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1. Introduction

It is well-established experimentally thatmany resonances couple strongly to three- ormore par-
ticle channels [1, 2]. Some of the most puzzling particles like Roper resonance #∗(1440) or exotic
j21(3872) have significant three-particle decaymodes [3]. A general theoretical framework describ-
ing the scattering of three hadrons would provide a wider avenue for systematic phenomenological
studies of those states. Moreover, such a framework is required to establish their properties directly
fromQCD, translating the lattice results for the three-particle spectra into infinite-volume scattering
information [4–6]. In recent years, two relativistic on-shell 3→3 scattering formalisms have been
developed and applied to a range of physical problems: (a) the relativistic EFT (RFET) [7–10],
and (b) the (-matrix unitarity approach [11–14]. In both formalisms, the lattice output, generically
called the three-body  -matrix, enters into a set of integral equations. Their solution yields an
on-shell three-particle scattering amplitude [15, 16], which has to be continued to the complex
energies to identify resonances. Due to the multi-variable nature of three-body scattering, these
two last steps pose a challenge. First, the integral equations require a careful numerical solution
procedure to arrive at correct results. Additionally, before performing analytical continuation, one
needs to understand the analytic properties of the amplitudes to disentangle kinematic or unphysical
singularities from the physical ones.

To resolve the first of those problems, in Ref. [17] we established a systematically improvable
method for numerically solving relativistic three-body integral equations of the type depicted
diagrammatically in Fig. 1. We test it by solving a three-body problem of scalar particles with an
(-wave two-body bound state—a toy model for the nucleon-deuteron interaction. The problem is
numerically demanding due to the pole singularity appearing in the integration range. Here, for
clarity of presentation, we describe the simplest employed numerical method, i.e., basic uniform
discretization. We briefly discuss systematic tests utilized to check the quality of our solutions,
present example results, and compare them to the existing studies.

Addressing the second of the above-mentioned problems, in Ref. [18] we studied the problem
of the analytical structure of the three-body amplitudes. Using the “minimal” �-matrix formalism,
we analyze the same system, i.e., scattering of three spinless particles, in which a bound state in
the two-body subchannel is formed. In this approach, the intermediate states are on-shell and have
physical energies. We find that this generates non-physical analytic properties of the amplitude. In
particular, spurious singularities appear arbitrarily close to the three-body threshold, hindering the
study of genuine three-body effects. We show how to eliminate non-physical singularities by em-
ploying Chew–Mandelstam-like dispersion procedure when the contact-interaction approximation
is assumed. We also generalize the formalism to include all relevant open channels, and corre-
sponding scattering amplitudes. Finally, we show how the dispersion relations ensure they satisfy
the unitarity constraint between the bound-state–particle and three-body thresholds.

2. Three-body integral equations

Firstly, we summarize the relevant aspects of the REFT and the �-matrix formalisms, adapting
the notation of Refs. [18, 19]. We consider an elastic scattering process of three indistinguishable
spinless particles of mass <. The unsymmetrized partial-wave projected three-body amplitude
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(a)

(b)

Figure 1: Diagrammatic representation of (a)A33, as given by Eq. (2), and (b) the �-matrix kernel. A single
external line represents a spectator, while a double external line a pair. A solid circle with both external pairs
and spectators is the three-body connected amplitude A33,p′p , and a solid circle only with external pairs is
the two-body amplitude Fp .

M33,p′p is separated into a connected and disconnected part, A33,p′p and Fp Xp′p,

M33,p′p = A33,p′p + Fp Xp′p . (1)

Equation (1) is written in the so-called ( pℓ<ℓ) basis in which amplitudes are treated as infinite-
dimensional matrices in the angular momentum space. Here p is the momentum of one of the
particles in the initial state. We call this particle the spectator, whereas the other two form a
pair, corresponding to the given spectator. The particles in a pair are projected to definite angular
momentum (ℓ, <ℓ) in their center-of-momentum (CM) frame. In addition to those variables, the
amplitude depends on the analogous primed variables for the final state, on the total CM invariant
mass B of the three-particle system, and the total angular momentum �. In the �-matrix approach
the connected part of the amplitude is given by the integral equation,

A33,p′p = Fp′ B33,p′p Fp +
∫
k
Fp′ B33,p′k A33,kp , (2)

as illustrated in Fig. 1. Here, Fp is the 2→ 2 partial wave amplitude that describes interactions of
particles in the pair. The �-matrix kernel is given by the sum of two terms, B33,p′p = Gp′p + Rp′p.
The matrix Gp′p governs the long-range interaction due to one-particle exchange (OPE) between
the pair and spectator and Rp′p is a real matrix representing all short-range interactions. The OPE
amplitude is specified by the (-matrix unitarity, while the '-matrix is unconstrained. Assuming
Rp′p = 0 leads to the solution driven exclusively by the exchanges between 2 → 2 sub-processes,
see Fig. 2, and defines the ladder amplitude Dp′p, given by,

Dp′p = Fp′ Gp′p Fp +
∫
k
Fp′ Gp′k Dkp . (3)

In the REFT formulation, as described in Ref. [8], the connected part of the unsymmetrized three-
body scattering amplitude is given by the sum of the ladder and short-range amplitudeM (D,D)

df,3 . It
is obtained from an additional double-integral equation, driven by the three-body  matrix called
Kdf,3, representing short-distance three-particle interactions. It is the analog of the R matrix of
the �-matrix formalism. In the recent lattice studies [20–22], both the R and Kdf,3 have been
determined for the realistic systems of three pions.
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Figure 2: Diagrammatic representation of the three-body “ladder” integral equation. A rectangle with
pair-spectator external legs is the ladder three-body amplitude.

Finally, the integration in the above equations is defined as,∫
k
≡

∫
3Ωk

4c

:max∫
0

3: :2

2c2l:
=

∫
3Ωk

4c

(
√
B−<)2∫

fmin

3f:

2c
g(B, f:) . (4)

Here k is the intermediate spectator momentum and f: = (
√
B − l:)2 − k2 is the intermediate

pair invariant mass squared and l: =
√
k2 + <2. Function g(B, fk ) = _1/2(B, f: , <2)/8cB is the

three-body phase space factor, where _(G, H, I) is the Källén triangle function. The “minimal”
�-matrix parametrization is defined by fmin = 4<2. That provides a clear distinction between the
long-range and short-range effects in the formation of resonances, with the OPE amplitude giving
a probability for an exchange of a real, on-shell particle. On the other hand, the REFT formalism
takes fmin = 0 and implements an additional smooth cutoff in the definition of OPE, which has an
advantage of pushing left-hand singularities of the amplitude away from the physical energy region.

3. Ladder equation study

In Ref. [17] we develop numerical techniques for solving the ladder equation. For simplicity,
we assume that the two-body subsystem contains only contributions from the ℓ = 0 partial wave, and
consider the total angular momentum � = 0. Furthermore, we work with the amputated amplitude
3, defined through relation Dp′p = Fp′ 3pp Fp. The ladder equation takes the form1,

3 (?′, ?) = � (?′, ?) +
∫ ∞

0

d: :2

(2c)2 l:
� (?′, :) F (:) 3 (:, ?) . (5)

The (-wave OPE is,

� (?′, ?) = � (?
′, ?)

4?′?
log

(
U(?′, ?) − 2?′? + 8n
U(?′, ?) + 2?′? + 8n

)
, (6)

where U(?′, ?) = (
√
B − l?′ − l?)2 − p2 − p′2 − <2 and � (?′, ?) is the smooth cutoff function

defined in Ref. [8]. We consider the leading order effective range expansion for F ,

F (:) =
16c√f:

−1/0 − 8
√
f:/4 − <2

, (7)

1It should be noted that we use a slightly different notation than Ref. [17]. We omit (D, D) superscripts and ( subscripts,
and extract the minus sign from the definition of OPE. We use F forM2, f: for B2: , and B for B3 or �2.
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where 0 is the scattering length. Is has a pole on the real f: axis, which we call f1 = 4
(
<2 − 1/02) ,

and the residue at the pole 6 = 8
√

2c√f1/0. The relative bound-state–spectator momentum @

corresponding to the bound state pole is @ = _1/2(B, B1, <2)/2
√
B.

To simplify the discussion of the results, we label the spectator as “i” and the bound state as
“1”, and define two-body, bound-state–spectator amplitudeMi1. It is obtained by continuing the
initial and final two-particle subsystems to the bound state pole,

Mi1 (B) = lim
f? ,f?′→f1

62 3 (?′, ?) . (8)

Above the i1 threshold Bi1 = (
√
f1 + <)2 and below the three-particle threshold B3i = (3<)2,

the amplitude satisfies the two-body (-matrix unitarity. Therefore, it can be written using the usual
 -matrix parametrization,

Mi1 (B) =
1

K−1
i1
(B) − 8di1 (B)

, (9)

where K−1
i1
(B) is real below the 3i threshold and di1 (B) = g(B, f1)/2 is the two-body phase

space between the bound state and the spectator. It is worth noting that in our approach one can
additionally access the unsymmetrized bound-state breakup amplitude i1 → 3i. It is obtained
from the limiting procedure in which only the initial pair invariant mass is fixed to the bound-state
mass, namely,Mi1,3i (?′, B) = 6 F (?′) limf?→f1 3 (?′, ?).

The standard approach to solve equations of type (5) is based on the uniform discretization with
constant quadratures. The reader can find more sophisticated and efficient procedures, namely, the
semi-analytic (SA) and spline-based (SB) methods, described in Ref. [17]. We start by introducing
the 8n prescription in F . This shifts the pole slightly away from the axis of integration. Next, we
introduce a discretized mesh in momentum space to numerically approximate the integral equation
by a system of # linear equations. We denote the n-dependent and #-dependent solution of our
equation by explicit #, n subscripts, i.e., we write 3# ,n (?′, ?). The true ladder amplitude 3 (?′, ?)
is given in the ordered limit as # → ∞ and then n → 0. Having a uniform mesh of points {:=},
one rewrites Eq. (5) as,

3# ,n (?′, ?) = � (?′, ?) +
#−1∑
==0

Δ:= :
2
=

(2c)2 l:=
� (?′, :=) F (:=) 3# ,n (:=, ?) . (10)

We consider 3 as a matrix in the space defined by the set {:=}, with matrix elements 3=′= =
3# ,n (: ′=, :=). This allows us to consider Eq. (10) as a linear system, with a solution,

3# ,n (?′, ?) =
[
"−1�

]
=′=

����
:′==?′, :==?

, (11)

where " is a matrix given by,

"=′= = X=′= −
Δ:= :

2
=

(2c)2 l:=
�( (: ′=, :=) F (:=) . (12)

In the last step, for a large value of # , using Eq. (10), one interpolates the solution, Eq. (11), to
external momenta ?′, ? → @, which is equivalent to taking the limit defined in Eq. (8).
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In practice, we calculate the amplitude for several values of sufficiently large # and small n
to perform an extrapolation of the numerical result to the # → ∞ and n → 0 solution. For that,
we determined the asymptotic behavior of the error for large # and small n , finding 3 (?′, ?) =
3# ,n (?′, ?) + O (4−[), where [ = 2c#n@/@max and n@ is a function of B linearly proportional to
n . The [ parameter relates n and # , implying that for a given n@ the matrix size # must be large
enough, so that [ � 1. The extrapolation is executed by fitting the finite # amplitude for a fixed
B, 0, and [ to a function which is a low-order polynomial of 1/# . In our computations, we used
11 points in the interval 1000 ≤ # ≤ 6000 and found systematic errors to be orders of magnitude
smaller than the results themselves.

An example solution for the i1 scattering amplitude is shown in the top panel of Fig. 3. We
consider the case of <0 = 2, corresponding to a deeply two-body bound state. The corresponding
@ cot Xi1 = 8c

√
BK−1

i1
(B) is shown in the middle panel of Fig. 3, together with points computed

using the finite volume formalism in Ref. [23]. We find an excellent agreement with that independent
study. The bottom panel shows the unitarity deviation, which is one of the employed measures of
the systematic error. For each value of B it is given by Δdi1 = 100×

��1 + Im
[
M−1

i1,#
(B)

]
/di1 (B)

��.
As Δdi1 → 0, the solution better satisfies the unitarity relation. In our calculations for <0 = 2,
we find for all energy points except at threshold show sub-percent deviations, indicating that our
numerical approximation is satisfactory for the desired precision. In principle, the SA and SB
methods, not described here, allow to decrease Δdi1 arbitrarily low for comparable or smaller
matrix sizes # .
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Romero-López et al.

ma = 2

η = 15

∆
ρ
ϕ
b

(E/m)2

ma = 2

η = 15

ma = 2

η = 15

Figure 3: Solution for the i1 scattering amplitude as a function of B = �2 below the three-particle threshold
for <0 = 2. The top panel shows the real (red) and imaginary (blue) parts of di1Mi1 . The open circles on
the real axis indicate the i1 and 3i thresholds. The middle panel shows the resulting @ cot Xi1 (blue), with
the open orange points being solutions from the three-particle finite volume formalism taken from Ref. [23].
The bottom panel shows the unitarity deviation.
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4. Bound states in the B-matrix formalism

We turn to the study of the same system in the “minimal” �-matrix formalism. In the �-
matrix equation, the intermediate states are on-shell and have physical energies. The choice of
the integration cutoff fmin = 4<2 affects the behavior of the amplitude below the three-particle
threshold since the integration over the intermediate momentum does not cover the physical region
available to bound-state–spectator state. The two-particle bound state pole atf1 < 4<2 is outside of
the integration limits for B > Bi1, and the amplitudeMi1 defined through the limiting procedure,
Eq. (8), has a wrong two-body threshold behavior. To describe bound-state–spectator scattering in
the “minimal” unitarity formalism, such a state has to be included as an asymptotic scattering state.

We generalize the �-matrix parametrization by explicitly incorporating the channels repre-
senting bound-state–particle interactions, i.e., we consider the coupled 2 → 2, 3 → 2, 2 → 3,
and 3 → 3 scattering processes. Similar approach can be found in Refs. [24, 25]. We introduce
the n → m amplitudes M<=, which are matrix elements of the ) matrix describing different
reaction channels. Their precise definition is provided in Ref. [18]. The amplitudeM33 has both
a connected and disconnected parts, whileM32,M23,M22 are connected by definition; thus, we
write M=< = A=< for both =, < ≠ 3. The three-particle states are described using kinematic
variables ( pℓ<ℓ). In this basis, the partial wave projected 2 → 3 amplitude is not a matrix but a
“vector” A32,p′, the partial wave projected 3→ 2 amplitude is a transposed “vector” A32,p, while
the 2 → 2 amplitude A22 is a “scalar”. The two-body system of the bound-state and spectator is
described by the total invariant mass squared B or the relative momentum k between the particles in
the CM frame. The angular orientation Ωk̂ of the outgoing spectator’s momentum in the two-body
system is defined with respect to the incoming spectator’s momentum, either in the two-body or the
three-body state.

Each new scattering channel has a corresponding �-matrix kernel. These are real functions
B22 ≡ B22(B, k̂), B23,p ≡ B23,ℓ<ℓ (B, fp, k̂) and B32,p′ ≡ B32,ℓ′<′

ℓ
(fp′, B, k̂). Denoting integration

over the implicit angular dependence in the intermediate state by
∫
k̂
=

∫ 3Ωk̂
4c , the generalized

�-matrix parameterization of the connected amplitudes A<= is given by

A22 = B22 +
∫
k̂
B22 8di1A22 +

∫
k
B23,k A32,k , (13)

A23,p = B23,p Fp +
∫
k̂
B22 8di1A23,p +

∫
k
B23,k A33,kp , (14)

A32,p′ = Fp′ B32,p′ +
∫
k̂
Fp′B32,p′ 8di1A22 +

∫
k
Fp′ B33,p′k A32,k , (15)

A33,p′p = Fp′ B33,p′p Fp +
∫
k̂
Fp′ B32,p′ 8di1A23,p +

∫
k
Fp′ B33,p′k A33,kp . (16)

Their diagrammatic representation is shown in Fig. 4 and the formalism can be easily generalized
to include other channels. As shown in Ref. [18], the amplitudes given above satisfy unitarity
above the three-body threshold B3i . This representation in general does not satisfy the unitary
between the bound-state–particle threshold and the three-body threshold, due to the three-body
channel non-zero contribution to the imaginary part of the amplitudes A<= for <, = < 3. In an
analogy with the 3→ 3 formalism, the two-body amplitude F can be amputated in the three-body

7
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Figure 4: Diagrammatic representation of the multi-channel �-matrix framework, Eqs. (13)–(16). Ampli-
tudesA<= are represented by solid circles and can be differentiated from the different types of external legs.
Dashed line represents the two-body bound state. The B33 kernel is decomposed as in Fig. 1, while other
kernels are real and describe short-range interactions.

channels containing pairs, defining A32,p′ = Fp′ Ã32,p′, etc. There is no amputation needed for
the bound-state–particle channel, but we write A22 = Ã22 to maintain consistency in the notation.
One can write formal solutions to the integral equations given above, using the generalized matrix
form,

Ã33 = [1 −H33 F ]−1H33 , (17)

Ã22 =
1

1 − 8di1 B22

[
B22 + B23 F [1 −H33 F ]−1H32

]
, (18)

where the effective kernels are,

H33,p′p = B33,p′p +
B32,p′ 8di1 B23,p

1 − 8di1 B22
, (19)

H32,p′ = B32,p′ +
B32,p′ 8di1 B22

1 − 8di1 B22
. (20)

Kernel B33, enters the solution for Ã22 throughH33 and affects the two-body physics as long as B23
and B32 are nonzero. The 2→ 2 scattering occurs even in the absence of the “direct” interactions
between the bound-state and the spectator, i.e., for B22 = 0. In this case, the dynamics of the
two-body scattering is described entirely by the physics involving three-particle interactions.

The analytic properties of the �-matrix formalism amplitudes involving the long-range OPE
processes were studied in Ref. [14]. We find that the non-physical analytic properties of the
amplitudes appear even in the much simpler case of contact interactions. First, we neglect the
effects of long-range interactions by setting the OPE amplitude to zero, G = 0. We assume that the
short-range kernels R33,p′p and B23,p, B32,p′, B22 are independent on momenta and energies and
are rewritten in terms of real coupling constants R33 = 633, B23 = 623 = B32 = 632, B22 = 622. In
this model, the �-matrix equations can be solved exactly, giving,

0̃33(B) =
633 + � 8di1 (B)

1 − 622 8di1 (B) − [633 + � 8di1 (B)] I(B)
, (21)

8
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0̃22(B) =
622 + � I(B)

1 − 622 8di1 (B) − [633 + � 8di1 (B)] I(B)
. (22)

where � = 62
32 − 633622 and

I(B) =
(
√
B−<)2∫

fmin

3f:

2c
g(B, f:) F (f:) . (23)

We write 0̃=< for the contact-interaction model amplitudes. Calculating the imaginary part of
Eq. (22) one obtains, Im 0̃22(B) = di1 (B) |0̃22(B) |2 + ImI(B) |0̃32(B) |2. This agrees with the two-
body unitarity for B > B3i , but disagrees for lower energies for non-zero ImI(B). The kernel I(B)
governs the analytic structure of the amplitudes. It has the pole at B = 0 from the g(B, f:) and
the right hand cut associated with the three-body threshold B3i . In addition, however, nonphysical
branch points appear. Instead of the right-hand cut associated with the two-body threshold, Bi1
there is a left-cut starting at this point. Additionally a left-hand cut appears at B3i due to the lower
integration limit fmin colliding with one of the movable singularities of the integrand.

In consequence, the amplitudes contain non-physical left-hand cuts starting in the vicinity of
the physical region and do not satisfy the two-body unitarity relation between the two thresholds.
Furthermore, setting 632 = 622 = 0, one finds 0̃33(B) = (1/633 − I(B))−1. Thus, the location of a
three-body bound state is given by conditions ReI(B?) = 1/633 and ImI(B?) = 0, i.e., it occurs
only for a single value of 633, since Im I(B) vanishes only for one value of energy below the the
three-body threshold. Therefore, once the two-body scattering length 00 is fixed, the changes in the
three-body coupling 633 do not affect the physical predictions of the model. This can be seen in the
Fig. 5(a), where the amplitude 0̃33 shows only a nonphysical bump, which scales with 633, and a
spurious singularity occurring at Bi1.

The problems with nonphysical singularities can be resolved by a dispersion representation.
We construct a new kernel I3 which inherits only the three-body unitarity cut from I(B),

I3 (B) =
B2

c

∞∫
B3i

3B′
ImI(B′)

(B′ − B − 8n) (B′ − 8n)2
, (24)

The imaginary part of I3 (B) is zero below B3i . One also replaces 8d2(B) → 8d2,3 (B) by the
Chew-Mandelstam function which removes the nonphysical singularity at B = 0,

8di1,3 (B) =
B

c

∞∫
Bi1

3B′
di1 (B′)
B′(B′ − B) . (25)

The “dispersed” �-matrix parametrization results in the 2→ 2 amplitude with the proper analytical
behavior below B3i , 0̃22,3 (B) = [K(B)−1 − 8di1,3 (B)]−1, where the real  matrix is given by,

K(B) = 622 + � I3 (B)
1 − 633 I3 (B)

. (26)

The dispersion relation not only restores the proper analytic properties of the amplitude and ensures
its unitarity, but also restores the physical sense of the three-body coupling, see Fig. 5(b).

9
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(a) Undispersed model amplitude 0̃33 (B) (b) Dispersed model amplitude 0̃33,3 (B)

Figure 5: The comparison between the 3→ 3 amplitudes in the model with undispersed (a) and dispersed
(b) integral kernel I(B). The value of the couplings are 622 = 1, � = 0, and 633 = 100 or 633 = 30. The
points of non-analyticity are highlighted by the dashed red lines. Amplitude 0̃33,3 (B) has no singularities
below B3i other than the three-body bound-state pole at B∗/<2 ≈ 3.618 for large enough 633.

5. Conclusions

In this work, we presented two studies of relativistic bound-state systems in the three-body
scattering formalisms. In the first one, we investigated several systematically improvable numerical
methods for solving the relativistic three-body on-shell integral equations. Similar equations have
been employed in studies involving realistic hadronic systems [20, 26]. We tested the validity of
our approach by employing several checks on the systematic errors and showed agreement with the
calculation presented in Ref. [23], which involved the finite-volume quantization condition. Our
methodology can be adopted to resonating systems and processes with non-zero angular momenta.
Additionally, the strategies presented here can be used to include the short-distance three-body  
matrices, determined from the growing body of the three-body LQCD calculations [20, 22, 27–36].

Using the same system as the case study we discussed the analytic features of the “minimal"
�-matrix formulation. It features spurious left-hand singularities and prevents one from extracting
amplitudes involving a two-body bound-state from the three-body ones. We eliminated those
shortcomings by including the physical, coupled channels and employing dispersion relations to push
the spurious singularities into nonphysical sheets. This led to controllable and correct amplitudes,
which satisfy unitarity constraint above all relevant thresholds. After these generalizations, the
�-matrix formalism can be used to study the coupled-channels problems. However, more general
dispersion procedure is required to ensure the analyticity of amplitudes for the cases beyond contact
interaction [14].
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