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It is common practice to truncate the finite-volume formula for K → ππ, and other one-to-two
transitions, to only include the lowest partial wave, as in the original derivation by Lellouch and
Lüscher. However, as the precision of lattice calculations increases, it may become important
to asses the systematic uncertainty of this approximation. With this motivation, we compare the
S-wave-only (` = 0) results with those truncated at the next lowest value of angular momentum
that can contribute.
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Higher partial wave contamination in finite-volume
formulae for 1-to-2 transitions

Toby Peterken

1. Introduction

In the early 2000s, Lellouch and Lüscher derived a formalism to extract K → ππ decay amplitudes from finite-volume matrix elements calculable in lattice QCD [1]. This method has since been
applied by the RBC-UKQCD collaboration (see e.g. refs. [2–4]) in a first-principles calculation of
the K → ππ amplitudes with both allowed final states (isospin 0 and 2), leading to a first-principles
understanding of the ∆I = 1/2 rule and a determination of the CP violating parameter ε 0 /ε.

Subsequently, a series of publications has lifted these assumptions to provide a generic frameJ

J

work for extracting 0 → 2 and 1 → 2 transitions from finite-volume information [5–16]. The formalism at present holds for any number of two-particle channels,1 including any desired angularmomentum truncation. The purpose of this work is to consider the effect of the ` = 4 partial wave
in the original context of K → ππ decays. As computing power increases and lattice calculations
become more precise, the contamination from ` = 4 could become relevant. Similarly, with lattice
volumes as they are at present, the kaon mass is safely below the 8th energy level. But again,
as computing resources increase and algorithms improve, there is potential for studies with lattice
volumes large enough that accidentally degenerate states play a role.
This proceedings is organised as follows: Section 2 recalls the original Lellouch-Lüscher formalism. Section 3 presents the generalization of ref. [14] in the context of K → ππ, and section 4
reviews an exercise, presented in the same reference, in which one truncates the general formalism
at ` = 0 and recovers the Lellouch-Lüscher result. Then, in section 5, we explicitly calculate the
effect of the next lowest angular momentum state, ` = 4 for two pions with zero total momentum
in a cubic, periodic finite volume. Finally, section 6 considers the general formalism in the vicinity
of the 9th energy level in which we find a qualitative difference between the ` = 0 and ` = 4 truncations. Details not included here, such as a detailed analysis of the results for physical scattering
parameters and the role of different boundary conditions and non-zero spatial momentum, will be
presented in the full manuscript, to appear.
1 Generalizations

for transitions with three-particle final states have also been recently derived [17, 18].
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The original derivation of Lellouch and Lüscher assumes vanishing spatial momentum in the
finite-volume frame, and also that the effect of the ` = 4 (and higher) partial waves in ππ → ππ
scattering can be neglected. Even though the incoming kaon can only couple to an S-wave twopion final state, neglecting the ` = 4 component amounts to an approximation in the value of the
conversion factor relating the finite-volume matrix element to the infinite-volume decay amplitude.
In addition, the original derivation only applies when the ππ finite-volume state, used to construct
the matrix element, is sufficiently far below from the 9th state (8th excited state) of the system.
Because the final-state energy must match the incoming kaon mass, mK , this translates to a constraint that the volume be sufficiently small for the 8th excited state to sit above mK . As described
in ref. [1], the subtlety arises because the 8th excited state exhibits an accidental degeneracy that
invalidates the original derivation, and as we show in this work, this is in fact closely tied to the
role of angular-momentum truncation.
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2. Recap of the Lellouch-Lüscher formalism
We denote the desired infinite-volume amplitude by A(E):
A(E) ≡ hππ, E|LW (0)|Ki ,

(2.1)

Mn,L = hππ, n, L|HW |K, Li,

Z

HW =

d 3 x LW (x) = L3 LW (0) ,

(2.2)

where both incoming and outgoing states are normalised to unity and the last equality has used
translation invariance to compute the integral. (This uses the fact that the operator is inserted
between states with matching spatial momenta.) The relation connecting A(E) and Mn,L is [1]


∂φ
∂ δ0
mK E 2
2
A(En ) = 8π q
|Mn,L |2
+p
,
(2.3)
∂q
∂ p p=pn p3n
E=En
where q is the dimensionless version of the momentum p, defined as q = pL/(2π), and pn is the
back-to-back pion momentum evaluated at a particular finite-volume energy, where the kinematic
quantities are defined as
p2n = En2 /4 − m2π .

(2.4)

Here δ0 is the S-wave scattering phase shift for ππ → ππ scattering and φ is a known function
that encodes the finite-volume effects and includes no dynamical information. (This function can
be found in eq. (A.1) of appendix B of ref. [1] and is also defined in this work, implicitly, by
combining eqs. (4.3) and (A.1).)
In order to interpret this physically as a K → ππ decay, the finite-volume lattice energy used
must coincide with the kaon mass, En = mK . In fact this assumption was built in to the derivation
of ref. [1] but subsequently relaxed so that one can extract A(E), which is perfectly well-defined
away from physical kinematics, from the lattice calculation. The original formalism makes a few
additional assumptions:
• The total momentum of both the incoming kaon and the outgoing two-pion state is zero in
the finite-volume frame,
• The scattering phase shift for ππ → ππ is negligible for even partial waves ` ≥ 4 ,
• En is one of the 8 lowest finite-volume energy levels.
The rest of this proceedings looks at the result of relaxing the final two assumptions, while
keeping the first in place.2
2 The

full paper, to appear, will also address the first assumption by considering the effect of non-zero spatial
momenta in the finite-volume frame.
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where LW (0) is the Lagrangian density mediating the transition, hππ, E| is an infinite-volume, Swave, two-pion out-state with energy E and vanishing spatial momentum, and |Ki is a kaon state.
Both incoming and outgoing states have the standard relativistic normalization. Here we include
a slight extension relative to ref. [1] by allowing the final state energy to differ from the incoming
kaon. Strictly this extension is also due to later work, in particular refs. [9, 14].
The finite-volume matrix element that can be extracted on the lattice is
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3. The generalized 1 → 2 formalism

1
Kf
`0 m0 ,`m (E) ≡ δ`0 ` δm0 m 2` K
p

(`)

(E) ,

where

K

(`)

(E) =

16πE
tan δ` (p) .
p

(3.1)

We then introduce the matrix
e L)−1 ,
M(E, L) ≡ Kf(E) + F(E,

(3.2)

where Fe is a known function that depends only on physical kinematics and the geometry of the
finite volume. An explicit form is given in the appendix.
The matrix M serves two purposes. First, the condition that its determinant should vanish
defines a quantisation condition equivalent to that of refs. [7, 19, 20]. That is, at fixed L and up to
corrections falling as e−mπ L , the values of E satisfying
h
i
e L)−1 = 0 ,
Det [M(E, L)] = Det Kf(E) + F(E,
(3.3)
are the finite-volume energies En of the system. Second, the matrix allows one to give the updated
formalism of ref. [14]. Focusing here on a single flavour channel of two identical scalars (i.p. two
pions), the updated formalism for 1 → 2 transitions is
2

A(En ) = 2mK C (En , L) |Mn,L |2 ,

(3.4)



cos2 δ0 (E) ∂ Det M(E, L)
C (E, L) ≡
.
Det [M] [M−1 ]00
∂E

(3.5)

where

The only difference between these expressions and the Lellouch-Lüscher result is the definition of
the conversion factor C (E, L).

4. Contribution from ` = 0 scattering
In principle, M, Kfand Fe are infinite-dimensional matrices and so they need to be truncated
in some way. In this section we make the assumption that the ` ≥ 4, ππ → ππ partial waves are
all negligible (formally we set these to be identically zero). The quality of this approximation is
therefore dictated by the size of the ` = 4 partial wave. Truncating the matrices at ` = 0 we have
M(E, L) ≡ K (0) (E) + Fe00 (E, L)−1 ,

 ∂ h
C (En , L) = cos2 δ0 (E)
Fe00 (E, L)−1 + K
∂E

3

(4.1)
i
(0)
(E)

.
E=En (L)

(4.2)
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Reference [14] provides a generalised 1 → 2 formalism by relaxing all of the restrictions listed
above and more. This allows one to extract 1 → 2 transition amplitudes for systems with multiple
coupled two-particle channels, any value of spatial momentum and, most importantly for this work,
with any desired truncation in the angular momenta that contribute.
The formalism of ref. [14] is most conveniently discussed in terms of the K-matrix. Taking
δ` (p), the ππ → ππ scattering phase in the `th partial wave, as a known entity, we define the
K-matrix K and a closely related object Kfas follows:
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We can see at this stage that the K-matrix takes the place of the scattering phase shift and Fe takes
the place of the function φ . This is made precise through the relations
16πE
Fe00,00 (E, L)−1 ≡
tan φ (E, L) ,
p

K

(0)

(E) =

16πE
tan δ0 (E) .
p

(4.3)

The conversion factor, C , becomes

 16πE ∂ 

C `max =0 (En , L) = cos2 δ0 (E)
tan φ (E, L) + tan δ0 (E)
p ∂E

,

(4.4)

E=En (L)

5. Contribution from ` = 4 scattering
As described in the introduction, due to the geometry of the finite volume, angular momentum
is no longer a good quantum number. Instead, for vanishing total momentum, the system is defined
by a particular irreducible representation (irrep) of the octahedral group. For K → ππ, the irrep of
+
interest is the trivial irrep,3 A+
1 . As is well known, the A1 also couples to higher angular-momentum
states. After ` = 0, the next lowest angular-momentum state that contributes is ` = 4 [19–24].
Naively, if we were to truncate at ` = 4, our angular momentum indices would run over 2×4+1 = 9
additional values. However, as A+
1 only couples to one specific ` = 4 state, we can perform a change
of basis so that we end up with a 2 × 2 matrix space:
e + 0
F ``0 = hA+
1 , `|F|A1 , ` i ,

(5.1)

where the |A+
1 , `i states are defined by
|A+
1 , ` = 0i = |0, 0i ,
r
r
1 7
1 5
+
|A1 , ` = 4i =
(|4, 4i + |4, −4i) +
|4, 0i ,
2 6
2 3

(5.2)
(5.3)

with the right-hand side in the `, m basis used for standard spherical harmonics. In the basis that
projects to A+
1 , the ` = 4-truncated M matrix becomes
M(E, L) ≡

!
!−1
Kf(0) (E)
0
F 00 (E, L) F 04 (E, L)
+
.
F 40 (E, L) F 44 (E, L)
0
Kf(4) (E)

(5.4)

In order to quantify the approximation of neglecting ` = 4, we define ∆ to be the relative difference
between the ` = 4 and ` = 0 conversion factors:
∆(En , L) ≡

C (En , L) − C `max =0 (En , L)
.
C `max =0 (En , L)

3 Pseudo-scalars,

(5.5)

such as pions and kaons, transform trivially under rotations but incur a sign-flip under parity.
However, only the two-pion state is of direct relevance to us and this is also even under parity. For this reason we
−
consider the A+
1 rather than the A1 irrep.
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where we have used the fact that the energy levels satisfy M(En , L) = 0 to simplify. This can be
shown to be equivalent to the the Lellouch-Lüscher formalism given in eq. (2.3).
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Here C is assumed to be defined up to ` = 4, i.e. with the form of M given in eq. (5.4).
Expanding this to leading order in K (4) , also counting ∂E K (0) as suppressed relative to
∂E F 00 , and once again using Det[M] = 0, we reach4




(4) (E)
(4) (E )
n
9 ∂ K
[∂ K (4)]
8K
∆(En , L) = (2m)
∆
(En , L) + (2m)
∆[K (4)] (En , L)
8
∂E
p8
p
E=En


+ O (K (4) )2 , K (4) ∂ K (0) , (5.6)

[K (4)]

∆

"
1
F 04 (E, L)2 ∂E F 04 (E, L)
1
∂E F 00 (E, L)
(E, L) ≡
2
−2
(2m)8 ∂E F 00 (E, L)−1 F 00 (E, L)2
F 04 (E, L)
F 00 (E, L)

2
1
m2
m2 F 00 (E, L) − E p2 ∂E F 00 (E, L)
−
,
+

2
E p2 E p2 F 00 (E, L)
1 + 16πEF 00 (E, L)/p

∆[∂ K (4)] (E, L) ≡

1
1
F 04 (E, L)2
.
(2m)9 ∂E F 00 (E, L)−1 F 00 (E, L)2

(5.7)
(5.8)

(5.9)

Technically, ∆(En , L) should be evaluated at an energy En that is a solution of the ` = 4 quantisation
condition. However, this introduces corrections to the expansion of eq. (5.6) that are higher order
in K (4) . Thus, when evaluating the expansion coefficient functions, ∆[K (4)] and ∆[∂ K (4)] , it is
sufficient to use the ` = 0 quantisation condition.
Although the functions ∆[K (4)] and ∆[∂ K (4)] do not have explicit dependence the dynamics of
the theory, they are only meaningful at physical values of En (L) and thus inherit a dependence on
the interaction parameters through the interacting energy levels. In order to calculate these energy
levels, we parameterise the ` = 0 K-matrix with the scattering length a0 :
K

(0)

(E) = −16πEa0 .

(5.10)

The results for the energy levels and ∆[K (4)] and ∆[∂ K (4)] evaluated at those energy levels, for
various values of a0 m, are shown in in figure 1. For some choices of a0 m we find the contamination
from ` = 4 will be ∼ 10% if the factorized ` = 4 dynamics is order unity. Note that this is plausible,
since the barrier factors are removed in the quantities representing the ` = 4 interaction strength, so
(2m)8 K (4)
is the quantity that would have to be order one. However, for other values of a0 m we find
p8
that the effect is suppressed by many orders of magnitude. A detailed analysis for the parameters
of physical pions and kaons will be presented in the full manuscript, to appear.

6. The accidentally degenerate 9th energy level
The free energy levels have values
(E~nfree )2 /4
4 In


=

2π
L

2

~n2 + m2 ,

the remainder of this work we use m rather than mπ for the pion mass.

5
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with
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Figure 1: En (L)/m, ∆[K (4)] (En (L), L) and ∆[∂ K (4)] (En (L), L) plotted verses mL for various choices of the
S-wave scattering length scattering length ma0 . The dashed segments indicate that En (L) > 4m, implying
that the formalism has neglected systematic uncertainties due to on-shell four-particle states. In the case of
ma0 = 10, a shallow boundstate arises, resulting in the lowest lying finite-volume energy shown in lilac.

where ~n is a three-vector of integers. However, the energy level with ~n2 = 9 has 2 inequivalent
solutions: (3, 0, 0) and (2, 2, 1), which cannot be transformed into each other using the octahedral
group. The degeneracy is accidental as it is not enforced by the symmetries of the system.
In a weakly interacting theory, if one uses the ` = 0 quantisation condition, one finds a single
interacting energy level slightly shifted from each of the free energy levels, including the 9th energy
level. By contrast, truncating the quantisation condition at ` = 4, one finds that the accidentally
degenerate level splits into two distinct energies. To asses the effect this has on extractions of the
decay amplitudes, in figure 2 we plot the full conversion factor, as defined in eq. (3.5). In particular,
we do not expand in terms of ` = 4 quantities as we did in the previous section. In order to calculate
the energy levels and conversion factors, we parameterise the 4th partial wave of the K-matrix as
K

(4)

= −16πE p8 a4 ,

(6.2)

and, for the 0th partial wave, we continue to use the same scattering length parameterisation as
before. As shown in figure 2, when the ` = 4 and ` = 0 energy levels agree, so do the respective
conversion factors. However, when the ` = 4 energy levels deviate from the ` = 0 energy levels,
the conversion factor varies rapidly and can even diverge.
The divergence can be explained as follows: A given finite-volume state can be viewed as a
6
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5

En(L)/m

6
mL

Toby Peterken

linear combination of infinite-volume states with different angular momenta [10, 14] 5 :
p
2mK L3 hEn , L, A+
1 | = ∑ A` (En , L)hEn , ππ, out, `| ,

(6.3)

`

where A` (En , L) is proportional to the eigenvector of M with vanishing eigenvalue at the finitevolume energy solution. When this combination is applied to the state HW |Ki, only the ` = 0
infinite-volume state contributes and
C (En , L) =

L6
.
|A0 (En , L)|2

(6.4)
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Figure 2: Finite-volume energies (left panel) and conversion factors (right panel) for states in the vicinity
of the accidentally degenerate state, with scattering parameters set to ma0 = 1.0 and (m9 a4 ) = −0.0001. In
the case of the energies we plot q2 = L2 (E 2 /4 − m2 )/(2π)2 on the vertical axis as this separates the curves
more clearly. The black dotted lines are the free energy levels for reference, the coloured dashed lines are
the solutions to the ` = 0 condition and the solid lines are the solutions to the ` = 4 condition.

7. Conclusion
We have examined the standard approximation of truncating the 1 → 2 Lellouch-Lüscher relation, as it arises in calculations of K → ππ, by neglecting the effects of higher partial waves
in ππ → ππ scattering, i.e. approximating that the QCD scattering amplitude vanishes for ` ≥ 4.
We have found that including the next lowest angular momentum state, ` = 4 in the rest frame,
introduces a correction that can be as much as 10%, depending on the details of the finite-volume
system and scattering parameters, but is often much smaller. A detailed analysis for physical pion
scattering parameters will be given in the full manuscript, to appear.
Secondly, we have considered the phenomenological features that occur at the 9th energy level.
The original Lellouch-Lüscher formalism only applies below this energy level due to the two inequivalent non-interacting solutions with back-to-back momentum p satisfying L2 p2 /(2π)2 = 9.
5 This

expression is only true in an inner product with an appropriate incoming state
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The deviation of the ` = 4 energy levels from the ` = 0 energy levels corresponds to A4 dominating
over A0 . The divergence in C therefore occurs when the contribution from the ` = 0 infinite-volume
state vanishes.
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We find that including the ` = 4 contribution causes these energy levels to split. The LellouchLüscher conversion factor exhibits rapid variation in this region and can even diverge for specific
choices of L, corresponding to a case with the finite-volume state is dominated by the ` = 4 component.

Acknowledgments

A. Explicit form of Fe
The definition of Fe for vanishing total spatial momentum in the finite-volume frame is given
by [7, 19, 20]


~2 2
Z
d 3~k Y`m (~k)Y`∗0 m0 (~k) e−α(k −p )
1
1
e
,
F`m,`0 m0 (E, L) = lim+ 3 ∑ − p.v.
2 α→0 L ~
(2π)3
(2ωk )2 (E − 2ωk )

(A.1)

k

where p2 = E 2 /4 − m2 and

√
4π|~k|`Y`m (k̂) ,
q
ωk = ~k2 + m2 .

Y`m (~k) =

(A.2)
(A.3)

Here the sum runs over three-vectors of the form
~k = 2π ~n ,
L

~n ∈ Z3 ,

(A.4)

and the p.v. indicates that the principal-value pole prescription is used to make the integral welldefined in the vicinity of the pole. Finally, the exponential factor provides an ultraviolet regularisation of the sum and integral individually. These divergences cancel in the difference so that one
can send α → 0+ as indicated.
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