gauge fixed wall
source. As detailed in Refs. [13, 20–22] an NRQCD action, with improved coefficients is used for
the bottom quarks. The strange quark mass is tuned by setting the unphysical pseudoscalar mass 𝑠𝑠
to 688 MeV, while the charm and bottom quark masses are set by equating the lattice determined
spin-averaged kinetic masses of 1S quarkonia to their respective experimental values.

Meson-meson type Antidiquark-diquark type

1 (𝑏̄𝛾5𝑞1) (𝑐𝛾𝑖𝑞2) 4 ( [𝑏̄𝐶𝛾𝑖𝑐] [𝑞1𝐶𝛾5𝑞2])

2 (𝑏̄𝛾𝑖𝑞1) (𝑐𝛾5𝑞2) 5 ( [𝑏̄𝐶𝛾5𝑐] [𝑞1𝐶𝛾𝑖𝑞2])

3 𝜖𝑖 𝑗𝑘 (𝑏̄𝛾 𝑗𝑞1) (𝑐𝛾𝑘𝑞2) 6 𝜖𝑖 𝑗𝑘 ( [𝑏̄𝐶𝛾 𝑗𝑐] [𝑞1𝐶𝛾𝑘𝑞2])

Table 1: The set of interpolating fields used for four-quark contents 𝑏̄𝑐𝑞1𝑞2. [] refers to the color triplet
(anti)diquark objects, whereas () refers to the color neutral objects. 𝐶 is the charge conjugation operator,
and 𝛾 refers to the Dirac matrices. The numbers on the left side of each operator are related to the operator
ordering in GEVP. Appropriate linear combinations of the above operators are taken for the projections to
isospins I = 0 and I = 1/2.

The set of interpolating fields considered for this work with the valence quark contents 𝑏̄𝑐𝑞1𝑞2,
with 𝑞1, 𝑞2 ∈ 𝑢, 𝑑, 𝑠, are shown in Table 1. These are all spatially-local operators. It is to be noted
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that along with the HQET-inspired operators, for which a heavy diquark has spin 1, we also use
the diquark-antidiquark type operators with the light diquark having a spin 1 keeping in mind that
charm quark mass is much lighter than that of the bottom quark.

3. Results

We report our preliminary results on the energy spectra of 𝑏̄𝑐𝑞1𝑞2 with various values of𝑚𝑞1 and
𝑚𝑞2 , while keeping the bottom and charm quark masses at their physical values. The relevant two-
meson thresholds for the isoscalar axial-vector 𝑏̄𝑐𝑢𝑑 channel are 𝐵∗𝐷, 𝐵𝐷∗ and 𝐵∗𝐷∗, with 𝐵∗𝐷 as
the lowest one. For 𝑏̄𝑐𝑢𝑠, corresponding two-meson thresholds are 𝐵∗𝐷𝑠, 𝐵

∗
𝑠𝐷, 𝐵𝐷∗

𝑠, 𝐵𝑠𝐷
∗, 𝐵∗𝐷∗

𝑠

and 𝐵∗
𝑠𝐷

∗, where 𝐵∗
𝑠𝐷 is the lowest one. The matrices of two point correlation functions, 𝐶𝑖 𝑗 (𝑡) =

〈𝑂𝑖 (𝑡 + 𝑡src)𝑂†
𝑗
(𝑡src)〉, are constructed with the interpolators listed in Table 1, and are used to form a

generalized eigenvalue problem 𝐶𝑖 𝑗 (𝑡)𝑣 (𝑛)𝑗
(𝑡, 𝑡0) = 𝜆 (𝑛) (𝑡, 𝑡0)𝐶𝑖 𝑗 (𝑡0)𝑣 (𝑛)𝑗

(𝑡, 𝑡0). The energy spectra
is then extracted from the large time behaviour of the eigenvalues 𝜆 (𝑛) (𝑡, 𝑡0), with the exponential
fits.

We analyze various combination of operators to check the consistency in the ground state
energy with the variation of the number of interpolating fields. In Fig. 1 we show the energy
splitting of the ground state from the elastic threshold for 𝑏̄𝑐𝑢𝑠, at the quark mass 𝑚𝑢 corresponding
to the pseudoscalar meson mass 550 MeV on the fine lattice ensemble (𝑎 = 0.0582 fm). The top
part shows the energy difference with respect to the variation of fit-window and the bottom part is
the corresponding 𝜒2 per degrees of freedom for the corresponding fits.
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a.
ΔE

Figure 1: Top: Energy splitting of the ground state with respect to the elastic threshold (shown by the dotted
line) for the isoscalar axial-vector 𝑏̄𝑐𝑢𝑠 at the quark mass 𝑚𝑢 corresponding to 𝑚𝜋 ∼ 550 MeV. The result is
obtained on the fine lattice ensemble (𝑎 = 0.0582 fm) showing the dependence of the fitted result at times 𝑡.
The red and blue circles are obtained by direct and ratio fitting methods. Bottom: 𝜒2/d.o.f. for the respective
fits.

In Fig. 2 the variation of the finite-volume spectrum, as extracted by the above procedure, is
shown as a function of the basis of operators that we consider in the analysis. The filled and empty
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Figure 2: A representative figure showing the basis dependence of the fitted energy differences from the
elastic threshold (shown by the horizontal line set at zero). The circles below indicate whether an operator
is included (filled) or not (empty) in a particular set of operators in the eigenvalue problem.

circles below represent whether an operator is included or not in the analysis. For example, in the
farthest-left side the basis set has all filled circles, which signifies that we include all 6 operators in
the sequence 1 to 6 as in Table 1. The top part shows the energy difference as obtained in Fig. 1
for a particular basis shown by column of circles shown vertically. It can be clearly seen that the
inclusion of the operator 2 is essential to get an energy level below the lowest threshold. This
particular figure is for the case of 𝑏̄𝑐𝑢𝑠 on the fine lattice ensemble (𝑎 = 0.0582 fm) at the physical
bottom and charm quark mass and at𝑚𝑢 corresponding to the pseudoscalar meson mass of 550 MeV.
To see the relative strength of the correlation matrix elements with respect to the diagonal elements
one can define a normalized correlation matrix, 𝐶𝑖 𝑗/

√︁
𝐶𝑖𝑖𝐶 𝑗 𝑗 . In Fig. 3 we show a matrix plot

representing that cross-correlation between various operators. It is interesting to see that operator
4, the HQET-inspired operator for which a heavy diquark has spin 1, is the only antidiquark-diquark
type operator that has strong cross-correlations with meson-meson operators.

We perform similar analysis for 𝑏̄𝑐𝑞1𝑞2 at a number of light quark masses (𝑚𝑞1 = 𝑚𝑞2 = 𝑚𝑞)
while keeping the charm and the bottom quark masses at their physical values. In Fig. 4 we show
the results for two set of operator basis – when only operators 1, 2 and 4 are included (left), and
when all 6 operators are included (right). The vertical-axis represents the energy difference of the
extracted energy levels from the elastic 𝐵∗𝐷-threshold while the horizontal-axis is the pion mass
corresponding to the different light-quark masses (𝑚𝑞1 = 𝑚𝑞2 = 𝑚𝑞). These results are obtained
at the finest ensemble (𝑎 = 0.0582 fm) and show the presence of an energy level below the lowest
𝐵∗𝐷-threshold for all values of the light quark masses even above the strange quark mass. This
energy difference (Δ𝐸) increases as 𝑚𝑞1 , 𝑚𝑞2 approach their physical values. On the higher side
one needs to investigate whether Δ𝐸 reduces further and approach its elastic threshold limit at
𝑚𝑞1 = 𝑚𝑞2 = 𝑚𝑐 or 𝑚𝑏. A preliminary estimate for |Δ𝐸 |𝑏̄𝑐̄𝑢𝑑 is found to be ∼ 20 − 40 MeV at the
physical quark masses.
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Figure 3: The normalized correlation matrix, 𝐶𝑖 𝑗/
√︁
𝐶𝑖𝑖𝐶 𝑗 𝑗 , at 𝑡 = 6. This matrix plot, with relative color

coding, shows the relative strength of the correlation matrix elements with respect to the diagonal elements.
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Figure 4: The finite-volume energy spectra of the isoscalar axial-vector 𝑏̄𝑐𝑢𝑑 in terms of their splitting from
the elastic threshold, at various values of 𝑚𝑢 = 𝑚𝑑 corresponding to pion masses shown in the 𝑥-axis. The
horizontal lines refer various non-interacting levels with the elastic threshold set at zero. Left: For the basis
including operators 1, 2, and 4. Right: Same as on the left, but for the full operator basis.

In Fig. 5 we show the similar results for the four-quark configurations 𝑏̄𝑐𝑞𝑠 where the strange,
charm and bottom quark masses are kept at their physical values while the light quark mass 𝑚𝑞

(equivalently the pion mass) is varied. Here also we see an energy level below the lowest threshold
𝐵∗
𝑠𝐷, that is, the extracted Δ𝐸 is non-zero and negative within the statistics. Here again, as in the

case of 𝑏̄𝑐𝑞1𝑞2, we see the similar pion mass dependence of Δ𝐸 , that is, smaller the light quark
mass larger is the value of |Δ𝐸 |.

Next, to see the lattice spacing dependence of the extracted energy differences (Δ𝐸) we perform

6
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Figure 5: Same as in Figure 4, but for the isoscalar axial-vector 𝑏̄𝑐𝑢𝑠 channel
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Figure 6: Same as Fig. 1 for 𝑏̄𝑐𝑢𝑠 four-quarks, but at a coarser lattice spacing (𝑎 = 0.12 fm) and at a light
quark mass (𝑚𝑢) corresponding to the pion mass 340 MeV. Compared to the fine lattice results the energy
splitting shown above is smaller and is consistent with zero.

similar study on our coarsest lattice ensemble (𝑎 = 0.12 fm). In Fig. 6 we show a representative
plot to illustrate our results for 𝑏̄𝑐𝑢𝑠 at a light quark mass (𝑚𝑢) corresponding to the pion mass 340
MeV. This plot shows that the energy splitting of the lowest energy level from the elastic threshold,
similar to the one presented in Fig.1, on a coarser lattice is smaller and consistent with zero within
the statistics. We plan to further study the lattice spacing dependence of the energy spectra on a
larger number of configurations and also with another lattice spacing at 𝑎 = 0.09 fm.
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4. Conclusions and outlook

Motivated by the discovery potential of four-quark bound states with the valence quark con-
figurations 𝑏̄𝑐𝑢𝑑/𝑏̄𝑐𝑢𝑠, we have performed a lattice QCD calculation to study the energy spectra
of these systems. We report preliminary results for the cases with 𝐽 = 1 and isospins 𝐼 = 0 and
1/2. Our preliminary results indicate the presence of an energy level below the respective elastic
threshold both for 𝑏̄𝑐𝑢𝑑 and 𝑏̄𝑐𝑢𝑠. We also find that the energy splitting between the ground state
from the elastic threshold is dependent on the lattice spacing and it increases as one approaches the
continuum limit. This could be related to the cut-off effects of the energy spectra. Hence one needs
to use a finer lattice so that 𝑚𝑐𝑎 value for the charm quark is small. Our preliminary estimate, at
the fine lattice ensemble, of this energy difference for 𝑏̄𝑐𝑢𝑑 is in the range of 20-40 MeV below
its elastic threshold. A detailed investigation on the volume dependence of these finite-volume
energy levels is further required to make concrete inferences on the existence of bound states in
these channels. We plan to perform such a study in future.
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