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We report on the status of the analysis of the static energy in 2 + 1 + 1-flavor QCD. The static
energy is obtained by measuring Wilson line correlators in Coulomb gauge using the HISQ action,
yielding the scales 𝑟 0 /𝑎, 𝑟 1 /𝑎, 𝑟 2 /𝑎, their ratios, and the string tension 𝜎𝑟 𝑖2 . We put emphasis
on the possible effects due to the dynamical charm-quark by comparing the lattice results to
continuum results of the static energy with and without a massive flavor at two-loop accuracy. We
employ gauge-field ensembles from the HotQCD and MILC Collaborations.
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1. Introduction

2. Static energy and charm-quark effects in perturbation theory
2.1 Static quark-antiquark energy in perturbation theory
The static energy, 𝐸 0 (𝑟), is the energy stored in a static quark-antiquark pair, separated by a
distance 𝑟. It is related to the real-time Wilson loop [1–3, 14]:
*
+




 ∮



i
𝐸 0 (𝑟) = lim ln 𝑡𝑟 P exp i𝑔
d𝑧 𝜇 𝐴 𝜇 (𝑧) ,
(1)
𝑡→∞ 𝑡




 𝑟 ×𝑡

where the integral is over a rectangle of spatial length 𝑟 and temporal length 𝑡, h. . . i denotes the
expectation value, P stands for the path ordering of the color matrices, 𝑔 is the QCD gauge coupling
(𝛼s = 𝑔 2 /(4𝜋)), and 𝐴 𝜇 are the SU(3) gauge fields. The spatial Wilson lines can be omitted in a
suitable gauge, e.g., in Coulomb gauge.
At short distances, where 𝑟ΛQCD  1, we have that 𝛼s (1/𝑟)  1 and 𝐸 0 (𝑟) may be computed
as a perturbative series in 𝛼s of the form:

𝐶F 𝛼s 
1 + #𝛼s + #𝛼s2 + #𝛼s3 + #𝛼s3 ln 𝛼s + . . . ,
(2)
𝐸 0 (𝑟) = Λ −
𝑟
where Λ is a constant of mass dimension one. Through two loops, the perturbative expansion
depends only on a soft scale 𝜈 of order 1/𝑟. Starting at three loops, however, another ultrasoft
energy scale 𝜇us of order 𝛼s /𝑟 affects the static energy. Soft and ultrasoft effects may be conveniently
factorized in an effective field theory framework [5, 15],
𝐸 0 (𝑟) = Λ + 𝑉s (𝑟, 𝜈, 𝜇us ) + 𝛿us (𝑟, 𝜈, 𝜇us ),

(3)

where 𝑉s (𝑟, 𝜈, 𝜇us ) contains all soft contributions and can be identified with the color-singlet static
potential (as the term is used in the context of perturbative theory), and 𝛿us (𝑟, 𝜈, 𝜇us ) encodes the
ultrasoft contributions.
2
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The static energy, 𝐸 0 (𝑟), of an infinitely heavy quark-antiquark pair is an important observable
that has been studied since the mid-1970s in both lattice gauge theory [1, 2] and perturbation
theory [3, 4]. The perturbative formulas for 𝑁f massless flavors are known at N3 LO, with logarithms
known at N4 LO [5, 6]. A compact summary of the perturbative expression of 𝐸 0 (𝑟) can be found
in [7]. The comparison between lattice data and perturbation theory allows one to extract 𝛼s . This
has been done in the pure gauge SU(3) theory starting from the seminal work of [8] (a more recent
reference is [9]) and, subsequently, in QCD with dynamical fermions. The TUMQCD Collaboration
has extracted 𝛼s from the static energy computed in 2 + 1-flavor lattice QCD since 2012 [10–12].
We are currently extending this program to 2 + 1 + 1-flavor QCD. Charm quark mass effects could
be important at distances of the order of the inverse of the charm mass, 𝑚 c , where comparisons
with perturbation theory are still sensible and affecting the determination of 𝛼s . With this work we
compare for the first time a 2 + 1 + 1-flavor lattice calculation of the static energy with perturbative
QCD including finite charm mass corrections at N2 LO accuracy. We employ gauge-field ensembles
from the HotQCD and MILC Collaborations in this work. More details will be presented in a
forthcoming publication [13].
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∫𝑟
𝐸 0 (𝑟) =

d𝑟 0 𝐹0 (𝑟 0) + const.

(5)

𝑟∗

𝑟 ∗,

The distance
which should be smaller than 𝑟, is arbitrary, and contributes only with an additive
constant. This constant can be reabsorbed into an additive shift when comparing with lattice data.
Equation (5) effectively amounts to a rearrangement of the perturbative series that is renormalon
free at order ΛQCD [17]. The integral in Eq. (5) can be computed (numerically) while running the
strong coupling with a soft scale that is chosen to be the inverse of the distance, 𝜈 = 1/𝑟.
A determination of the force on the lattice, which would allow for a direct comparison with
its perturbative expression without managing the renormalon via subtraction or Eq. (5), remains
challenging. On the one hand, full QCD data for the static energy at short distances are still too
sparse to allow for very accurate determinations of the force from finite differences [11]. On the
other hand, a direct computation of the force from Wilson loops with a chromoelectric field insertion
seems to converge only slowly towards the continuum limit [19]. For the time being, an accurate
determination of 𝐸 0 (𝑟) is much easier and precise, as it amounts to extracting the exponential
fall-off of a static Wilson loop.
2.2 Charm-quark effects in perturbation theory
The static energy and potential are known at three loops only in the case of massless dynamical
quarks. Including a massive quark of mass 𝑚 to the static potential with 𝑁f massless flavors yields
the following correction to the energy
( 𝑁f )
𝐸 0,𝑚
(𝑟) = 𝐸 0( 𝑁f +1) (𝑟) + 𝛿𝑉𝑚( 𝑁f +1) (𝑟).

(6)

The energy 𝐸 0( 𝑁f +1) (𝑟) is the static quark-antiquark energy with 𝑁f + 1 massless quarks. The
correction to it, 𝛿𝑉𝑚( 𝑁f +1) , due to one quark of finite mass 𝑚 is known at N2 LO. The O (𝛼s2 )
3
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The static energy is an observable and hence must be finite, but the functions 𝑉s (𝑟, 𝜈, 𝜇us ) and
𝛿us (𝑟, 𝜈, 𝜇us ) not necessarily so. Indeed, the ln 𝛼s terms appearing in the expansion (2) starting
from N3 LO are remnants of the cancellations between infrared divergences in the soft function
𝑉s (𝑟, 𝜈, 𝜇us ) and ultraviolet divergences in the ultrasoft function 𝛿us (𝑟, 𝜈, 𝜇us ).
In a lattice regularization, the constant Λ in Eq. (3) accounts for the linear divergence due to the
self-energy. While in dimensional regularization the linear divergence vanishes, the constant Λ is
still there, as it encodes a renormalon ambiguity of order ΛQCD that cancels against the renormalon
ambiguity of the same order in the color-singlet static potential [16]. The renormalon in the static
potential is responsible for the poor convergence of its perturbative series. The poor convergence
may be cured by subtracting the renormalon contribution from the static potential in a suitably
chosen renormalon subtraction scheme and reabsorbing it into a redefinition of Λ, making in this
way the renormalon cancellation explicit [17].
Another way to get rid of the renormalon in the perturbative expansion of the static energy is
by computing first the force,
d
𝐹0 (𝑟) ≡ 𝐸 0 (𝑟),
(4)
d𝑟
which is free from the leading order renormalon and therefore well behaved as an expansion in 𝛼s .
One then recovers the static energy by integrating [18]
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corrections [4] are, together with the O (𝛼s3 ) corrections, well known [20]; for a typo-free summary,
see Ref. [21]. Both, 𝐸 0 , and 𝛿𝑉𝑚 , are to be evaluated with 𝑁f + 1 massless flavors which, upon
combination, will give the energy with 𝑁f massless flavors and one massive one. We reexpress
Eq. (6) in terms of the running coupling with 𝑁f massless flavors. On general grounds, the static
energy with a massive quark satisfies the following limiting behavior:
1. In the limit 𝑚  1/𝑟, the heavy quark effectively decouples:
( 𝑁f )
𝐸 0,𝑚
(𝑟, 𝜈) → 𝐸 0( 𝑁f ) (𝑟, 𝜈) + O ((𝛼s( 𝑁f ) ) 4 ).

(7)

( 𝑁f )
𝐸 0,𝑚
(𝑟, 𝜈) → 𝐸 0( 𝑁f +1) (𝑟, 𝜈) + O ((𝛼s( 𝑁f ) ) 4 ).

(8)

3. Static energy and charm-quark effects on the lattice
3.1 Lattice setup and static quark-antiquark energy on the lattice
We employ 2+1-flavor ensembles [22, 23] from HotQCD and 2+1+1-flavor ensembles [24, 25]
from MILC, both using (rooted) highly improved staggered quark (HISQ) action [26] for the sea
quarks and, respectively, tree-level or 1-loop Symanzik improved gauge action. Details of the
ensembles can be found in the original references. The static energy, 𝐸 0 (𝑟), is extracted from the
correlator of two Wilson lines in Coulomb gauge, and we extract the ground state by employing
single and multi-exponential fits. We always take the distance 𝑟 to be the distance inferred from the
gluon propagator, which we refer to as tree-level improvement of the static-energy data.
Beyond tree-level improvement of the data, the 2 + 1-flavor data are nonperturbatively improved [12]. We use the single ensemble with 𝛽 = 7.825, 𝑎 ≈ 0.040 fm, and 𝑚 𝑙 /𝑚 𝑠 ≈ 1/20, i.e.,
an almost physical quark-mass ratio.
A summary of the 2 + 1 + 1-flavor ensembles can be found in Ref. [25]. The data are tree-level
improved. In addition to the straight Wilson lines, we also determine the static energy from Wilson
lines with one step of hypercubic (HYP) smearing [27] which gives a better signal-to-noise ratio
at large distances. Although these two determinations of the static energy differ at nonzero lattice
spacing, they share a common continuum limit. In these proceedings, we mainly focus on the
ensemble with 𝛽 = 7.0, 𝑎 ≈ 0.043 fm, 𝑁 3𝜎 × 𝑁 𝜏 = 1443 × 288, and 𝑚 𝑙 /𝑚 𝑠 ≈ 1/27, which is the
physical ratio.
3.2 Charm-quark effects on the lattice
In the left panel of Fig. 1, we show 𝑟 𝐸 0 (𝑟), in order to remove the leading Coulomb behavior.
We add a constant to the 𝐸 0 (𝑟) data such that the shifted data are rather flat in the range of
interest. This should facilitate the visualization of the small finite mass effects we are investigating.
Assuming decoupling of the charm-quark at large distances, 𝑟  1/𝑚 c ∼ 0.15 fm, we match the
2 + 1 and 2 + 1 + 1-flavor data, since they must agree up to a constant. We match the 2 + 1-flavor
data to the 2 + 1 + 1-flavor data of the same (similar) 𝑚 𝑙 /𝑚 𝑠 -ratio by minimizing the difference over
4
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2. In the limit 𝑚  1/𝑟, the static energy with a massive quark effectively reduces to the static
energy with 𝑁f + 1 massless quarks:
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mc =
Nf = 3 = 0.3249 GeV, Nf = 4 = 0.2834 GeV
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Figure 1: Left: 𝑟 𝐸 0 (𝑟) for two different 2 + 1 + 1-flavor ensembles using different light-quark masses and one
2 + 1-flavor ensemble of similar lattice spacing. The latter has been matched to the 2 + 1 + 1-flavor ensemble at
large distances where they agree due to decoupling of the charm-quark while at distances 𝑟 ∼ 1/𝑚 c ∼ 0.15 fm
the difference is due to the dynamic charm-quark.
Right: Comparison of the 2 + 1 + 1-flavor data with different perturbative curves describing the data in
different regions (see text for explanation). In black we show the two-loop static potential obtained from the
static force ("F2l", see Eq. (5)) with three massless flavors ("𝑁f = 3") and a massive charm-quark at two
loops (charm effects @ 2-loop), while in orange and green we show the pure two-loop massless four and
three flavor curves respectively.

the range 𝑟 ∈ [0.18, 0.27] fm and vary the range to estimate the matching error. In the legend of
the plot, we display by how much, Δ, the matching procedure shifts the data at 𝑟 = 0.15 fm. We
additionally show another 2 + 1 + 1-flavor data set with larger light sea quark mass, 𝑚 𝑙 /𝑚 𝑠 = 1/5,
whose data set has not been shifted relative to the physical one, such that their relative deviation is
due to the difference in the light quark masses. There is a clear difference between the data points
of the 2 + 1 and the 2 + 1 + 1-flavor ensembles, which we attribute to the dynamical charm as the
effect due to the different light-quark masses is smaller.
As discussed in Sec. 2.2, the effective number of active flavors that enters the running of 𝛼s
in the static energy changes at different distances with 𝑚 c fixed. At large distances, 𝑟  1/𝑚 c ,
the charm-quark decouples, and in this region we thus have an effective three-flavor running of
𝛼s . At short distances, 𝑟  1/𝑚 c , the charm-quark contributes as an active, massless flavor, and
we thus have an effective four-flavor running of 𝛼s in that region. In order to compare with the
weak-coupling prediction for charm-quark effects, Eq. (6), which is known at two-loop accuracy,
we need a reference value for ΛMS . We determine a sensible ΛMS by fitting Eq. (6) to the physical
2 + 1 + 1-flavor ensemble. We leave out data at 𝑟/𝑎 = 1 from all the fits and vary the fit range
up to 𝑟 ≈ 0.18 fm using 𝑚 c = 1.28 GeV and three-loop running of 𝛼s . The value obtained
after converting to three-flavors via perturbative decoupling [28], Λ ( 𝑁f =3) ≈ 325 MeV, turns out
MS
∼ 3.5% higher than the 2019 2 + 1-flavor determination from Ref. [12], which is compatible within
perturbative truncation uncertainties.
The comparison of the N2 LO expression with the lattice data is shown in the right panel of
Fig. 1. The static energy, Eq. (3), with four massless active flavors, 𝑁f = 4, is matched to the data
in the smaller 𝑟-range (𝑟 < 1/𝑚 c , orange dashed curve), but begins to deviate from the lattice data
before 𝑟 ≈ 0.12 fm. Over the whole data range, (0.061 − 0.190) fm, it has 𝜒2 /dof ≈ 6.6. The
static energy, Eq. (3), with three massless active flavors, 𝑁f = 3, is matched to the data in the larger
5
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4. Lattice scales and the string tension
The static energy based lattice scales 𝑟 𝑖 /𝑎, 𝑖 = 0, 1, 2, have not been determined in 2+1+1-flavor
QCD, yet. They are defined via (𝜌 ≡ 𝑟/𝑎) [23, 29]

𝜌 2 𝐹 (𝜌) 𝜌=𝑟𝑖 /𝑎



1.65, 𝑖 = 0




=
1.0, 𝑖 = 1



 0.5, 𝑖 = 2


,

(9)

𝑟 2 ≈ 0.145 fm ∼ 1/𝑚 c .

(10)

and have the continuum values [22, 23, 30]
𝑟 0 ≈ 0.475 fm,

𝑟 1 ≈ 0.3106 fm,

Since the short distance scale 𝑟 2 is of the order of the inverse charm-quark mass, we may expect
some effect on it due to the dynamic charm-quark.
A general fit Ansatz is given by the Cornell parametrization (𝜌 ≡ 𝑟/𝑎)
𝑎𝐸 0 (𝜌) = −𝐴/𝜌 + 𝐵 + 𝜎𝑎 2 𝜌,

⇒

𝑎 2 𝐹 (𝜌) = 𝐴/𝜌 2 + 𝜎𝑎 2 ,

(11)

where 𝜎 corresponds to the string tension at distances that are large enough for confinement to set
in, yet small enough to avoid string breaking. The individual fits for the three scales and also for the
string tension are realized as local fits in the region around the respective scales or at large distances
only, respectively. We estimate the covariance among the 𝐸 0 data at different 𝑟 by applying the
jackknife method to the correlator fits, and we then propagate the errors through pseudorandom
sampling of the resulting multivariate normal distribution.
For each 𝑟 𝑖 , we choose a range ±15% around the continuum value based on the 𝑓 𝑝4𝑠 scale,
and demand at least three data points in the range. This excludes determinations of 𝑟 2 /𝑎 on coarse
ensembles. Additionally, we thin out the data in order to be able to safely invert the correlation
matrix by (i) equidistant or (ii) randomly choosing 10 points in the ±15% interval. In the first
method, we include the endpoints of the interval.
For the 𝜎 determination, we vary 𝑟 min around 0.6 fm and use different values for the 𝐴parameter. We have not determined the Wilson line correlator at distances beyond 0.85 fm. The
variation of 𝑟 min uses the values [0.58, 0.59, 0.60, 0.61] fm and the different 𝐴-values for the Cornell
parametrization are 0 (this assumes no Coulomb-like contribution), 𝐴𝑟0 , which is the 𝐴-parameter
6
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𝑟-range (𝑟 > 1/𝑚 c , green dashed curve). It describes the data with a 𝜒2 /dof ≈ 6.5, which is similar
to the previous one for the 𝑁f = 4 massless quark case. We note, however, that with the value of
Λ ( 𝑁f =3) used here and with the choice 𝜈 = 1/𝑟 for the soft scale, we are no longer able to describe
MS
the 2 + 1-flavor data at short distances, and matching to the data at short distance would no longer
describe the long distance data. Finally, using three massless active flavors, 𝑁f = 3, and a massive
charm-quark, matched to the data over the whole 𝑟 range (black solid curve), we get a reasonable
description of the data, and over the whole data range it has the best 𝜒2 /dof ≈ 3.0. The black
curve also smoothly interpolates between the 𝑁f = 4 massless quark case (at short distances) and
the 𝑁f = 3 massless quark case (at large distances).
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we get from the determination of the scale 𝑟 0 /𝑎 on the same sample (as described above), and,
finally, 𝜋/12, which is the Lüscher term [31]. We again thin out the data using both methods
described above, but this time we keep 15 data points.
In Fig. 2, we present histograms of 5000 samples thinning out the data by the second fitting
method (see above) for the scale ratios 𝑟 0 /𝑟 1 q
and 𝑟 1 /𝑟 2 obtained from the bare result of the static

energy, and the dimensionless string tension 𝜎𝑟 02 obtained from the static energy using one step
of HYP-smearing.
Due to both scales being larger than the inverse charm-quark mass, the ratio 𝑟 0 /𝑟 1 should not
be affected by the massive charm-quark. Indeed, this is seen in the left panel when comparing to
the previous 2 + 1-flavor determination [22]. The good agreement is consistent with decoupling at
large distances. The ratio 𝑟 1 /𝑟 2 , instead, should be affected by the massive charm-quark due to the
scale 𝑟 2 being of the order of 1/𝑚 c . Indeed, the result shown in the middle panel deviates from the
continuum extrapolated 2 + 1-flavor determination [23] by about 4–5%, indicating an effect of the
dynamical charm quark.
Finally, we determine the string tension for this ensemble using one step of HYP-smearing.
We see no significant variation as a function of 𝑟 min and, therefore, we combine the four results
that we get for each choice of 𝐴 into the one histogram in the right panel. There is no significant
difference between choosing the Lüscher term (green histogram) or 𝐴𝑟0 (orange histogram) – either
are compatible with the determination from [32], where data up to 1 fm and the Lüscher term was
used. Neglecting the Coulomb-like term (blue histogram), however, gives a significantly larger
result no longer compatible with 2 + 1-flavors [32].
We get consistent results for the scales, ratios, and string tension using both methods for
choosing the points out of the fit ranges outlined above.

5. Summary
In summary, our lattice QCD data show effects of a nonzero charm-quark mass in the static
energy. Moreover, these effects are in agreement with perturbation theory at two-loop accuracy.
We stress that the static energy with massive charm contributions is known in perturbation theory
one order in 𝛼s less than the static energy with just massless quarks, which limits the accuracy
of the analysis. That said, the two-loop perturbative description with 𝑁f = 3 massless and one
massive flavor interpolates between the limiting 𝑁f = 4 and 𝑁f = 3 cases of the lattice data. More
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Figure 2: Histograms of the sampling results for the quantities 𝑟 0 /𝑟 1 (left panel), 𝑟 1 /𝑟 2 (middle panel), and
q
𝜎𝑟 02 (right panel) compared with the 2 + 1-flavor results [22, 23, 32] (gray points). The three histograms
of the string tension are for different choices of the 𝐴-parameter (see Eq. (11)).
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specifically, we observe (i) the approach to the massless charm limit at short distances (𝑟  1/𝑚 c ),
where the data can be described by the expression of the static energy with 𝑁f = 4 massless quarks,
and (ii) the decoupling of the massive charm quark in the long distance limit (𝑟  1/𝑚 c ), where
the 2 + 1 + 1 or 2 + 1-flavor results are both consistent with the 𝑁q
f = 3 result.
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