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1. Introduction

At any order in this expansion one encounters a number of non-perturbative matrix elements. In
2 , 𝜌 3 and 𝜌 3 , where for instance
Eq. (1) they are denoted by 𝜇2𝜋 , 𝜇𝐺
𝐷
𝐿𝑆
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𝐵 𝑏 𝑣 𝜎𝜇𝜈 𝐺 𝑏 𝑣 𝐵 .
𝜇𝐺 =
(2)
𝑀𝐵
𝑀𝐵
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These matrix elements cannot be computed from first principles, instead they are treated as free
parameters and extracted from experimental data.
Recently a novel method for computing inclusive observables in lattice QCD has been proposed
[7]. In particular in the light of the aforementioned tension between the inclusive and exclusive
determinations of 𝑉𝑐𝑏 and the flavor anomalies [8], such an independent computation of inclusive
observables can serve as an important check of the OPE approach. To this end a first numerical
study has been performed in [9]. We build on this study and expand it, including further terms in
the heavy quark expansion and examining additional observables.
This paper is organized as follows. In Section 2 we introduce the OPE framework used to
study inclusive decays of 𝐵 mesons, followed by a discussion of the observables considered in
Section 3 and in Section 4 the OPE results are confronted with lattice data obtained by the JLQCD
collaboration.

2. Inclusive decays of 𝐵 mesons
We consider the decay
𝐵 (𝑚 𝐵 , 0) → 𝑋𝑐 (𝜔, −𝒒) ℓ (𝐸 ℓ , 𝒑 ℓ ) 𝜈 ℓ (𝑞 0 − 𝐸 ℓ , 𝒒 − 𝒑 ℓ )

(3)

in the rest frame of the 𝐵 meson. In the triple differential width for this decay the hadronic and
leptonic parts factorize into a leptonic tensor 𝐿 𝜇𝜈 and a hadronic tensor 𝑊 𝜇𝜈 as [5, 6]
𝐺 2F |𝑉𝑐𝑏 | 2
d3 Γ
=
𝐿 𝜇𝜈 𝑊 𝜇𝜈 .
d𝒒 2 d𝜔d𝐸 ℓ
8𝜋 3
2

(4)
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The study of decays of 𝑏 quarks is an immensely fascinating and promising area of research.
Semi-leptonic decays of 𝑏 quarks are particularly interesting because they can be used to determine
the CKM matrix element 𝑉𝑐𝑏 . In fact there is an unresolved tension between the values of 𝑉𝑐𝑏
determined from inclusive and exclusive decays of 𝐵 mesons [1–3].
The term inclusive here refers to the fact that the final hadronic state is not fully known.
Instead the only available information about its particle content is that it contains a charm quark.
The method of choice for describing these decays is the use of the optical theorem followed by
performing an operator product expansion (OPE) [4–6]. In this approach observables are the total
rate and smeared differential distributions, given in terms of a double expansion in ΛQCD /𝑚 𝑏 and
𝛼𝑠 . A generic observable 𝑀𝑖 can then be written as
𝛼𝑠 (1) 𝜇2𝜋  ( 𝜋,0) 𝛼𝑠 ( 𝜋,1) 
+
𝑀𝑖 = 𝑀𝑖(0,0) +
𝑀 + 2 𝑀𝑖
𝑀
𝜋 𝑖
𝜋 𝑖
𝑚𝑏
3
2 
𝜇𝐺
𝛼𝑠 (𝐺,1)  𝜌 3𝐷 (𝐷,0) 𝜌 𝐿𝑆 (𝐿𝑆,0)
(𝐺,0)
+
+ 3 𝑀𝑖
+··· .
(1)
+ 2 𝑀𝑖
𝑀
+ 3 𝑀𝑖
𝜋 𝑖
𝑚𝑏
𝑚𝑏
𝑚𝑏
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For massless final state leptons the leptonic tensor is given by
𝜌 𝜇

𝜇 𝜌

𝐿 𝜇𝜌 = 𝑝 ℓ 𝑝 𝜈 − 𝑝 ℓ · 𝑝 𝜈 𝑔 𝜇𝜌 + 𝑝 ℓ 𝑝 𝜈 + 𝑖𝜖 𝜇 𝛼𝜌𝛽 𝑝 ℓ, 𝛼 𝑝 𝜈,𝛽
while the hadronic tensor is defined as
∑︁
(2𝜋) 3 𝛿 (4) ( 𝑝 − 𝑞 − 𝑟)
𝑊 𝜇𝜌 ( 𝑝, 𝑞) =

ED
E
1 D
𝐵 𝑠 ( 𝒑) 𝐽 𝜇† 𝑋𝑐 (𝒓) 𝑋𝑐 (𝒓) 𝐽 𝜌 𝐵 𝑠 ( 𝒑) .
2𝐸 𝐵𝑠

𝑋𝑐

(5)

(6)







𝑊 𝜇𝜈 = − 𝑔 𝜇𝜈 𝑊1 𝑞 0 , 𝑞 2 + 𝑣 𝜇 𝑣 𝜈 𝑊2 𝑞 0 , 𝑞 2 − 𝑖𝜖 𝜇𝜈 𝛼𝛽 𝑣 𝛼 𝑞ˆ 𝛽 𝑊3 𝑞 0 , 𝑞 2 ,

(7)

where we have used the fact that we consider massless leptons to eliminate two additional Lorentz
structures. Through the optical theorem the functions 𝑊𝑖 are related to the structure functions of
the forward scattering matrix element
∫
D
 E

1
4𝑖𝑇 =
(8)
d4 𝑥𝑒 −𝑖𝑞 𝑥 𝐵 𝑇 𝐽 † (𝑥) 𝐽 (0) 𝐵
2𝑀 𝐵
which can be expanded into a series of local
resulting in an expansion in powers of
 operators,
2
ΛQCD /𝑚 𝑏 , with corrections starting at O ΛQCD /𝑚 𝑏
[4]. The structure functions 𝑊𝑖 are

3
computed in the OPE up to O ΛQCD /𝑚 𝑏
and can be found for example in [10].

3. Observables
In order to compare the results of the OPE computation to lattice data we study the differential
𝒒 2 distribution and moments of the final state charged lepton energy at fixed values of 𝒒 2 .
The total decay width Γ is found by integrating the triple differential width over phase space


Γ=

𝐺 F |𝑉𝑐𝑏 |
24𝜋 3

where

2

∫

2
𝑚2 −𝑚2
𝐵𝑠
𝐷𝑠
4𝑚2
𝐵𝑠



𝑋 𝒒2 = 3

∫

√

𝑚 𝐵𝑠 − 𝒒 2

∫
𝑑𝜔

√︃

𝑚2𝐷𝑠 +𝒒 2

(9)

0

√



√︃
 
d𝒒 2 𝒒 2 𝑋 𝒒 2 ,

𝑞0 + 𝒒 2
2

√

𝑞2 − 𝒒2
0
2



d𝐸 ℓ 𝐿 𝜇𝜈 𝑊 𝜇𝜈 𝐸 ℓ , 𝜔, 𝒒 2




corresponds to the 𝒒 2 distribution dΓ/d𝒒 2 up to an overall factor of 𝐺 F |𝑉𝑐𝑏 | 2 |𝒒| / 24𝜋 3 .
3

(10)
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Here the sum runs over all possible final states 𝑋𝑐 containing a charm quark and the electroweak
current relevant for this decay mode is given by 𝐽 𝜇 = (𝑉 − 𝐴) 𝜇 = 𝑐𝛾 𝜇 (1 − 𝛾5 ) 𝑏. In the following
we will keep the contributions from 𝑉𝑉 and 𝐴𝐴 products of currents separate and distinguish
between polarizations parallel and perpendicular to the 𝑊 boson’s three-momentum 𝒒. There is
of course also a mixed product of an axialvector and a vector current which will be included in a
future study.
The hadronic tensor can be decomposed into Lorentz invariant structure functions as
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In order to decrease uncertainties it is useful to consider normalized observables such as the
moments of the final state charged lepton energy given by
∫
d3 Γ
 
d𝜔d𝐸 ℓ 𝐸 ℓ𝑛 d𝒒2 d𝜔d𝐸
ℓ
.
(11)
𝐸 ℓ𝑛 𝒒 2 = ∫
d3 Γ
d𝜔d𝐸 ℓ d𝒒2 d𝜔d𝐸
ℓ

4. Comparison to lattice data
We compare the predictions obtained in the OPE with an expanded version of the set of lattice
data that has been used in [9]. These data are computed on an ensemble with 2 + 1 flavors of
Möbius domain-wall fermions (the ensemble "M − 𝑢𝑑3 − 𝑠a" in [11], which has an inverse lattice
spacing of 1/𝑎 = 3.610(9) GeV). For the charm and bottom quarks in the valence sector the same
lattice formulation is used. The charm quark mass 𝑚 𝑐 is tuned to its physical value and the 𝐷 𝑠 , 𝐷 ∗𝑠
meson masses are given by 1.98 GeV and 2.12 GeV respectively. The bottom quark mass is taken as
2.44𝑚 𝑐 , which is substantially smaller than the physical 𝑏 quark mass. The corresponding 𝐵𝑠 meson
mass is 3.45 GeV. In this setup the maximum possible spatial momentum in the 𝐵𝑠 → 𝐷 𝑠 ℓ𝜈ℓ decay
2

is 𝑚 2𝐵𝑠 − 𝑚 2𝐷𝑠 /2𝑚 𝐵𝑠 ≈ 1.16 GeV. The lattice volume is 𝐿 3 × 𝐿 𝑡 = 483 × 96 and the forwardscattering matrix elements have been computed at spatial momenta 𝒒 of (0, 0, 0), (0, 0, 1), (0, 1, 1),
(1, 1, 1) and (0, 0, 2) in units of 2𝜋/𝐿a. The number of lattice configurations averaged is 100 and
the measurement is performed with four different time-slices. More details on the lattice calculation
are presented in [12].
The lattice results for the differential 𝒒 2 distribution are compared with the OPE predictions in
Fig. 1. As mentioned above the results for the different polarizations parallel and perpendicular to
𝒒 are plotted separately for vector (VV) and axial-vector (AA) contributions.
 The OPE predictions shown in this plot include non-perturbative power corrections up to
O 1/𝑚 3𝑏 and O (𝛼𝑠 ) perturbative corrections. In the OPE computation we take the 𝑀𝑆 mass
𝑚 𝑐 (2 GeV) = 1.093 GeV for the charm quark and the kinetic mass for the unphysically light bottom
quark, 𝑚 kin
𝑏 (1 GeV) = 2.70(4) GeV. The bottom quark mass is tuned to reproduce the 𝐵 𝑠 meson
mass in the lattice simulation using the results of [13]. For the non-perturbative matrix elements we
employ the results of the recent semi-leptonic fit in [14] even though it refers to a physical 𝑏 quark
and a light spectator. Expressions for the O (𝛼𝑠 ) corrections can be found in [15]. Here they are
used with 𝛼𝑠 = 0.32. An estimate of the theoretical uncertainties and the statistical uncertainties
originating in the semi-leptonic fit determining the OPE matrix elements is given in the form of
shaded bands around the OPE lines.
In order to estimate the theoretical uncertainties we assume that the Wilson coefficients of
2
2 are affected by perturbative corrections at the level of 15%, yielding 𝜇 2 = 0.477 ±
𝜇 𝜋 and 𝜇𝐺
𝜋
2 = 0.306 ± 0.0459 GeV2 , while the Wilson coefficients of 𝜌 3 and 𝜌 3 can
0.07155 GeV2 and 𝜇𝐺
𝐷
𝐿𝑆
effectively be changed by non-perturbative and perturbative corrections at the 25% level, giving
𝜌 3𝐷 = 0.185±0.04625 GeV3 and 𝜌 3𝐿𝑆 = −0.13±0.0325 GeV3 . Additionally we assign an uncertainty
4
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In the following section we show a comparison between OPE predictions and lattice data for the 𝒒 2
distribution 𝑋, the first moment of the charged lepton energy and its variance, all at fixed values of
𝒒2.
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Figure 1: Contributions of the individual
 channels to the 𝒒 distribution. The dots and solid lines correspond
3
to lattice data and OPE prediction at O 1/𝑚 𝑏 , 𝛼𝑠 respectively. The shaded bands include the experimental
uncertainty on the non-perturbative parameters and theoretical uncertainty due to the truncation of the double
series.

of 6 MeV to the quark masses and vary 𝛼𝑠 by 4%. These theoretical uncertainties are then added in
quadrature to the statistical ones originating in the semi-leptonic fit.
In Fig. 1 we show the combination of theoretical and statistical uncertainties. Because we do
not estimate the effect of the unphysically small 𝑏 quark mass on the OPE matrix elements the
bands are slightly underestimated however.
Keeping this in mind we find a remarkable agreement between the lattice data and OPE
predictions for the differential 𝒒 2 distribution. The OPE predictions strongly depend on the quark
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Figure 2: First lepton
 energy moment at fixed 𝒒 . The dots and solid lines correspond to lattice data and
OPE prediction at O 1/𝑚 3𝑏 , 𝛼𝑠 respectively. The shaded bands include the experimental uncertainty on the
non-perturbative parameters and theoretical uncertainty due to the truncation of the double series.

masses. This dependence partially cancels, thus reducing the OPE uncertainties, if one considers
normalized quantities such as the moments of the charged lepton energy defined in Eq. (11). A
comparison between lattice data and OPE predictions for the average charged lepton energy at fixed
5
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values of 𝒒 2 can be seen in Figs. 2 and 3. Here we show two kinds of error bands around the OPE
predictions. The dark shaded bands correspond to the theory error alone, while the light shaded
bands correspond to the combination of theoretical uncertainties and statistical uncertainties as in
Fig. 1. Again we find an excellent agreement between OPE predictions and lattice data. In the

0.8

0.6

0.2

0.0
0.0

0.2

0.4

0.6

0.8

2
Figure 3: First lepton
 energy moment at fixed 𝒒 . The dots and solid lines correspond to lattice data and
OPE prediction at O 1/𝑚 3𝑏 , 𝛼𝑠 respectively. The shaded bands include the experimental uncertainty on the
non-perturbative parameters and theoretical uncertainty due to the truncation of the double series.

𝑉𝑉 ⊥ channel the agreement is worse than in the others. One can make sense of this by noting that
for this channel the average charged lepton energy at fixed 𝒒 2 is given by
∫




h𝐸 ℓ i 𝑉 𝑉 ⊥ 𝒒 2 =

3

d Γ
d𝜔d𝐸 ℓ 𝐸 ℓ𝑛 d𝒒2 d𝜔d𝐸
ℓ
∫
3
d Γ
d𝜔d𝐸 ℓ d𝒒2 d𝜔d𝐸
ℓ

∫
𝑉𝑉⊥

𝑉𝑉⊥

=

3

d Γ
d𝜔d𝐸 ℓ 𝐸 ℓ𝑛 d𝒒2 d𝜔d𝐸

ℓ

dΓ
d𝒒 2 𝑉 𝑉 ⊥

𝑉𝑉⊥

(12)

and the fact that the denominator dΓ/d𝒒 2 𝑉 𝑉 ⊥ is close to 0, as can be seen in Fig. 1. Consequently
even a small change in the denominator could have a large effect on h𝐸 ℓ i 𝑉 𝑉 ⊥ .
In Fig. 4 a comparison of the variance of the charged lepton energy can be found. Also in
this case there is a good agreement between lattice data and OPE predictions. The current lattice
uncertainties for this observable are rather large however.

6
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𝒒 2 . The solid lines correspond to the OPE predictions
Figure 4: This plot shows the variance 𝜎𝐴𝐴,
k


including corrections up to O 1/𝑚 3𝑏 , 𝛼𝑠 . The dark bands around the OPE lines show the theoretical
uncertainties arising due to missing higher order corrections and the light shaded bands additionally include
the uncertainties originating from the fit used to determine the charm quark mass and the heavy quark matrix
elements. The dots correspond to the lattice data.

5. Conclusions


We have expanded the pilot study performed in [9] by including corrections of O 1/𝑚 3𝑏 , 𝛼𝑠 ,
giving an estimate of the OPE uncertainties and considering lepton energy moments as additional
observables. In the scenario of an unphysically light 𝑏 quark we find a remarkable agreement
between lattice data and OPE predictions.
In order to obtain more information about the non-perturbative power corrections it might be
useful to consider hadronic observables such as the moments of the hadronic final state invariant
mass as well. We are currently preparing an extension of this work including also these moments
and lattice data obtained by the ETMC collaboration.
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