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The large-𝑁 limit of 𝑂 (𝑁)-symmetric bosonic field theories, or 𝑈 (𝑁)-symmetric fermionic field
theories, is amenable to a saddle point approximation. As a result, there is a family of closely
related algorithms for efficient lattice simulations in this limit, even in the presence of fermionic
or real-time sign problems. These can be used to study quenches, or other observables for which
analytic large-𝑁 calculations become impractical.
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1. Introduction

2. Bosonic and Fermionic Models
The first model we will target is the 𝑁-particle generalization of the quartic anharmonic
oscillator. The 𝑖th particle has position operator 𝑥 𝑖 and canonically conjugate momentum 𝑝 𝑖 ; the
full system is described by the Hamiltonian
𝐻 𝐴𝐻𝑂 =

∑︁ 1 
𝑖
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!2

𝑚 2 𝑥 𝑖2 + 𝑝 2𝑖 + 𝜆
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𝑖

Time-dependent expectation values in a thermal state, of the form ⟨O (𝑇)O (0)⟩, can be expressed in a path integral formulation by beginning with one of the definitions
⟨O (𝑇)O (0)⟩ ≡ Tr 𝑒 −𝛽𝐻 𝑒 𝑖𝐻𝑇 O𝑒 −𝑖𝐻𝑇 O ≡ Tr 𝑒 −𝛽𝐻/2 𝑒 𝑖𝐻𝑇 𝑒 −𝛽𝐻/2 O𝑒 −𝑖𝐻𝑇 O

(2)

or another equivalent definition, and expanding the exponentials of the Hamiltonian via the TrotterSuzuki approximation. This standard procedure (see [8] for a detailed discussion) yields the action

𝑆 𝐴𝐻𝑂
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The dynamics of thermal field theories are well described, in the long-time and large-distance
limits, by relativistic hydrodynamics [1], which has the equation of state and transport coefficients
(chiefly the shear and bulk viscosities) as its low-energy constants. While lattice Monte Carlo methods are supremely effective at calculating the equation of state (at least for fermion-antifermion
symmetric systems), they are precluded by a sign problem from directly accessing real-time dynamics. As a result, reliable calculations of the shear viscosity 𝜂 of QCD are still unavailable [2],
although methods based on the reconstruction of the spectral function [3] provide some estimates,
compatible with experimental results, that the ratio of shear viscosity to entropy density has a

minimum of little more than 𝜂𝑠 KSS ∼ 0.08.
In certain limits, the shear viscosity (and other transport coefficients) may be obtained analytically. The most famous such result is the holographic calculation of N = 4 supersymmetric
Yang-Mills in the strong coupling and large-𝑁 limits [4]. Similar (albeit arguably more difficult)
calculations have been performed in the weak-coupling [5] and large-𝑁 [6] limits of scalar field
theory.
The procedure used to obtain large-𝑁 results from scalar field theory is chiefly analytic, but
it can be used just as well as a saddle point expansion on the lattice. In this form it is a close
relative of the Lefschetz thimble methods for evading the sign problem [7]. This talk will describe
several algorithms for working in the large-𝑁 limits of bosonic and fermionic field theories, and
demonstrate their operation in low dimensions. An important advantage of these methods is that
they give ready access to observables that are otherwise not analytically tractable; for instance, the
study of quenches.
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Here 𝑎(𝑡) defines the so-called “Schwinger-Keldysh” contour, representing both imaginary- and
real-time evolution. The order in which imaginary- and real-time evolution operators are applied
in (2) determines 𝑎(𝑡).
The choice of contour is largely arbitrary, with two major restrictions. First, if we want to
compute the time-separated correlator ⟨O (𝑇)O (0)⟩, the points 𝑡 = 0 and 𝑡 = 𝑇 must be included on
the contour. Second, because 𝐻 is typically unbounded above, the operator 𝑒 −𝑖𝐻𝑡 is defined only on
the lower half-plane; therefore the chosen contour must never move ‘backward’ in imaginary time.
As a consequence of these two constraints, every contour that allows us to compute ⟨O (𝑇)O (0)⟩
must include the straight line from 𝑡 = 0 to 𝑡 = 𝑇. The two most common contours are shown in
Figure 1. Except where noted, in this paper we will always work with the second, the so-called
S-contour.
The anharmonic oscillator is of course just the 0+1-dimensional case of 𝜙4 field theory, defined
by the lattice action
𝑆 𝜙4 =

∑︁ |𝜙(𝑡, 𝑥) − 𝜙(𝑡 + 1, 𝑥)| 2
+
2𝑎(𝑡)
𝑡,𝑥

∑︁ 𝑎(𝑡) + 𝑎(𝑡 − 1)  |𝜙(𝑡, 𝑥) − 𝜙(𝑡, 𝑥 + 1)| 2 𝑚 2
2
4
+
|𝜙(𝑡, 𝑥)| + 𝜆|𝜙(𝑡, 𝑥)| ,
2
2
2
𝑡,𝑥

(4)
(5)

Í
where we have defined |𝜙(𝑡, 𝑥)| 2 ≡ 𝑖 𝜙𝑖 (𝑡, 𝑥) 2 for brevity. The spatial lattice spacing is implicitly
made to be 1. The same considerations of the choice of contour 𝑎(𝑡) apply to scalar field theory,
as well as to the fermionic theories below. Note that the spatial lattice spacing is assumed here and
throughout to be 1, while the time-like spacing may be different. Usually, the time-like spacing is
smaller, to approximate the Hamiltonian limit.
A fermionic analogue to 𝜙4 scalar field theory is given by the Gross-Neveu model, described
in the continuum by the action
∫

𝑔2 ¯ 2
𝑆𝐺 𝑁 = 𝑑 𝑑 𝑥 𝜓¯ 𝜕/ + 𝑚 𝜓 +
( 𝜓𝜓) .
(6)
2𝑁
3
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Figure 1: Two common choices of Schwinger-Keldysh contour. The horizontal axis represents real-time
evolution; the (periodic) vertical axis corresponds to imaginary-time evolution. The contour on the left is
termed the L-contour, and the other the S-contour. Only the L-contour is useful for computing out-of-timeorder correlations, or quenches.

Real-Time Dynamics At Large 𝑁

Scott Lawrence

¯ 𝜇 𝜓) 2 yields the Thirring model; for 𝑑 = 2 and 𝑁 = 1, the two
Modifying the interaction term to ( 𝜓𝛾
models are equivalent (up to a redefinition of the coupling 𝑔).

3. Large 𝑁 on the Lattice

𝑆 𝜙4 ,eff [𝜁] =

𝑁 ∑︁
𝑁
𝑎(𝑡)𝜁 (𝑡, 𝑥) 2 + log det 𝑀 (𝜁),
16𝜆 𝑥,𝑡
2

(7)

where the inverse propagator in a background field of 𝜁 is given, in terms of the free lattice boson
inverse propagator 𝑀 (0) , by

2
𝑀 𝑥 𝑦 = 𝑀 𝑥(0)
(8)
𝑦 + 𝛿 𝑥 𝑦 𝑚 + 𝑖𝜁 (𝑥) .
This effective action is valid in any number of dimensions; in particular the anharmonic oscillator
is obtained as the 𝑑 = 0 case.
In the case of the fermionic models, a lattice calculation even at finite 𝑁 already requires a
similar procedure, in which an auxiliary field is introduced and the fermions are integrated out to
yield a fermion determinant — this time in the numerator. It can be arranged for the number of
flavors 𝑁 to appear as a prefactor on the entire action, so that the effective action is of the form
𝑆 𝐹,eff [𝜎] =

𝑁 ∑︁
𝑎(𝑡)𝜁 (𝑡) 2 − 𝑁 log det 𝐷 (𝜁),
8𝑔 2

(9)

where 𝑔 2 is the lattice coupling constant, and 𝐷 (𝜁) is the Dirac operator in a non-dynamical
background field 𝜁. (This form is the same whether the Gross-Neveu or Thirring model is being
studied; only the Dirac operator differs.)
This way of rewriting the theories exactly mirrors the procedure used to address the large-𝑁
limit in analytic, continuum results. The next step is also little different: the path integral, which in
both cases is of the form
∫
𝑍=
D𝜁 𝑒 − 𝑁 𝑆eff,1 (𝜁 ) ,
(10)
where 𝑆eff,1 is the per-flavor action, can be approximated by an expansion around the saddle point.
This yields the 𝑁1 expansion for all observables.

4. Contour Deformations
The real-time components of the Schwinger-Keldysh contour contribute a sign problem. The
“Boltzmann factor” 𝑒 −𝑆 is complex, and can no longer be treated as a probability distribution. Sign
problems can be handled, to some extent, by reweighting: sampling with respect to the quenched
distribution |𝑒 −𝑆 |, and computing the desired expectation value as a ratio of quenched expectation
4
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For all models discussed in the section above, expectation values in or near the large-𝑁 limit
can be evaluated as a saddle point expansion. This is accomplished by introducing an auxiliary
field 𝜁 to absorb the quartic interaction term. Suitably normalizing the field 𝜁 results in the action
appearing with 𝑁 as an overall factor. Thus, in the large-𝑁 limit, the path integral is dominated by
the saddle points (in practice, one particular saddle point) of the per-flavor action.
In the case of scalar field theory in 𝑑 spatial dimensions, the resulting effective action reads
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values. This procedure converges exponentially slowly in the lattice volume, and sometimes not at
all.
A general approach to alleviating sign problems, first proposed in [7], is to treat the path integral
(10) as a complex contour integral along R𝑉 ⊂ C𝑉 , and deform the contour of integration to a
submanifold of C𝑉 with a milder sign problem. As long as the Boltzmann factor is a holomorphic
function of the auxiliary fields, physical observables are not changed by this process. (See [9] for a
modern review of this family of methods.)

The propagator in the fermionic case can still be singular, but this introduces only zeros into
the integrand of the path integral, and no poles. As a result, deformations of the integration contour
are guaranteed not to change any expectation values1, and a Monte Carlo on the tangent plane is
trustworthy.

5. Lattice Calculation
The first step required in any saddle-point based calculation is to find the saddle point. In the
continuum, this is a constant field 𝜁 = 𝜁0 ; however, lattice artifacts introduce small fluctuations. To
make a numerical search practical, we use the fact that the saddle point is pure-imaginary, and that
for the S-contour, it obeys the symmetry 𝜁 (𝑡) = 𝜁 ( 𝛽ˆ + 2𝑇ˆ − 𝑡) † . Figure 2 shows the saddle point
𝑖𝜁 (𝑡) of the anharmonic oscillator for 𝛽ˆ = 6, 𝑇ˆ = 12, for two different values of the bare parameters
𝑚 and 𝜆.
The most straightforward way to proceed with a lattice calculation is to perform a Monte Carlo,
at fixed but large 𝑁, on the tangent plane to the dominant thimble. At large 𝑁, the probability
distribution on the tangent place is approximately Gaussian, and can be sampled efficiently (with
moderate reweighting) without the need of a Markov Chain. At slightly smaller 𝑁, a Markov
Chain becomes helpful, although reweighting is still required to address the mild sign problem that
develops at any finite 𝑁.
As discussed in the previous section, direct sampling of field configurations fails in the presence
of singularities of the Boltzmann factor, which occur for the scalar theories. Alternatively, terms of
the expansion in 𝑁 −1 can be computed explicitly. As an example, consider the two-point function
⟨𝜙(𝑡)𝜙(0)⟩. The leading-order piece is just that expectation value evaluated in the free field in
a background of 𝜁 𝑐 . The next contribution is at order 𝑁 −1 , and is naturally expressed in terms
1Note that correlators of the fermion fields involve inverses of the Dirac operator, but as shown in [10] the resulting
singularities are exactly cancelled by the factor of det 𝐷 in the Boltzmann factor, protecting the holomorphicity of the
integrand.

5
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In the bosonic case, a difficulty immediately arises: the integrand of the path integral is not, in
fact, holomorphic. The propagator, which appears in the denominator, can be singular, introducing
poles. For this reason, we are prevented from performing a proper Monte Carlo over configurations
for bosonic field theory. Nevertheless, the saddle point expansion still yields realistic and useful
results at leading order and 𝑁 −1 .
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√

𝑁 (𝜁 − 𝜁 𝑐 ).
1
2
𝑑
1
−1
−1
⟨𝜙(𝑡)𝜙(0)⟩ =
𝐴 𝑥 𝑦𝑧 Σ 𝑥 𝑦𝑧 𝑀𝑡0
− 𝐵 𝑤 𝑥 𝑦𝑧 Σ𝑤 𝑥 𝑦𝑧 𝑀𝑡0
0
6
24
𝑑𝑁 −1
𝑖
−1
−1
−1 −1
+ 𝐴 𝑥 𝑦𝑧 Σ 𝑥 𝑦𝑧 𝑎 𝑤 𝑀 𝑥𝑤
𝑀𝑤0
− 𝑎 𝑦 𝑎 𝑧 𝑀 𝑥−1𝑦 𝑀 𝑦𝑧
𝑀𝑧0
6
1
2 1
−1
− 𝑀𝑡0
𝐴
Σ
− 𝐵 𝑤 𝑥 𝑦𝑧 Σ𝑤 𝑥 𝑦𝑧 0 ,
𝑥
𝑦𝑧
𝑥
𝑦𝑧
0 6
24

correlators of a rescaled field 𝜎 =

0

(11)

where ⟨·⟩0 denotes a leading-order expectation value — a Gaussian expectation value evaluated at
the saddle point. The tensors 𝑀, 𝐴, and 𝐵 give the second, third, and fourth derivatives of the
effective action with respect to the fields 𝜎:
1
1
𝑆eff (𝜎) = 𝑀 𝑥 𝑦 Σ 𝑥 𝑦 + √ 𝐴 𝑥 𝑦𝑧 Σ 𝑥 𝑦𝑧 + 𝐵 𝑤 𝑥 𝑦𝑧 Σ𝑤 𝑥 𝑦𝑧 .
𝑁
𝑁

(12)

For brevity, here and above, we have used the notation Σ 𝑥 𝑦 = 𝜎𝑥 𝜎𝑦 (and similarly with three and
four indices). Finally, 𝑎 𝑥 gives the direction of the Schwinger-Keldysh contour at site 𝑥. Where an
index appears thrice in (11), it is summed over just as if it had appeared only twice.
The required Gaussian expectation values can be obtained semi-analytically, by summing over
contractions, or via a Monte Carlo, by sampling from the Gaussian distribution about the saddle
point. Either method requires exponential time in the order of the expansion desired.
Figure 3 shows the two-point function ⟨𝜙𝑖 (𝑡)𝜙𝑖 (0)⟩ in the large-𝑁 expansion. This correlator
is a simple sinusoid, with frequency giving the mass of the lowest lying spacetime scalar, 𝑂 (𝑁)
vector particle. Writing the mass of this particle as 𝑚(𝑁) = 𝑚 0 + 𝑚 2 𝑁 −1 + 𝑂 (𝑁 −2 ), the correlator
has the form

⟨𝜙(𝑡)𝜙(0)⟩ ∼ cos 𝑚 0 + 𝑚 2 𝑁 −1 𝑡 ≈ cos 𝑚 0 𝑡 − 𝑁 −1 𝑚 2 𝑡 sin 𝑚 0 𝑡.
(13)
Thus, the large-𝑁 limit 𝑚 0 of the mass is given by the frequency of the left panel, and the subleading
term 𝑚 2 is given by the slope of the amplitude of the sinusoid in the right panel of figure 3.
The 𝑁1 corrections to the two-point function, of course, are readily obtained analytically. A
key advantage of the lattice formulation is enabling the calculation of observables which are not so
6
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Figure 2: The saddle point for the anharmonic oscillator (1). The imaginary part of the saddle point 𝜁 𝑐 (𝑡) is
plotted as a function of the lattice time-slice, for two different sets of bare parameters; the real part vanishes
identically. Closer to the continuum limit, the fluctuations in 𝜁 𝑐 (𝑡) disappear.
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analytically tractable. One example is the quench — a system is permitted to equilibrate under one
Hamiltonian 𝐻0 , and then at some time 𝑡 = 0, the Hamiltonian is changed to 𝐻1 .
A nontrivial quench can be achieved by a change of the coupling 𝜆. Note that a quench is
whicht he coupling is turned off — set to 𝜆 = 0 for the real-time evolution — is both less interesting
and easier to computer. The real-time part of the Schwinger-Keldysh contour for such a quench
corresponds to evolution of the free theory, which is efficiently simulable on a classical computer.

6. Discussion
The large-𝑁 limit of 𝑂 (𝑁) symmetric bosons and 𝑈 (𝑁) symmetric fermions is amenable to
efficient calculations either analytically or on the lattice. The lattice expansion makes accessible
more complex physics, including quenches, that are analytically tractable. In cases where the lattice
would ordinarily have a sign problem, the large-𝑁 limit renders Lefschetz thimble-based methods
perfectly effective in resolving that sign problem.
These calculations are non-perturbative in the sense that all orders of the bare coupling 𝜆
are involved in the particle masses, equation of state, and so on. However, the S-matrix itself is
very close to the identity, with leading-order deviations that are 𝑂 (𝑁 −1 ). From a standpoint of
computational complexity, this is the property that enables the calculations performed above. In
the 𝑁1 expansion, particles cannot interact an arbitrary number of times, preventing the simulation
of arbitrary quantum circuits at any fixed order in 𝑁 −1 . The size of circuit that can be simulated is
proportional to the order of the expansion; correspondingly, the calculations above are exponentially
difficult in the order of the expansion. In other words, these calculations are hard exactly where they
‘should’ be to avoid an efficient classical algorithm for simulating arbitrary quantum dynamics.
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Figure 3: Large-𝑁 expansion of the 2-point function of the anharmonic oscillator, with 𝑚 2 = 0.2, 𝜆 = 0.1.
The panel on the left shows the leading-order term; i.e., ⟨𝜙(𝑡)𝜙(0)⟩ in the large-𝑁 limit. On the right is the
𝑁 −1 contribution.

Real-Time Dynamics At Large 𝑁

Scott Lawrence

References
[1] P. Romatschke and U. Romatschke, Relativistic Fluid Dynamics In and Out of Equilibrium,
Cambridge Monographs on Mathematical Physics, Cambridge University Press (5, 2019),
10.1017/9781108651998, [1712.05815].
[2] G.D. Moore, Shear viscosity in QCD and why it’s hard to calculate, in Criticality in QCD
and the Hadron Resonance Gas, 10, 2020 [2010.15704].

[4] G. Policastro, D.T. Son and A.O. Starinets, From AdS / CFT correspondence to
hydrodynamics, JHEP 09 (2002) 043 [hep-th/0205052].
[5] S. Jeon, Hydrodynamic transport coefficients in relativistic scalar field theory, Phys. Rev. D
52 (1995) 3591 [hep-ph/9409250].
[6] P. Romatschke, Shear Viscosity at Infinite Coupling: A Field Theory Calculation, Phys. Rev.
Lett. 127 (2021) 111603 [2104.06435].
[7] AuroraScience collaboration, New approach to the sign problem in quantum field theories:
High density QCD on a Lefschetz thimble, Phys. Rev. D86 (2012) 074506 [1205.3996].
[8] A. Alexandru, G. Basar, P.F. Bedaque, S. Vartak and N.C. Warrington, Monte Carlo Study of
Real Time Dynamics on the Lattice, Phys. Rev. Lett. 117 (2016) 081602 [1605.08040].
[9] A. Alexandru, G. Basar, P.F. Bedaque and N.C. Warrington, Complex Paths Around The Sign
Problem, 2007.05436.
[10] A. Alexandru, G. Başar, P.F. Bedaque, H. Lamm and S. Lawrence, Finite Density 𝑄𝐸 𝐷 1+1
Near Lefschetz Thimbles, Phys. Rev. D98 (2018) 034506 [1807.02027].

8

PoS(LATTICE2021)518

[3] H.B. Meyer, Transport Properties of the Quark-Gluon Plasma: A Lattice QCD Perspective,
Eur. Phys. J. A 47 (2011) 86 [1104.3708].

