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We present a preliminary analysis of 𝐼 = 1 𝜋 𝜋 scattering at the physical point. We make use of
the stochastic variant of the distillation framework (also known as sLapH) to compute the relevant
two-point correlation matrices using a basis of single and multihadron interpolating operators to
estimate the low energy spectra. We perform the Lüscher analysis to determine the scattering
phase shift which is finding good agreement with the experimentally obtained phase shifts.
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𝐼 = 1 𝜋-𝜋 scattering at the physical point Srijit Paul

1. Introduction

In recent times, with the announcement of the combined results from the (𝑔−2)𝜇 experiments at
Brookhaven [1] and Fermilab [2, 3] exposing a 4.2𝜎 tension between the theory [4] and experiments,
a new challenge has been put forth for the lattice community, which is to determine the hadronic
contributions to the (𝑔 − 2)𝜇 as precisely as possible. The 𝐼 = 1 𝜋𝜋 scattering study at the physical
point plays a pivotal role in improving the precision of the lattice determination of 𝑎hvp

𝜇 , which is
the leading order hadronic vacuum polarization contribution to the anomalous magnetic moment of
the muon. It helps in improving the estimation of 𝑎hvp

𝜇 at long distances in two ways: it reduces the
statistical error to better than a percent level on the vector correlator by taking into account its overlap
with the 𝜋𝜋 states [5] and provides a quantitative estimate of the finite size corrections by computing
the time-like pion form factor [6–11]. In the past few years, a number of groups [5, 12–20] in the
community have made significant efforts in this direction.

With new strides in algorithmic developments over the past decade, computation of 𝜌(770)
resonance parameters has become a benchmark study in the lattice community [9–11, 21–31]. At
the physical point, 𝜌(770) resonance lies above the inelastic threshold which makes it interesting in
terms of the domain of applicability for the Lüscher formalism [32, 33]. Lattice computations for the
scattering phase shift using 𝑁 𝑓 = 2 simulations have reported a tension with experiments [31]. In
this talk, we present preliminary results of the spectrum and the corresponding phase shift obtained
for the 𝐼 = 1 𝜋𝜋 amplitude using the E250 ensemble from the Coordinated Lattice Simulations
(CLS) consortium with 𝑚𝜋 = 129.60(97) MeV and 𝑁 𝑓 = 2 + 1 dynamical fermions.

2. Methodology

Lattice Setup: We performed our measurements on the ensemble E250 which has been
generated with a non-perturbatively O(𝑎) improved Wilson fermion action and a tree-level O(𝑎2)
improved Lüscher-Weisz gauge action [34]. The valence quarks are implemented using the non-
perturbatively improved Wilson-clover fermions. The lattice volume for E250 is 963×192 with a fine
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Figure 1: Different ensembles available within the
CLS efforts.

lattice spacing of 𝑎 = 0.06426 fm and peri-
odic boundary conditions. This amounts to a
physical box size of 𝐿 ≈ 6.2 fm which enables
a momentum range of 0 ≤ | ®𝑃 |2 ≤ 4 to map
out the energy region upto 1 GeV with suffi-
cient granularity. A value of 𝑚𝜋𝐿 = 4.1 makes
our measurements safe from any polarization
effects. The source time-slices are distributed
evenly for the periodic lattice. Analysis for an-
other ensemble J303, close to the physical point
at a finer lattice spacing 1 is in the works and
will be discussed in future publications. Calcu-
lations at two different lattice spacings will also
help in constraining the finite lattice spacing
effects.
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𝐼 = 1 𝜋-𝜋 scattering at the physical point Srijit Paul

quark-line type dilution scheme 𝑡0/𝑎 𝑁𝜂 𝑁𝑒𝑣

fixed (TF,SF,LI16) 4 random 6 1536
relative (TI12,SF,LI16) interlaced 2 1536

Table 1: Dilution scheme, source times 𝑡0, number of noise sources 𝑁𝜂 and number of Laplacian eigenvectors
𝑁𝑒𝑣 used to estimate quark propagation in the computation of the spectrum on Ensemble E250.

Distillation Setup: We employ the stochastic LapH method to treat all-to-all quark propa-
gators [35, 36]. In the stochastic LapH framework, one computes the low modes of the three-
dimensional gauge-covariant Laplacian and the quark sources are random vectors in the subspace
spanned by these 𝑁𝑒𝑣 eigenvectors. A stochastic estimate of the perambulator is obtained from
𝑁𝜂 noise sources, and we employ noise partitioning techniques [37, 38] to reduce the variance of
the stochastic estimator. Two different types of quark lines have been evaluated to calculate the
correlation functions. Quark lines emanating from a time slice and ending at all time slices of
the lattice (‘fixed lines’) are estimated employing full time dilution (denoted TF in [36]), while
quark lines starting and ending on the same time slice (‘relative lines’) are estimated using sources
interlaced in time (TI). In addition we use interlacing in the Laplace eigenvectors index (LI) and full
spin dilution (SF). This dilution scheme is utilized on 4 evenly separated source time slices. The
setup is detailed in Table 1. A total of 3072 solutions of the Dirac equation per gauge configuration
have been performed using the the DFL_SAP_GCR solver implemented in the openQCD package1.
In order to avoid potentially small eigenvalues during inversion, the gauge links are stout smeared
before computing the eigenvectors with parameters (𝜌stout, 𝑁stout) = (0.1, 36). For this preliminary
study, we have used 210 gauge configurations which are well separated in the Monte Carlo chain to
alleviate autocorrelations.

Interpolating operators: In our study, we have incorporated for the operator basis the follow-
ing:

𝜌+( ®𝑃, 𝑡) = 1
2𝐿3/2

∑︁
®𝑥
𝑒−𝑖

®𝑃 · ®𝑥𝑑Γ𝑢(𝑡) , (1)

where Γ = 𝛾𝑖 (1 ± 𝛾4) and linear combinations of 𝜋𝜋 operators of the form,

(𝜋𝜋) ( ®𝑝1, ®𝑝2, 𝑡) = 𝜋+( ®𝑝1, 𝑡)𝜋0( ®𝑝2, 𝑡) − 𝜋0( ®𝑝1, 𝑡)𝜋+( ®𝑝2, 𝑡) . (2)

for various { ®𝑝1, ®𝑝2} pairs to make them transform irreducibly. The momenta ®𝑝1 and ®𝑝2 of the
single pions add up to the frame momentum ®𝑃, i.e. ®𝑝1 + ®𝑝2 = ®𝑃 ≡ (2𝜋/𝐿) ®𝑑, where ®𝑑 is a vector
of integers. We will omit the prefactor (2𝜋/𝐿) in ®𝑃 for convenience. The single-pion interpolators
are defined by

𝜋+( ®𝑞, 𝑡) = 1
2𝐿3/2

∑︁
®𝑥
𝑒−𝑖 ®𝑞 · ®𝑥

(
𝑢̄𝛾5𝑑

)
(®𝑥, 𝑡) , (3)

𝜋0( ®𝑞, 𝑡) = 1
2𝐿3/2

∑︁
®𝑥
𝑒−𝑖 ®𝑞 · ®𝑥

(
𝑢̄𝛾5𝑢 − 𝑑𝛾5𝑑

)
(®𝑥, 𝑡) . (4)

1https://luscher.web.cern.ch/luscher/openQCD
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The correlation functions are computed using these interpolators in the isospin limit, after which
they are analysed in 5 different frames with 0 ≤ | ®𝑑 |2 ≤ 4. We employ the variational approach to
disentangle the contributions to the states in the spectrum into the ground states and the relevant
excited states. Thus, one constructs a correlation matrix from these correlation functions for each
center-of-mass momentum and its irreducible representations.

Spectrum extraction: The variational method entails solving the Generalized EigenValue
Problem (GEVP) for the correlation matrices[39].

𝐶𝑖 𝑗 (𝑡)𝑣 (𝑛)𝑗
(𝑡, 𝑡0) = 𝜆 (𝑛) (𝑡, 𝑡0)𝐶𝑖 𝑗 (𝑡0)𝑣 (𝑛)𝑗

(𝑡, 𝑡0). (5)

As 𝑡 → ∞ the eigenvalues 𝜆 (𝑛) (𝑡, 𝑡0) have an asymptotic form 𝜆 (𝑛) (𝑡, 𝑡0) ∝ 𝑒−𝐸𝑛𝑡 where 𝐸𝑛 is the
energy of the 𝑛-th eigen state that overlaps with our choice of interpolating operators. The GEVP
is solved at 𝑡 = 𝑡𝑒𝑖𝑔 with a choice of 𝑡0 such that the eigenvectors are insensitive to the variations in
𝑡0 and 𝑡𝑒𝑖𝑔. These normalized eigenvectors are then used to rotate the correlation matrices at other
values of 𝑡 to obtain,

𝐶
(𝑛)
rot (𝑡) = 𝑣̂

(𝑛)
𝑖

(𝑡, 𝑡0)𝐶𝑖 𝑗 (𝑡)𝑣̂ (𝑛)𝑗
(𝑡, 𝑡0). (6)

This method relies on the assumption that the eigenvectors are time independent for sufficiently
large 𝑡. The domain of applicability of this method can be evaluated by measuring the magnitude of
the off-diagonal elements in the rotated correlation matrices. We expect the 𝐶 (𝑛)

rot (𝑡) to be diagonal
or approximately diagonal at most values of 𝑡.

The diagonal values of 𝐶 (𝑛)
rot (𝑡) are used to construct the ratio,

𝑅 (𝑛) (𝑡) = 𝐶 (𝑛)
rot (𝑡)/(𝐶

®𝑝1
𝜋 (𝑡)𝐶 ®𝑝2

𝜋 (𝑡) (7)

with a nearby non-interacting level [𝜋 ®𝑝1𝜋 ®𝑝2]. The 𝑅𝑛 (𝑡) quantifies the energy difference from
that non-interacting level which is then fitted with a single exponential form to obtain the shift
ΔE = ln( 𝑅 (𝑛) (𝑡)

𝑅 (𝑛) (𝑡+1) )[40] from the non-interacting level. The total energy can be reconstructed
by adding the nearest 2-pion non-interacting energy level to the ΔE. In Figure 2, we present
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Figure 2: 𝑡min plots with 𝑡max = 10 GeV−1 to
compare the reconstructed energy from ratio
fits shown by blue points and the fits to the
diagonal element of the 𝐶 (𝑛)

rot (𝑡) shown by red
points, for the first excited state of the spec-
trum in the moving frame ®𝑃 = {0, 0, 1} and
the irrep Λ = 𝐴+

1 .

the reconstructed 𝐸recon = (𝐸 ®𝑝1+ ®𝑝2
𝜋𝜋 + ΔE) along with

the energy obtained from the single exponential fits to
the 𝐶 (𝑛)

rot (𝑡), for the first excited state in the irrep 𝐴+
1 (+

denotes 𝐺-parity) of the | ®𝑑 |2 = 1 moving frame on the
E250 ensemble. The early occurrence of the plateau in
the ratio fit is representative of the fact that it is effec-
tive in removing the contamination from higher excited
states at earlier time slices whereas the eigenvalue cor-
relator reaches that plateau at a much later time. For
our preliminary study, our choices of (𝑡𝑚𝑖𝑛, 𝑡𝑚𝑎𝑥) are
made using the ratio fits.

Finite Volume Phase Shift Analysis: In principle,
Lüscher quantization is not applicable beyond the 4𝜋
inelastic threshold because finite volume corrections to
the Bethe-Salpeter kernel are no longer exponentially
suppressed[32, 41, 42]. However, the coupling to the

4
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inelastic thresholds below the 𝐾𝐾̄ threshold is extremely weak: the inelasticity parameter 𝜂 ≥ 0.98
below the 𝐾𝐾̄ . Therefore, in our preliminary calculation, we neglect the 4𝜋 threshold [43, 44]
and employ the Lüscher quantization condition to compute the scattering phase shifts in order to
compare it with experiments. The Lüscher quantization condition for elastic 𝜋𝜋 scattering is

det
(
1 + i𝑡ℓ (𝑠) (1 + iM ®𝑃)

)
= 0 where 𝑡ℓ (𝑠) =

1
cot 𝛿ℓ (𝑠) − i

. (8)
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Figure 3: Stability fit for the 1𝑠𝑡 , 2𝑛𝑑 and 4𝑡ℎ excited
states for the spectrum of the𝑇+

1𝑢 irrep in the CM frame
where 𝑡𝑚𝑎𝑥 = 6.2 GeV−1. The red point is the selected
energy level.

The matrix M ®𝑃 has the indices M ®𝑃
𝑙𝑚,𝑙′𝑚′,

where 𝑙, 𝑙 ′ label the irreducible representations
of 𝑆𝑂 (3) and 𝑚, 𝑚′ are the corresponding row
indices. M ®𝑃 is a known finite-volume function.
In the case of 𝑃-wave 𝜋𝜋 scattering, different
sectors of partial waves are approximately de-
coupled in the Lüscher analysis and the con-
tributions from 𝐹-wave and higher are highly
suppressed [45]. Therefore, we discard the en-
ergy levels dominated by higher partial waves.

3. Results and Discussion

In Figures 3(a)-(c), we show the prelimi-
nary fits to the finite-volume energy spectrum
for the 𝑇+

1𝑢 irrep in the center-of-mass frame.
At a first glance of Figures 3 (a) to (c), we can
infer that as we go from the first excited state to
the higher excited states, the signal gets more
noisy. We note that in Figure 3 (a) we are al-
ready above the inelastic 4𝜋 threshold which
is ≈ 0.5 GeV and we have good signal until
𝑡𝑚𝑖𝑛 = 4 GeV−1. In the next Figure 3(b), as we
approach the ‘physical’ 𝜌(770), the signal has
a very early plateau, only until 2.5GeV−1. Sub-
sequently, in Figure 3(c), as the spectrum drifts
away from the ‘physical’ 𝜌(770), the signal gets
noisier after around 4 GeV−1.

Qualitatively, we infer that the 𝑡𝑚𝑖𝑛

plateaus for the ratio fits shrink for a state whose
overlap with the 𝜋𝜋 interpolating operator is
minimal, which justifies the inclusion of single
hadron operators having the quantum numbers
of the continuum 𝜌 resonance.

We need to ensure a stable 𝑡𝑚𝑖𝑛 variation of
the spectrum because the Lüscher quantization

5
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condition is highly non-linear. We have extracted the finite volume spectrum upto the 𝐾𝐾̄ threshold
which is ≈ 1 GeV.

The selected finite volume spectrum from the ratio fits for each irrep belonging to different
moving frames have been plotted in Figure 4. All thresholds below the 𝐾𝐾̄ threshold have been
depicted. We have 11 energy levels below the 4𝜋 inelastic threshold and the rest of the levels, except
3, are between the 𝜋𝜋 and 𝐾𝐾̄ thresholds.

0 1 1 2 2 2 3 3 4 4
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1
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1 B
+
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E+
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1.00

√
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KK̄

ωπ

ππππ

ππ

Figure 4: E250 spectrum for different irreps in different moving frames.

Utilizing the energy spectrum obtained from the lattice, we compute the scattering phase shifts
for different center of mass energies as shown in Figure 5. This preliminary result is showing no
noticeable tension [31] at this level of precision.

4. Summary

We report the status of 𝜋𝜋 spectroscopy at the physical point pursued by the Mainz group, in
order to aid the calculation of the 𝑎hvp

𝜇 contribution to (𝑔 − 2)𝜇. The analysis is performed on an
𝑁 𝑓 = 2 + 1 CLS ensemble using the stochastic distillation framework. We discuss our preliminary
estimate of the finite-volume spectra and the corresponding scattering phase shifts. The calculation
of the time-like pion form factor is currently underway and efforts are being made to increase the
statistics.
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