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The pion light-cone distribution amplitude (LCDA) is a central non-perturbative object of interest
for the calculation of high-energy exclusive processes in quantum chromodynamics. In this article,
we discuss the calculation of the second and fourth Mellin moment of the pion LCDA using a
heavy-quark operator product expansion. The resulting value for the second Mellin moment is
D E
ξ 2 (µ = 2 GeV) = 0.210 ± 0.013 (stat.) ± 0.034 (sys.). This result is compatible with those from
previous determinations of this quantity.
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1. Introduction
The pion light-cone distribution amplitude (LCDA) plays an important role in parton physics and is
central to a description of a range of exclusive processes in high energy quantum chromodynamics [1,
2]. The pion LCDA is denoted φ π and can be defined via the matrix element for the transition
between the vacuum and the (charged1) pion state,
Z 1
+
dξ e−iξ p ·z φ π (ξ, µ) ,
(1)
h0|ψ d (z)γµ γ5W [z, −z]ψu (−z)|π (p)i = ipµ f π
where µ is the renormalization scale and W[−z, z] is a light-like Wilson line connecting −z and
z. In the above equation, f π is the decay constant and pµ is the four-momentum of the pion. In
the light-cone gauge, φ π (ξ, µ) can be interpreted as the probability amplitude to convert the pion
into a state of a quark and an antiquark carrying momentum fractions (1 + ξ)/2 and (1 − ξ)/2,
respectively [2].
Moments of the LCDA can be extracted by computing matrix elements of local operators that result
from an operator product expansion (OPE) [3–7]. In principle, knowledge of the relevant Mellin
moments enables the construction of PDFs and LCDAs. More recently, alternative approaches have
been proposed to extract information about LCDAs and PDFs using lattice QCD (LQCD) [8–16].
The implementations of these approaches have been reviewed in Refs. [17–21].
This article reports on recent progress on the study of the Mellin moments of the pion using the
heavy-quark operator product expansion (HOPE) method [10]. In this approach, one calculates a
hadronic amplitude in LQCD where standard currents are replaced by fictitious heavy-light flavorchanging currents. The numerical matrix element is then related to the moments of the LCDA via
an operator product expansion (OPE). It is possible to show that the effect of the heavy quark may
be absorbed in the definition of the Wilson coefficients [22]. It is expected that the use of a heavy
quark leads to several advantages including the removal of certain higher-twist effects, additional
control of the OPE due to the additional hard scale provided by the heavy quark mass, and the simple
analytic continuation to Minkowski space [22, 23]. Since this is the first numerical implementation
of this approach, the quenched approximation and an unphysical quark mass corresponding to a
pion mass of approximately 550 MeV are used.
The structure of this article is as follows: details of the matrix elements which must be calculated
are summarized in Sec. 2, details of the numerical implementation are given in Sec. 3, analysis of
the second moment is provided in Sec. 4, exploratory analysis of the fourth moment is given in
Sec. 5 and conclusions and outlook are provided in Sec. 6.

2. Strategy and correlation functions
Since the light-cone collapses to a point in Euclidean space, the light-like separation z prevents
direct computation of the pion LCDA from its definition in Eq. (1). Instead, one can define the
1The isospin limit is used for the calculation presented in this article.
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hadronic amplitude
V

µν

(q, p) =

Z

µ

d 4 z eiq ·z h0|T { J A (z/2) J νA (−z/2)}|π(p)i ,

where

(2)

µ

J A = Ψγ µ γ 5 ψ + ψγ µ γ 5 Ψ ,

(3)

is an axial-vector current that converts between the light quark ψ and a valence heavy quark Ψ with
mass mΨ .

V [µν] (q, p) = −

2i µνρσ qρ pσ
Q̃2

fπ

∞
X

(n)
CW
(Q̃2, µ, mΨ )hξ n i

n=0,even

 ω̃  n

,

2

(4)

(n)
where ω̃ = 2p · q/Q̃2 , Q̃2 = −q2 − m2Ψ , and the CW
are Wilson coefficients that account for
short-distance perturbative corrections. hξ n i are Mellin moments of the LCDA, defined as

hξ i =
n

Z

1

dξ ξ n φ π (ξ, µ) .

(5)

−1

The zeroth moment hξ 0 i is 1, and all odd moments vanish by the isospin symmetry assumed here.
Given full knowledge of the moments, it is possible to reconstruct the entire functional dependence
of the LCDA, and even partial knowledge is useful for constraining the LCDA.
The hadronic amplitude can also be written in terms of quantities calculable on the lattice. Defining
Z
µ
d 3 z eiq·z h0|T [J A (τ/2, z/2) J νA (−τ/2, −z/2)]|π(p)i
Rµν (τ; p, q) =
µ

= h0| J A (τ/2; (p + q)/2) J νA (−τ/2; (p − q)/2)|π(p)i ,
and performing a Fourier transform in time gives the hadronic amplitude
Z
µν
V (q, p) =
dτ eiq4 τ Rµν (τ; p, q) .

(6)

(7)

To extract Rµν on the lattice, one starts by computing two-point and three-point correlators
Z
C2 (τ, p) =
d 3 x eip·x h0|Oπ (τ, x)Oπ† (0, 0)|0i
= h0|Oπ (τ, p)Oπ† (0, p)|0i ,

(8)

and
µν
C3 (τe, τm ; pe, pm )

=

Z

f µ
g
d 3 x e d 3 x m eipe ·xe eipm ·xm h0|T J A (τe, xe ) J νA (τm, xm )Oπ† (0) |0i
µ

= h0| J A (τe, pe ) J νA (τm, pm )Oπ† (0, p)|0i .

3

(9)
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The antisymmetrized hadronic amplitude V [µν] = (V µν − V νµ )/2 can be expanded in terms of an
operator product expansion,
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p~e
p~m
JAµ



π ~0, 0
†

(~xe , τe )
JAν (~xm , τm )



Figure 1: A diagram of the three-point correlator used in this calculation with current insertions at times τe
and τm .

The three-point correlator is shown diagrammatically in Fig. 1.
At large source-sink separations, one can extract the pion energy Eπ (p) and overlap factor Z π (p) =
h0|Oπ |π(p)i from the two-point function and then construct the ratio
µν

µν

R (τ; p, q) =

2Eπ (p)C3 (τe, τm ; pe, pm )
Z π (p)e−Eπ (p)(τe +τm )/2

.

(10)

From this and Eqs. (4) and (7), one can in principle extract any number of Mellin moments on the
lattice.

3. Details of numerical implementation
µν

Order-a improvement of the quark propagators used in constructing C2 and C3 requires inclusion
of a clover term in the Wilson action [24–26] with non-perturbatively tuned clover coefficient,
here taken from Ref. [27]. The O(a) improvement to the axial vector operators used here is a
multiplicative factor that cancels in determinations of the second moment [28].
Higher-twist corrections to the operator product expansion in Eq. (4) are proportional to ΛQCD /Q̃
or m π /Q̃. In other approaches, these are suppressed by large values of q2 (or small separations in
position space) [29], but this work makes use of the heavy quark mass to make Q̃ large. Taking
mΨ & q4  |q| implies Q̃ ∼ mΨ , so suppressing higher-twist effects that scale as ΛQCD /mΨ or
m π /mΨ requires ΛQCD, m π  mΨ . Since one must also control lattice artifacts proportional to a
power of either aΛQCD or amΨ , one must ensure that
ΛQCD, m π  mΨ . a−1 .

(11)

The heavy quark mass mΨ is taken to be at least 1.8 GeV to be significantly larger than both
ΛQCD ∼ 250 MeV and m π ≈ 550 MeV. Even heavier masses, as large as 4.5 GeV, are also used in
order to fit away residual higher-twist effects. Including such masses without uncontrolled lattice
4
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a (fm)

κ light

× 48

6.10050

0.0813

0.134900

323 × 64

6.30168

0.0600

0.135154

403 × 80

6.43306

0.0502

0.135145

483 × 96

6.59773

0.0407

0.135027

243

κ heavy
0.1200
0.1100
0.1250
0.1184
0.1095
0.1270
0.1217
0.1150
0.1088
0.1285
0.1244
0.1192
0.1150
0.1100

csw

Configurations Used

Sources/Config

Total Sources Used

1.6842

650

12

7800

1.5792

450

10

4500

1.5292

250

6

1500

1.4797

341

10

3410

Table 1: Ensembles and quark masses studied in this work.

artifacts requires lattice spacings as small as 0.04 fm. The full range of lattice spacings and heavy
quark masses used in this work is shown in Fig. 2.
At fine lattice spacings, the dominant cost for calculations with dynamical quarks is typically
ensemble generation, which is plagued by the problem of critical slowing down. To circumvent
this problem, this preliminary calculation was performed in the quenched approximation with
configurations generated via the multiscale approach of Ref. [30]. The physical volume was tuned
to 1.92 fm, as determined via Wilson flow scale setting [30, 31].
The pion mass was tuned to the unphysical value of m π ≈ 550 MeV across ensembles. This
suppresses finite-volume effects, since m π L ≈ 5.3. The heavy quark masses were tuned to give
the heavy-heavy pseudoscalar meson a constant mass on all four lattice spacings. The resulting
bare masses and lattice spacings are detailed in Table 1. All propagators and contractions were
computed using Chroma with the QPhiX inverters [32, 33].
3.1 Techniques for Signal Improvement
p
The signal-to-noise ratio is largest for pion momenta that are as small as possible, so p̂ ≡ 2π/L
was chosen to correspond to one unit of momentum (about 640 MeV) for the second-moment
calculation. As a consequence, the prefactor of hξ 2 i in Eq. (4) is about 10−2 at the lightest mΨ and
even smaller for heavier masses. This small contribution must be isolated from the O(1) zerothmoment contribution. Fixing the axial current indices to be µ = 1, ν = 2, the overall prefactor of
the OPE in Eq. (4) can be written as



iε µνρσ q ρ pσ = i q0 p3 − p0 q3 = −q4 p3 − iEπ q3 .

(12)

Choosing p3 = 0, the overall prefactor times hξ 0 i = 1 is purely imaginary. By also choosing
p · q , 0, p · q = iEπ q4 − p · q to be complex, the second moment contribution is given a nonzero
real part. As a result, the real part of the hadronic amplitude is dominated by the contribution of
hξ 2 i.
5
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a = 0.08
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0.50
0.75
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Figure 2: The four lattice spacings used here are represented by the curves, with the finest spacing closest to
the origin. Along each curve, as the heavy quark mass mΨ is varied, there is a trade-off between discretization
effects that scale as (amΨ ) 2 and higher-twist effects proportional to 1/mΨ . The masses used in this study are
represented by the coloured points, which tuned to be approximately constant with respect to lattice spacing.
They were chosen to be large enough to suppress higher-twist effects (about 1.8 GeV and heavier) and also
small enough to control discretization effects (amΨ ≤ 1.05, as shown by the dashed black line). For analysis
of systematic uncertainties from lattice artifacts, the more conservative threshold of amΨ < 0.7, shown by
the dotted gray line, was used.

Since one can show that Rµν (τ) is also pure imaginary [28], properties of the Fourier transform imply
that the imaginary and real parts of V µν correspond to symmetric and antisymmetric combinations
of Rµν (±τ):
Re[V

µν

(p, q)] =

∞

Z
0

Im[V µν (p, q)] =

Z

∞




dτ Rµν (τ; p, q) − Rµν (−τ; p, q) sin q4 τ ,

(13)




dτ Rµν (τ; p, q) + Rµν (−τ; p, q) cos q4 τ .

(14)

0

The second moment contribution and therefore the real part of V µν are suppressed by about two
orders of magnitude relative to the imaginary part. Therefore, the difference in Eq. (13) involves
large cancellations between the two terms in the integral. Statistical fluctuations in the correlated
difference can be much larger than fluctuations in the individual terms if the terms are highly
µν
correlated. One can increase these correlations by computing C3 (τ < 0) via the identity
νµ

µν

C3 (τe, τm ; pe, pm ) ∗ = C3 (τm, τe ; −pm, −pe ) ,

(15)

which can be proved using γ5 -hermiticity of the quark propagator. Applying this identity to Eq. (13)
and (14) yields
Re[V

µν

(p, q)] =

∞

Z
0

Im[V µν (p, q)] =

Z

∞




dτ Rµν (τ; p, q) + Rµν (τ; −p, q) sin q4 τ ,

(16)




dτ Rµν (τ; p, q) − Rµν (τ; −p, q) cos q4 τ .

(17)

0

6
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Using this identity gives access to both τ > 0 and τ < 0 from a single set of τe, τm values, which will
enhance the correlations between spatially localized statistical fluctuations and therefore decrease
the statistical uncertainty.
Excited state contamination was observed to fall to the ∼ 1% level by τe ≈ 0.7 fm. Therefore, the
smaller of the two current insertion times will be fixed to 0.7 fm in this analysis.

4. Second Moment

1. Time-momentum analysis
(i) Perform a continuous inverse Fourier transform of the OPE of Im[V (p, q)], as described
in Eq. (17), to convert it to the time-momentum representation. Compare this to the
ratio of lattice correlators to fit the pion decay constant f π and heavy quark mass mΨ .
(ii) Perform a continuous inverse Fourier transform of Re[V (p, q)], shown in Eq. (16), and
use f π, mΨ as inputs to fit hξ 2 i at each heavy quark mass and lattice spacing.
(iii) Remove both discretization and higher-twist artifacts via a global fit of hξ 2 i(a, mΨ )
computed from all lattice data.
2. Momentum-space analysis
(i) Construct the ratio of correlators Rµν (τ) from lattice data and perform a discrete Fourier
transform to convert to the momentum-space hadronic amplitude.
(ii) At each heavy quark mass, perform a continuum extrapolation of the hadronic amplitude.
(iii) Fit the continuum-limit hadronic amplitude to the HOPE formulaD given
in Eq. (4)
E
2
augmented by a model of higher-twist effects to extract f π , mΨ and ξ .
As demonstrated in Ref. [28], the two analysis methods yield compatible results, but the timemomentum procedure results in a slightly smaller systematic error. Therefore, it is presented
in detail below. A comprehensive description of the momentum-space analysis can be found in
Ref. [28].
4.1 Time-Momentum Analysis
The ratio R[µν] (τ; p, q) was constructed from lattice correlators for 3a ≤ τ . 0.6 fm, where the
lower bound suppresses contributions from discretization effects scaling as a/τ and the upper bound
7
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As discussed above, both lattice artifacts and higher-twist effects contaminate the signal, and
different quark masses explore different trade-offs between these. Determining hξ 2 i from the 2and 3-point correlators and removing these sources of contamination from the signal is nontrivial,
so two separate analyses, referred to below as time-momentum analysis and the momentum-space
analysis, have been performed to ensure that systematics are under control. These methods can be
summarized as follows:
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0.02

0.00001

0.01

0.00000
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0.2

0.4

0.6

0.0

0.2

τ (fm)

0.4

0.6

τ (fm)

(a)

(b)

Figure 3: Inverse Fourier transforms of the imaginary and real parts of the antisymmetrized hadronic tensor
V [µν] . The light shaded points are not used in the fit due to contamination from discretization effects scaling
as a/τ. (a) f π and mΨ can be extracted from the symmetric part of R[µν] (τ) (equal to F −1 [Im(V [µν] )]),
which is dominated by the zeroth moment contribution. (b) Using these as inputs, the second moment hξ 2 i
can be fit to F −1 [Re(V [µν] )].

removes data with larger statistical uncertainties and higher-twist contamination. R[µν] is then fit to
the inverse Fourier transform of V [µν] at a given lattice spacing and mΨ , as shown in Fig. 3. Since
the imaginary part of the second moment contribution is negligible, the fitting procedure splits into
two steps: extracting f π and mΨ from the imaginary part of V [µν] and then using f π and mΨ as
inputs for fitting hξ 2 i from Re[V [µν] ].
The second moment is extracted from comparison of lattice data with both discretization artifacts
and higher-twist corrections to an OPE expressed without them in Eq. (4), so the extracted value
hξ 2 i(a, mΨ ) is contaminated with these artifacts at any non-zero lattice spacing. For the O(a)improved action, lattice artifacts start at O(a2 ) times powers of the heavy quark mass mΨ . At
pion masses comparable to ΛQCD and with q4 ∼ mΨ ∼ Q̃, higher-twist effects scale as powers of
ΛQCD /Q̃ ∼ ΛQCD /mΨ . Together, these artifacts imply that hξ 2 i(a, mΨ ) can be fit to
hξ 2 i(a, mΨ ) = hξ 2 i +

A
+ Ba2 + Ca2 mΨ + Da2 m2Ψ ,
mΨ

(18)

which determines hξ 2 i(µ = 2 GeV) = 0.210 ± 0.013 (stat.) is the continuum, twist-2 value of
interest and A, B, C, and D are nuisance parameters. This extraction is shown in Figure 4.
4.2 Estimation of Systematic Uncertainties for Time-Momentum Analysis
Even after performing the continuum extrapolation, there are other systematic errors that one must
account for. Excited state contamination in the 3-point function is a ∼ 1% effect, and finite-volume
effects are negligible here. The unphysical pion mass of m π ≈ 550 MeV likely induces a ∼ 5%
error in hξ 2 i based on previous studies at various pion masses [34]. Varying the analysis procedure
allows one to estimate other systematic uncertainties.
8
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0.30

mΨ
mΨ
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mΨ

hξ 2i

0.25
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= 3.3
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= 4.6
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GeV
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0.20
0.15
0.002

0.004
a2 (fm2)

0.006

Figure 4: Extracted values of hξ 2 i(a, mΨ ) at finite lattice spacing and heavy quark mass shows significant
variation due to discretization and higher-twist corrections. Only when these effects have been removed by
fitting to Eq. (18) does one obtain the continuum, twist-2 value shown the black star at a2 = 0.

• The global fit described in Eq. (18) was based on a fairly permissive cut of amΨ < 1.05 for
the heavy quark mass, so there could be remaining O(a3 ) lattice artifacts. Taking a more
conservative threshold of amΨ < 0.7 to suppress these higher powers shifts the fitted hξ 2 i
by 0.016, which is taken as an estimate of the systematic uncertainty from the continuum
extrapolation.
• The global fit contains a twist-3 term proportional to ΛQCD /mΨ . There would also be even
higher-twist terms in a full OPE, so one could add a (ΛQCD /mΨ ) 2 term to the global fit in
Eq. (18). The higher-twist systematic uncertainty is taken to be the shift of 0.025 in hξ 2 i
when this extra term is included.
• At τ = τm − τe ≤ 2a, lattice artifacts scaling as a/τ are uncontrolled and contaminate the
signal. One can take a more conservative cut and exclude τ/a = 3 from the fits, which gives
a small systematic uncertainty from the difference in hξ 2 i of 0.002.
• The Wilson coefficients CW used in this analysis are calculated to 1-loop order in perturbation
theory. To estimate the effects of higher-loop corrections, one can use a larger renormalization
scale of µ = 4 GeV and then evolve the fitted hξ 2 i back to µ = 2 GeV, giving a systematic
uncertainty of 0.008 from the change in central value.

The systematic uncertainties detailed above are summarized in Table 2 and can be combined into
a final result of hξ 2 i(µ = 2 GeV) = 0.210 ± 0.013 (stat.) ± 0.034 (sys.) = 0.210 ± 0.036 (total,
exc. quenching). The largest contributions are from the continuum and higher-twist extrapolations,
and control over both could be improved with finer lattice spacings and therefore heavier masses.
The error from quenching is uncontrollable without repeating these calculations on dynamical
ensembles, although in lattice calculations of most spectral quantities, it is typically a 10–20%
effect.
9
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Size
0.013
0.016
0.025
0.002
0.014
0.002
0.008
0.036

Table 2: The various contributions to the uncertainty in this demonstration of the HOPE method to determine
the second moment hξ 2 i of the pion LCDA from lattice QCD.

(L/a) 3 × T/a

β

a (fm)

κ light

243 × 48

6.10050

0.0813

0.134900

κ heavy
0.1200
0.097

csw

No. Configurations

Total Measurements

1.6842

3150

3150

Table 3: Details of the ensembles used in the analysis of the fourth Mellin moment.

5. Fourth Moment

The success of the second moment analysis suggests that extractions of higher moments of the pion
LCDA may also be possible using this approach. In this section, the first steps towards a systematic
study of the fourth Mellin moment are discussed. As explained elsewhere [22, 23], higher moments
in the HOPE formula are kinematically suppressed by increasing powers of ω̃ = 2p · q/Q̃2 . Thus,
like other approaches [13–16], the statistical sensitivity to higher moments of the LCDA requires
calculations at higher hadronic momenta.

5.1 Momentum Smearing

Calculating hadronic matrix elements at large momenta is well known to be a challenging problem in
LQCD due to the exponentially decreasing signal-to-noise problem, and also due to enhanced excited
state contamination. In order to reduce this excited state contamination, momentum smearing [35]
is used to reduce the coupling of the interpolating operators to excited states. In the free-field
case, momentum smearing amounts to the convolution of the quark source with a Fourier phase
factor eik·x , and thus results in the re-centering of the three-momentum distribution of the quark
propagator around k. Following the notation of Ref. [35], it was found that the best reduction of
excited states was obtained with ζ = 0.8 and k = ζp, where p is the three-momentum of the pion.
An example of the resulting two-point correlator is shown in Fig. 5.
10
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aE0(p̂2 = 4, t)

0.70
0.65
0.60
0.55
0

5

10

15

20

t/a
Figure 5: Effective mass calculation for pseudoscalar channel with momentum smeared interpolating
operators at a hadronic boost of |p| ∼ 1.3 GeV. The shaded band is the 1-σ curve for the fitted ground state
energy.

5.2 Excited state contamination
Excited state contamination in R[µν] (τe, τm, p, q; a) may be studied by varying the sequential source
insertion time, τe . Excited state contamination is expected to appear as


[µν]
R[µν] (τe, τm, p, q; a) = R(0) (τ, p, q; a) 1 + Ae−∆Eτe ,
(19)
[µν]

where R(0) (τ, p, q; a) is the ratio in the large Euclidean time limit, and A and ∆E encode the excited
state contamination. This matrix element was studied for τe /a = 3, 6, 9, 12, thus allowing for a fit to
the above form. The τe dependence for fixed τ/a is shown in Fig. 6. From this figure, it can be seen
that the data at fixed Euclidean time τe /a = 9 agrees within errors with the extrapolated value using
Eq. (19). For this preliminary analysis, data was analysed at fixed Euclidean
time, with τe /a = 9
D E
taken for this analysis. As a result, it is expected that the resulting ξ 4 determination contains a
systematic error from this approximation. Taking central differences between data at τe /a = 9 and
the extrapolated value is a ∼ 10% effect. This uncertainty is smaller than the current statistical
error. While this approach is sufficient for this initial analysis, with more statistical samples, it is
clear that more sophisticated analysis methods should be used to further reduce the systematic error
arising from excited state contamination.
5.3 Data Analysis
At the time of performing the second moment analysis, it was unclear which of the two approaches
described in Sec. 4 would lead to a smaller uncertainty and thus the fourth moment analysis used
the momentum-space approach. Since the conference, it has become clear that while statistical
uncertainties obtained from the two approaches are comparable, systematic errors are less well
controlled in the momentum-space
analysis, at least for the second moment [28]. However, since
D E
4
this exploratory study of ξ only consists of one lattice spacing and two heavy quark masses, no
study of the systematic errors was performed.
11
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Figure 6: Examining the excited state contamination of the time-momentum representation data. Numerical
data for the three-point correlator was calculated using a sequential source located at time slices τe /a =
3, 6, 9, 12. By studying the data as a function of τe /a for fixed τ/a, the excited state contamination may be
quantified. The data obeys Eq. (19). The shaded band and star indicate the extrapolated values. However, in
the analysis discussed below, fixed τe /a = 9 was taken. Thus the extracted values of the second and fourth
moments contain residual excited state contamination.

Data was converted to momentum space by performing a discrete Fourier transform
V [µν] (p, q; a) = a

τX
max

eiq4 τ R[µν] (τ, p, q; a) .

(20)

τ=−τmax

where τmax /a = 11. While data at non-zero τ are guaranteed to have a well-defined continuum
limit, τ = 0 data contain additional UV divergences arising from the mixing of the current-current
operator with lower-dimensional operators. After performing the Fourier transform, this divergence
will appear as an additive shift in the numerical data. Thus a single subtraction is first performed at
fixed lattice spacing:
Vsub (p, q; a) = V [µν] (p, q; a) − V [µν] (p, (q, q4,sub ); a) .
[µν]

(21)

In this analysis, the subtraction points was taken to be q4,sub = 4 GeV.
The resulting lattice data is fit to the continuum form of the HOPE formula given in Eq. (4). As a
result, it is anticipated that lattice artifacts and higher-twist effects will be present in the determined
12
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Figure 7: Fitting the real and imaginary parts of the numerical data to the HOPE formula
D E for | p̂| = 1. This
data was used in the second moment analysis described above. At these kinematics, ξ 4 is negligible, and
D E
thus this data is used to extract f π , mΨ and ξ 2 .

parameters. The sensitivity to the fourth moment may be improved by utilizing Dthe Elow-momentum
data used in the second moment analysis to extract the parameters f π , mΨ and ξ 2 . Note that it is
not expected that the size of the lattice artifacts are the same in the time-momentum representation
and momentum-space data, although the fitted parameters should agree when extrapolated to the
continuum limit. The fits to lattice correlators at low momentum are shown in Fig. 7. Utilizing
these best fit parameters for the analysis of the high momentum (|p| ∼ 1.3 GeV) data, it is possible
to perform a single parameter fit to extract the fourth moment contribution from the two heavy quark
masses. Both data sets comprised
D E the observable calculated on 3500 gauge field configurations,
and resulted in a fit value of ξ 4 ∼ 0.15, with approximately a fifty percent statistical error. It
is important to note that these fit results are exploratory. At this point, no effort has been made
to quantify systematic errors arising from lattice artifacts or higher-twist effects. In order to study
these effects, more numerical data at a range of different lattice spacings, momenta, and heavy
quark masses will be required.
To the best of the authors’ knowledge, this constitutes the first attempt to determine the fourth
Mellin moment of the pion LCDA from LQCD. There are however a number of predictions of the
quantity
from phenomenological approaches to QCD, which tend to predict a fourth moment of
D E
4
ξ (µ ∼ 2 GeV) ∈ (0.1, 0.15) [36–38].

6. Conclusion and outlook
This article presents the progress on the first numerical study of the HOPE method to extract the
second and fourth Mellin moments of the pion LCDA. The HOPE method utilizes a quenched
fictitious heavy-quark species which enables further control over higher-twist contributions than
that provided by large momentum alone. In this article, the second moment is determined by
analysing the time-momentum representation of the lattice correlator, and is found to be
hξ 2 i(µ = 2 GeV) = 0.210 ± 0.036 .
13
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Figure 8: Fitting the real and imaginary parts of the numerical data to the HOPE formula for | p̂| =D 2. EBy
using the fit parameters from the low-momentum data, the high momentum data is used to constrain ξ 4 .

where the uncertainty in this result is dominated by systematic effects, in particular from highertwist terms and the continuum extrapolation. Additionally, this article presents an exploratory
investigation of the fourth Mellin moment. The extracted value contains (at this point) significant
systematic errors from excited state contamination, lattice artifacts and higher-twist effects. With
additional numerical data, it will become possible to perform a more complete analysis of this
quantity to ensure sufficient control of systematic errors.
Taken together, these results demonstrate the viability of the HOPE approach to determine moments
of light-cone quantities with comparable statistical precision to that seen in results from other
methods [5–7]. This paves the way for further investigations of the pion LCDA, including dynamical
studies of the second moment using the HOPE method and a determination of higher Mellin
moments. The success of this approach for the LCDA also suggests that the HOPE method can be
applied to the study of other light cone quantities, including (for example) the kaon LCDA and pion
PDF and helicity PDF.
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