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It is expected that the color superconductivity (CSC) phase appears in QCD at low temperature
and high density. On the basis of the lattice perturbation theory, a possible parameter region in
which the CSC occurs has been predicted. In this work, we perform complex Langevin simulation
on an 83 × 128 lattice using four-flavor staggered fermions. We find, in particular, that the quark
number has plateaux with respect to the chemical potential similar to our previous study, indicating
the formation of the Fermi sphere. A diquark-antidiquark operator, which is an order parameter
of color superconductivity, is formulated on the lattice using the U(1) noise. Our result for this
operator is found to fluctuate violently when the Fermi surface coincides with the energy levels of
quarks. We also discuss partial restoration of the chiral symmetry at high density.
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1. Introduction

At low temperature and high density, quark matter is expected to show color superconductivity
(CSC) [1–4]. However, exploring the CSC phase from first principles based on conventional Monte
Carlo methods inevitably suffers from the sign problem. From various studies in the past decade,
the complex Langevin method (CLM) [5, 6] is found to be a promising approach to overcome the
sign problem appearing in the finite density QCD [7–18]. (See Refs. [19–21] for recent reviews.)

In the CLM, we consider a fictitious time evolution of dynamical variables described by the
Langevin equation which yields the quantum average of physical observables if the system reaches
a unique equilibrium state. In this sense, the CLM is regarded as an extension of the stochastic
quantization [22]. However, the convergence of this method is nontrivial since the dynamical
variables and physical quantities are holomorphically extended. The conditions for justifying the
CLM has been clarified in recent studies based on the continuous Langevin time formulation [23–
29] and the discretized Langevin time formulation [30, 31]. (See also Refs.[32, 33] for related
works.) Thanks to these developments, one can perform controlled CLM simulations satisfying
these conditions. In practice, the CLM is reliable if the probability distribution of the drift term
falls off exponentially or faster [30, 31].

In our previous study [18], we have performed CLM simulations on 83 × 16 and 163 × 32
lattices at β = 5.7 [18] using the four-flavor staggered fermions, and have demonstrated that the
CLM actually enables us to study dense QCD which cannot be reached by conventional methods.
In particular, we have found the creation of quarks in the ground state which may be regarded as
the first step towards the formation of the Fermi surface. On top of that, we examine the possible
parameter region in which the CSC occurs using lattice perturbation theory [34]. On the basis of
the Thouless condition, we obtain quantitative prediction for the critical β of CSC as a function of
the quark chemical potential µ. One of important findings is that the region of CSC extends towards
weak coupling (large β) when the chemical potential matches the energy levels of quarks. In other
words, the critical β has several peaks in the β − µ plane. This feature originates from the fact that
Cooper pairs are easy to form when there are modes of quarks near the Fermi surface.

In this work, we perform the first-principle simulation based on the CLM to explore the CSC
phase predicted in the lattice perturbation theory on an 83 × 128 lattice using Wilson’s plaquette
action and four-flavor staggered fermions. We propose an order parameter of CSC with four-flavor
staggered fermions. We show that the order parameter can be estimated by the U(1) noisy estimator.

The rest of this paper is organized as follows. In section 2, we briefly review the CLM and its
application to dense QCD. In section 3, we show the details of the order parameter of CSC on the
lattice. In section 4, we show numerical results obtained by the CLM. The section 5 is devoted to a
summary.

2. Complex Langevin method

We investigate finite density QCD with four-flavor staggered fermions. After integrating out
fermion fields, the partition function reads

Z =
∫ ∏

x,ν

dUx,ν det M [U; µ] e−Sg[U] , (1)
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where Ux,ν ∈ SU(3), (ν = 1, 2, 3, 4) are the link variables with x = (x1, x2, x3, x4) being the
coordinates of each site. The action Sg[U] and the fermion matrix M are defined by

Sg = −
β

6

∑
x

∑
µ<ν

tr
(
Ux,µν +U−1

x,µν

)
, Ux,µν = UxµUx+µ̂,νU−1

x+ν̂,µU−1
xν , (2)

M[U] χx =
4∑
ν=1

1
2
ηx,ν

(
eµδν4Ux,ν χx+ν̂ − e−µδν4U−1

x−ν̂,ν χx−ν̂ + mχx

)
, (3)

where ηx,ν = (−1)x1+· · ·+xν−1 and χx is the staggered fermion field.
In order to apply the CLM, we complexify the link variables Ux,ν as Ux,ν ∈ SL(3,C). The

drift term and the observables have to be extended to functions of Ux,ν holomorphically. The
complexified link variables obey the complex Langevin equation

Ux,ν(t + ε) = exp
[
i
(
−εvx,ν(U(t)) +

√
εηx,ν(t)

)]
Ux,ν(t) , (4)

where t is the discretized Langevin time and ε is the step size. The noise term ηx,ν(t) is a 3 × 3
traceless Hermitian matrix generated with the Gaussian distribution. The drift term vx,ν(U) in
eq. (4) is defined by

vx,ν = v
(g)
x,ν + v

(f)
x,ν , (5)

v
(g)
x,ν =

8∑
a=1

λa
d

dα
Sg[eiαλaUx,ν]

����
α=0

, v
(f)
x,ν =

8∑
a=1

λa
d

dα

(
− log det M(eiαλaUx,ν)

)����
α=0

, (6)

where λa (a = 1, · · · , 8) are the generators of SU(3) normalized by tr(λaλb) = δab. In each
Langevin step, we perform a complexified gauge transformation

Ux,ν → gxUx,νg
−1
x+ν̂ , where gx ∈ SL(3,C) , (7)

in such a way that the unitarity norm N = 1
12N3

s Nt

∑
x,ν tr(U†x,νUx,ν − 1), where Ns and Nt are

the spatial and temporal lengths of the lattice, is minimized after updating Ux,ν by the complex
Langevin equation (4). This procedure is known as the gauge cooling [30, 35].

The expectation value of the observable O(U) is obtained as

〈O(U)〉 = lim
s→∞

1
s

∫ t0+s

t0

dt 〈O(U(t))〉η , (8)

where the bracket 〈 · 〉η on the right-hand side should be taken with respect to the Gaussian noise
η, and t0 should be sufficiently large to achieve thermalization.

Validity of the results obtained by the CLM can be judged by the criterion proposed in Ref. [30].
Let us define the magnitude of the drift term as

vg =

√
1
3

max
x,ν

tr
(
v
(g)†
x,ν v

(g)
x,ν

)
, vf =

√
1
3

max
x,ν

tr
(
v
(f)†
x,ν v

(f)
x,ν

)
, (9)

and consider its probability distribution of the gauge part p(vg) and the fermion part p(vf). If the
distributions fall off exponentially or faster, the result is valid. Conversely, the CLM is not justified
when the distributions show a power law fall-off.
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In this work, we compute the quark number

Nq =
1
Nt

∂

∂µ
log Z =

1
Nt

〈∑
x

ηx,4

2
Tr

(
eµM−1

x+4̂,xUx,4 + e−µM−1
x−4̂,xU−1

x−4̂,4

)〉
, (10)

and the chiral condensate

Σ =
1

N3
s Nt

∂

∂m
log Z =

1
N3
s Nt

〈
Tr M−1〉 . (11)

Another observable we consider is an order parameter of CSC, which we discuss in the next section.

3. Order parameter of the color superconductivity

We consider a scalar order parameter of the CSC given in terms of the 4-flavor Dirac field
Ψa(x) (a = 1, 2, 3 is a color index) by

O(x) = ϕ†a(x)ϕa(x) , ϕa(x) = εabctr
(
(Cγ5)−1

Ψ
T
b (x)Cγ5Ψc(x)

)
, (12)

where C is the charge conjugation operator. Strictly speaking, O(x) can be regarded as an order
parameter in the chiral limit. Let us recall that the Dirac field Ψa(x) is expressed by the staggered
fermion field χa(x) as

Ψa(x) =
∑
A

(γ1)A1(γ2)A2(γ3)A3(γ4)A4 χa(x + A) , (13)

where Aµ = 0, 1 and the xµ takes only even integer values. Putting the above relation into eq. (12),
we obtain

O(x) = εabcεaef
∑
A,B

χ̄b(x + A) χ̄c(x + A)χe(x + B)χf (x + B) . (14)

Below, we restrict ourselves to A = B when we take the sum over A and B. Summing over x and
dropping an overall numerical factor, we define an order parameter by

OCSC ≡ −
∑
x

χ̄a(x)χa(x) χ̄b(x)χb(x)

= −
∑
x

{
(M−1)xa,xa(M−1)xb,xb − (M−1)xa,xb(M−1)xb,xa

}
, (15)

which is gauge invariant. Since OCSC is not simply given as a trace of some matrix products, we
need to generalize the usual noisy estimator as follows. We introduce the U(1) noise ξx ∈ C, which
has a random angle in the complex plane with the fixed absolute value |ξx | = 1. The U(1) symmetry
of the probability distribution leads to

〈ξ∗xξy〉 = δxy , 〈ξ∗xξ∗yξzξw〉 = −δxyδyzδzw + δxzδyw + δxwδyz . (16)
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Using two U(1) noise vectors ξx, ηx , the first and second terms in eq. (15) can be evaluated as∑
x

(M−1)xa,xa(M−1)xb,xb = − ξ∗xθ
(n)
a (M−1)xa,ybξyθ(n)b

ξ∗z θ
(m)
c (M−1)zc,wdξwθ

(m)
d

+ ξ∗xθ
(n)
a (M−1)xa,ybξyθ(n)b

η∗zθ
(m)
c (M−1)zc,wdηwθ

(m)
d

+ ξ∗xθ
(n)
a (M−1)xa,ybηyθ(n)b

η∗zθ
(m)
c (M−1)zc,wdξwθ

(m)
d
, (17)∑

x

(M−1)xa,xb(M−1)xb,xa = − ξ∗xθ
(n)
a (M−1)xa,ybξyθ(m)b

ξ∗z θ
(m)
c (M−1)zc,wdξwθ

(n)
d

+ ξ∗xθ
(n)
a (M−1)xa,ybξyθ(m)b

η∗zθ
(m)
c (M−1)zc,wdηwθ

(n)
d

+ ξ∗xθ
(n)
a (M−1)xa,ybηyθ(m)b

η∗zθ
(m)
c (M−1)zc,wdξwθ

(n)
d
, (18)

where θ(n)a = δan(n = 1, 2, 3) is a basis vector. This expression enables us to use the standard
iterative solver for computation of the OCSC.

4. Results

In this section, we show our results on an 83 × 128 lattice with β = 20, m = 0.01 and
µ/T = 7.68–115.2. We solve the complex Langevin equation by the improved second order
Runge-Kutta algorithm. The Langevin step size is set to ε = 1.0 × 10−5 initially, and changed
adaptively when the drift term exceeds a threshold [36]. We use 6500–20000 configurations after
thermalization. For each parameter set, we judge the validity of the CLM by the probability
distribution of the drift term, and confirm that all the results presented below are reliable. A set of
typical distributions obtained at µ/T = 84.48 is shown in Fig. 1. Indeed, these distributions fall off
exponentially.

100 101 102

vg, vf

10−4

10−3

10−2

10−1

p(
v g

),
p(
v f

)

β = 20, µ/T = 84.48

fermion part

gauge part

Figure 1: The probability distribution of the drift term at µ/T = 84.48. The fermion and gauge parts are
plotted by solid and dotted lines, respectively.

5



P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
5
3
3

Color superconductivity in a small box: a complex Langevin study Shoichiro Tsutsui

In Fig. 2, we show the µ/T-dependence of the quark number. The solid line corresponds to
that in the free quark limit. Vertical dotted lines at µ/T = 1.28, 84.48 and 112.64 represent the
peak positions of the critical value of β at which the phase transition between CSC and the normal
phase occurs predicted by the lattice perturbation theory. Our CLM results almost agree with the
free quark limit, which is given by

Nq = 24
∑
p

(
1

e(E(p)−µ)/T
− 1

e(E(p)+µ)/T

)
, E(p) = sinh−1

√√√ 3∑
i=1

sin2(pi) + m2, (19)

with pi =
2niπ
Ns

(
−Ns

4 ≤ ni <
Ns
4

)
. The quark number has a stepwise structure due to the finite

volume effect as we reported in the complex Langevin study on 83 × 16 and 163 × 32 lattices [18].
The height of each plateau is determined by the degeneracy of the energy level of quarks, and it is
24 for the first one and 168 for the second one.

0 20 40 60 80 100 120

µ/T

0

100

200

300

400

500

600

Q
u

ar
k

n
u

m
b

er

free quark limit

CLM

Figure 2: Quark number is shown as a function of µ/T . The solid line indicates the free quark limit. The
vertical dotted lines show the peak positions of the critical β in the lattice perturbation theory.

In Fig. 3, we show the real part of the order parameter of the color superconductivity. We use
20 noise vectors to estimate OCSC. The vertical lines are the same as in Fig. 2. As shown in this
figure, the order parameter fluctuates violently around the peak position of the critical β, where the
Fermi surface crosses the energy levels of quarks. It may reflect appearance of CSC on the lattice,
though further study is needed for confirmation.

Finally, we show the µ/T-dependence of the chiral condensate in Fig. 4. We use 20 noise
vectors to estimate the chiral condensate. The plateau behavior appears at 12.8 < µ/T < 76.8 and
86.9 < µ/T < 102.4. These regions correspond to the states in which quarks occupy the lowest
and the second lowest energy levels, respectively. Compared with the previous complex Langevin
study on 83 × 16 and 163 × 32 lattices [18] 1, the current study covers the higher density region,
which enables us to observe the chiral symmetry restoration as the density of quarks increases.

1Similar behavior is observed in two-color QCD using two-flavor Wilson fermions [37].
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Figure 3: The order parameter of the color superconductivity as a function of µ/T . The vertical lines are
the same as those in Fig. 2.
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Figure 4: The chiral condensate as a function of µ/T . The vertical lines are the same as those in Fig. 2.

5. Summary

We have performed complex Langevin simulation on an 83 × 128 lattice at β = 20 using
Wilson’s plaquette action and four-flavor staggered fermions to explore the CSC phase predicted in
the lattice perturbation theory. We have examined the validity of the CLM for µ/T = 7.68–115.2,
and confirmed that the probability distribution of the drift term shows exponential fall off at every
simulation point. We have found that the quark number has clear stepwise structure as a function
of the chemical potential indicating that not only quarks with zero momentum but also quarks

7
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with nonzero momenta with one of the components being 2π/Ns are created. Since the lattice
perturbation theory suggests that Cooper pairs are easy to form for the chemical potential at which
the quark number jumps, we have attempted to see this behavior by calculating the order parameter
of CSC by using the U(1) noise on a lattice. Our numerical results show that the order parameter
fluctuates violently at such values of the chemical potential. In order to obtain clear signals of CSC,
simulations on a larger lattice are definitely needed. A study on a 163 × 256 lattice is ongoing.
Another important direction is to search for the CSC phase in 2+1 flavor QCD. As a first step toward
this end, the validity of the CLM using the 2+1 flavor Wilson fermions is discussed in Ref. [38].

Finally, we have also studied the finite density effects to the chiral condensate, and found that
the chiral symmetry restores in part as the quark density increases.
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