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We propose a new method to renormalize lattice operators. The method is based on the technique
to compute the spectral sum appearing in the Shifman-Vainshtein-Zakharov QCD sum rule from
lattice correlators. The application of this technique to the light quark system is useful for
operator renormalization as well as for the test of perturbative QCD and OPE. We determine the
renormalization constant of the vector current and discuss extensions to other current operators.
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1. Introduction

where 𝐽Γ is a bilinear operator such as 𝑞𝛾
¯ 𝜇 𝑞, 𝑞𝛾
¯ 5 𝑞, and 𝑞𝜎
¯ 𝜇𝜈 𝑞. In the case of the vector current, we
2
2
can write this correlator as Π𝑉 (𝑞 ) = (𝑞 𝜇 𝑞 𝜈 − 𝑞 𝑔 𝜇𝜈 )Π(𝑞 2 ). The function Π(𝑞 2 ) is the so-called
hadronic vacuum polarization (HVP) function. In the deep Euclidean region 𝑄 2 = −𝑞 2  0,
the perturbative expansion and OPE are applicable. The perturbative series in the massless limit
has been calculated up to 𝑂 (𝛼𝑠3 ) for the vector current [2]. Lattice calculation for the quantity
is straightforward. The convergences of the OPE is, however, problematic, as discussed in the
literature [3]. Namely, there is a severe window problem Λ2QCD  𝑄 2  1/𝑎 2 . Therefore, the
correlator in momentum space ΠΓ (𝑞 2 ) itself would not be suitable for the renormalization.
In the present work, we propose a new method to renormalize lattice operators using the Borel
transformation, which is often utilized in the QCD sum rule. The method is based on the technique
to compute the weighted spectrum in the numerical lattice computation [4]. We compute the
renormalization constant and compare it with the result from another nonperturbative method.

2. Borel transform of HVP
In the following, we limit ourselves to the renormalization of the vector current for simplicity.
The extension to other operators will be straightforward. Some discussions of other channels are in
2
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Lattice QCD has been used to study hadronic decays and transition processes nonperturbatively.
Measuring two- and three-point correlation functions, one determines parameters such as decay
constants and form factors from hadronic matrix elements. These parameters are important inputs
for the phenomenological study of the Standard Model.
Renormalization is necessary in the calculation of hadronic matrix elements. These matrix
elements from lattice QCD do not correspond to the values in the renormalization scheme of the
continuum theory (usually MS). Even if an operator involved in these matrix elements has no
anomalous dimensions, such as locally constructed vector currents 𝑞𝛾
¯ 𝜇 𝑞, the renormalization has
to be done since the current does not conserve due to lattice artifacts. These physical quantities
computed on the lattice can be used in the continuum theory after the renormalization.
We can perform renormalization through matching. The basic strategy is as follows. We
measure some physical quantity containing the operator in lattice QCD. We calculate the same
quantity in the MS scheme perturbatively. Then we determine the renormalization constant by
requiring them to be equal. Notice that it is also possible to match via an intermediate scheme
such as the RI/MOM scheme [1]. However, we focus on the direct renormalization method in this
work. The quantity used for the matching should be easy to control the discretization error in lattice
QCD. At the same time, the typical energy scale of the quantity has to be sufficiently large to use
the perturbative expansion and operator product expansion (OPE). If we find the quantity which
satisfies these requirements, the renormalization constant will be less affected by the systematic
error.
As a first step, we consider current-current correlators in momentum space as a quantity for
the matching. These correlators are defined as
∫
2
ΠΓ (𝑞 ) = 𝑖
𝑑 4 𝑥 𝑒 𝑖𝑞 𝑥 h𝐽Γ (𝑥)𝐽Γ (0)i,
(1)
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Section 5.
To improve the convergence of OPE, we follow the Shifman-Vainshtein-Zakharov (SVZ) QCD
sum rule [5, 6]. We use a weighted spectrum as employed in the sum rule studies:
∫ ∞
2
1
2
𝑑𝑠 𝜌(𝑠)𝑒 −𝑠/𝑀 ,
(2)
Π̃(𝑀 ) ≡ 2
𝑀 0
𝜌(𝑠) = Im Π(𝑠 + 𝑖𝜖),
(3)

𝑄 2 /𝑛=𝑀 2

Applying this transformation to the dispersion relation of HVP, one obtains


∫ ∞
∫ ∞
2
1
1
2
B 𝑀 [Π(−𝑄 )] =
𝑑𝑠 B 𝑀
𝜌(𝑠) = 2
𝑑𝑠 𝜌(𝑠)𝑒 −𝑠/𝑀 .
2
𝑠+𝑄
𝑀 0
0

(5)

The typical scale is the Borel mass 𝑀 2 in the exponential factor. The perturbative series can also be
transformed from two-point functions. For the vector and scalar operators, the corrections at 𝑂 (𝛼𝑠4 )
are found in [2]. For the tensor currents, the corrections at 𝑂 (𝛼𝑠3 ) are also in this reference. An
important property of the Borel transformation is the factorial suppression of the power corrections:


1
1
1
.
(6)
B 𝑀 2𝑛 =
(𝑛 − 1)! 𝑀 2𝑛
𝑄
Therefore, the uncertainty due to higher-dimensional power corrections are substantially reduced.

3. Method
We will briefly explain the point of our method to compute the Borel transform of HVP Π̃(𝑀 2 )
from lattice QCD. More details are in [7]; the method yields reasonable agreement with OPE results
in the 𝑠 𝑠¯ system. Other applications based on the transfer matrix expansion can be found in [8, 9].
The lattice computation of the Borel transform is nontrivial since its definition requires the
spectral function. We define a correlator with time separation 𝑡 as
Õ
h0|𝐽𝑧 (𝑡, x)𝐽𝑧 (0, 0)|0i ,
𝐶 (𝑡) =
(7)
x

which is projected to zero spatial momentum. The correlator is also a spectral sum since we can
express it as an integral [10]:
∫ ∞
𝐶 (𝑡) =
𝑑𝜔 𝜔2 𝜌(𝜔2 )𝑒 −𝜔𝑡 ,
(8)
0

where 𝜔2 = 𝑠 and 𝑡 > 0. The estimate of the spectral function 𝜌(𝜔2 ) from (8) is an ill-posed
problem. One can extract only, at most, a few low-lying spectra from the correlators. Instead, we
3
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where 𝜌(𝑠) is the spectral function, which is understood as the density of states of a given energy.
The weighted spectrum can be derived from the HVP through the Borel transformation

𝑛
(𝑄 2 ) 𝑛
𝜕
B 𝑀 = lim
− 2 .
(4)
𝜕𝑄
𝑛,𝑄 2 →∞ (𝑛 − 1)!
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compute the spectral sum (2) by the transfer matrix expansion without estimation of the spectral
function itself.
ˆ
The transfer matrix 𝑒 − 𝐻 𝑎 on the lattice plays the role of the discrete time evolution operator.
We formally write the correlator at a time separation 𝑡 = 𝑛𝑎 as a matrix element

𝑛
Õ
ˆ
h0|𝐽 (0, x) 𝑒 − 𝐻 𝑎 𝐽 (0, 0)|0i .
𝐶 (𝑡) =
(9)
x

(10)

x

The above two equations (9) and (10) provide a clue to the computation of Π̃(𝑀 2 ). Expanding the
weight function,
𝑆(𝑀, 𝜔) ≡

2𝐶 (2𝑡0 )𝑒 2𝑡0 𝜔 −𝜔2 /𝑀 2
𝑒
tanh (𝜔/𝜔0 ),
𝑀 2𝜔

(11)

that correctly reproduces the integral (2), we can relate the weighted spectral sum to the correlator
∫ ∞
∫ ∞
Õ
1
−𝑠/𝑀 2
𝑑𝑠
𝜌(𝑠)𝑒
'
𝑑𝜔
𝑎 𝑛 (𝑀 2 ) (𝑒 −𝜔𝑎 ) 𝑛 𝜔2 𝜌(𝜔2 )
(12)
𝑀2 0
0
𝑛
Õ
𝑎 𝑛 (𝑀 2 )𝐶 (𝑡),
(13)
=
𝑛

where 𝑎 𝑛 (𝑀 2 ) is the coefficient of the expansion.
In actual computation, we use (shifted) Chebyshev expansion following [4]. The basis of this
expansion is an orthogonal polynomial 𝑇 𝑗∗ (𝑥), whose absolute value is bounded by 1 in the range
0 ≤ 𝑥 ≤ 1. Note that the expansion does not require 𝑥 = 𝑒 −𝜔𝑎 to be small. We obtain the Borel
ˆ
transform through the following equation with Chebyshev matrix elements h𝑇 𝑗∗ (𝑒 − 𝐻 𝑎 )i:
Π(𝑀 2 ) '

𝑐∗0 (𝑀 2 )
2

+

𝑁𝑡
Õ

ˆ

𝑐∗𝑗 (𝑀 2 ) h𝑇 𝑗∗ (𝑒 − 𝐻 𝑎 )i ,

(14)

𝑗=1

where the coefficient 𝑐∗𝑗 is determined from the weight function by an integral, whose full expression
can be found in [7]. The contact term at 𝑡 = 0 and the divergence of the integral at 𝜔 = 0 are
taken into account in (11). The shifted Chebyshev polynomials is recursively constructed by
∗ (𝑥) = (4𝑥 − 2)𝑇 ∗ (𝑥) − 𝑇 ∗ (𝑥) with 𝑇 ∗ (𝑥) = 1 and 𝑇 ∗ (𝑥) = 2𝑥 − 1. After properly normalizing
𝑇 𝑗+1
𝑗
𝑗−1
0
1
the correlator 𝐶¯ (𝑡) ≡ 𝐶 (𝑡)/𝐶 (0) so that 𝐶¯ (0) = 1, we can determine the Chebyshev matrix elements
from lattice simulations as
ˆ
ˆ
h𝑇1∗ (𝑒 − 𝐻 𝑎 )i = 2𝐶¯ (1) − 1, h𝑇2∗ (𝑒 − 𝐻 𝑎 )i = 8𝐶¯ (2) − 8𝐶¯ (1) + 1, . . . ,

(15)

where we replace 𝑥 𝑛 in 𝑇 𝑗∗ (𝑥) by 𝐶¯ (𝑛 = 𝑡/𝑎). In practice, we determine the Chebyshev matrix
ˆ

element from a fit of (15). Note that the matrix elements are restricted by | h𝑇 𝑗∗ (𝑒 − 𝐻 𝑎 )i | ≤ 1. The
restriction forbids the significant error due to large cancellation among the correlators at different
ˆ
time slices. Combining 𝑐∗𝑗 (𝑀 2 ) and h𝑇 𝑗∗ (𝑒 − 𝐻 𝑎 )i, We compute the Borel transform Π̃(𝑀 2 ).
4
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According to (8), we can express the spectral function by a delta function:
Õ
h0|𝐽 (0, x)𝛿( 𝐻ˆ − 𝜔)𝐽 (0, 0)|0i .
𝜔2 𝜌(𝜔2 ) =

Tsutomu Ishikawa
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𝛽
4.17
4.35
4.47

𝑎 −1 [GeV]
2.453(4)
3.610(9)
4.496(9)

𝐿 3 × 𝑇 (×𝐿 5 )
323 × 64(×12)
483 × 96(×8)
643 × 128(×8)

𝑁meas
800
600
400

𝑎𝑚 𝑢𝑑
0.0070
0.0042
0.0030

𝑎𝑚 𝑠
0.0400
0.0250
0.0150

Table 1: Ensembles used in the present work.


2
Π̃MS (𝜇2 ; 𝑀 2 ) = 𝑍𝑉MS/lat (𝑎 2 ) Π̃lat (𝑎 2 ; 𝑀 2 ),

(16)

where 𝑍𝑉 (𝑎 2 ) is the renormalization constant for the vector current operator. The l.h.s. of (16),
Π̃MS (𝜇2 ; 𝑀 2 ), denotes the counterpart in the perturbative QCD at the renormalization point 𝜇. The
perturbative expansion is known to 𝑂 (𝛼𝑠4 ) in the massless limit. For the vector current, there is
no anomalous dimension, and the renormalization constant is independent of the renormalization
scale up to the truncation error. Since we obtain the renormalization condition (16) at several 𝑀 2 ,
we obtain the optimal solution 𝑍𝑉MS/lat (𝑎 2 ) as discussed in the next section.

4. Result
We show our preliminary results. We set 𝑁𝑡 = 18 for the Borel transform in (14). The
perturbative expansion Π̃MS (𝜇2 ; 𝑀 2 ) is computed in the massless limit, where we set 𝜇 = 2 GeV.
Solving (16) for 𝑍𝑉MS/lat , we can express the solution in the following form:
s
𝑍˜ 𝑉 (𝑎 2 ; 𝑀 2 ) ≡

Π̃MS (𝜇2 ; 𝑀 2 )
Π̃lat (𝑎 2 ; 𝑀 2 )

= 𝑍𝑉MS/lat (𝑎 2 ) + 𝐶−2 (𝑀𝑎) 2 + 𝐶4 /𝑀 4 .

(17)
(18)

The discretization effect is incorporated into this function as 𝐶−2 (𝑀𝑎) 2 . The term 𝐶4 /𝑀 4 corresponds to the nonperturbative corrections due to the dimension-four operators. Figure 1 shows
the 𝑀 2 dependence of 𝑍˜ 𝑉 (𝑎 2 ; 𝑀 2 ) at each lattice spacing. In the short-distance region, namely at
small 1/𝑀 2 , the ratio 𝑍˜ 𝑉 (𝑎 2 ; 𝑀 2 ) is suppressed due to the discretization effect. We determine the
renormalization constant by a fit using the ansatz (18) in the range 1/𝑀 2 = 0.25–0.69 GeV−2 . Then
we obtain 𝑍𝑉MS/lat (𝑎 2 ) = 0.9804(43), 0.9806(27), 0.9789(23) at 𝑎 −1 = 2.453, 3.610, 4.496 GeV,
respectively, where the parentheses denote the statistical errors only.
5
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We culculate the correlator of the current 𝐽 𝜇 = 𝑢𝛾
¯ 𝜇 𝑑 at three lattice spacing. We use ensembles
with 𝑁 𝑓 = 2 + 1 dynamical Möbius domain-wall fermions, which are generated by the JLQCD
collaboration. Table 1 shows the parameters of the ensembles, where light and strange sea quark
masses are denoted by 𝑚 𝑢𝑑 and 𝑚 𝑠 , respectively. We also use these degenerate masses 𝑚 𝑢𝑑 as
valence quark masses. The correlators are measured 𝑁meas times at each lattice spacing. Some
details of the configurations can be found in [11].
As a test of our renormalization procedure, we compute the renormalization constant of the
vector current. We impose the matching (renormalization) condition on the Borel transform of
HVP, Π̃lat (𝑎 2 ; 𝑀 2 ), computed at lattice spacing 𝑎:

Tsutomu Ishikawa

Spectral sum and renormalization constants

ZV (a 2 ; M 2 )

1.2

a 1 = 2.453 GeV
a 1 = 3.61 GeV
a 1 = 4.496 GeV

1.0

0.0

0.2

0.4

0.6

1/M 2 [GeV 2 ]

0.8

1.0

Figure 1: 𝑍˜ 𝑉 (𝑎 2 ; 𝑀 2 ) at all lattice spacing.

We compare our result with another method in Fig. 2. We take the renormalization constant
from the X-space correlator as a reference [12]. The horizontal axis in this figure is the squared
lattice spacing. The circle and cross symbols denote our result and the X-space method, respectively. Note that the errors of our result does not include systematic errors, such as truncation
errors and valence quark mass dependence. These renormalization constants may contain different
discretization errors, and the maximal deviation is ∼ 2.6% on the coarse lattice. The deviation
becomes insignificant towards the continuum limit.
We are trying to extend our method to other operators, such as the (pseudo-)scalar density and
tensor operators. Since those have finite anomalous dimensions, we have to give the correct scale
dependence, unlike the vector current. We compute the corresponding ratio such as (17) but for
tensor operators on the coarse lattice. We check that a ratio 𝑍˜𝑇 (𝜇2 , 𝑎 2 ; 𝑀 2 )/ 𝑍˜𝑇 (4 GeV2 , 𝑎 2 ; 𝑀 2 )
is consistent with the running at one-loop level. The computation is still ongoing.
The modification of the weight kernel is necessary for the pseudo-scalar density 𝑢𝛾
¯ 5 𝑑, because
the Borel transform is largely affected by 𝜋 meson since the exponential kernel does not suppress 𝜋
meson spectrum ∼ 𝛿(𝑠 −𝑚 2𝜋 ). Accordingly, the Borel transform in this channel is not well described
by perturbative QCD even at 𝑀 = 2 GeV. This would be improved by a replacement of the kernel
2
2
𝑒 −𝑠/𝑀 → 𝑠𝑒 −𝑠/𝑀 . The counterpart of this modified spectral sum in perturbative QCD may be
derived by some mathematical manipulations, such as the derivative of the Borel transform:

 2 
𝜕
𝑛 𝜇
B 𝑀 log
.
(19)
𝜕 (1/𝑀 2 )
𝑄2

5. Summary
We propose a renormalization method based on the Borel transform following SVZ. The
renormalization constant can be computed through the two-point correlation functions, which
6
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1.1

ZVMS/lat (a 2 )

Borel
X-space

1.0

0.02

0.04

0.06

0.08

0.10

a 2 [GeV 2 ]

0.12

0.14

0.16

0.18

Figure 2: Comparison of 𝑍𝑉MS/lat (𝑎 2 ) at three lattice spacing.

is fairly standard to compute in lattice calculation. The perturbative expansion of this quantity
is available. The scale parameter 𝑀 2 is continuous and easily adjustable using the Chebyshev
expansion. The errors are due to the truncation of perturbative expansion, the finite mass correction,
and the choice of the fit range as well as the Chebyshev expansion. The result for the vector current
is consistent with another renormalization method in the limit of vanishing lattice spacing. The
computation of the renormalization constant for the scalar and tensor current is underway.
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