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We present preliminary results from our calculation of the pseudoscalar transition form factors of
the 𝜂 and 𝜂 0 mesons using staggered quarks on 𝑁 𝑓 = 2 + 1 + 1 gauge ensembles generated by
the Budapest-Marseille-Wuppertal collaboration. These transition form factors are an important
input for the hadronic light-by-light contribution to the muon (𝑔 − 2). We first elaborate on the
extraction of the masses of the 𝜂 and 𝜂 0 mesons, that mix under the dynamics of QCD. Thereafter,
we show our preliminary results for the pseudoscalar transition form factors, focusing on the 𝜂
meson in the absence of mixing.
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light-by-light contribution to the muon 𝒈 − 2
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Figure 1: Hadronic light-by-light diagram and its decomposition into the dominant pseudoscalar poles.
A wobbly line indicates a photon, the straight line the muon and a blob the non-perturbative hadronic
interactions encoded in the pseudoscalar TFF.

1. Introduction

2. Simulation details
We use 𝑁 𝑓 = 2+1+1 dynamical staggered fermions with four steps of stout smearing generated
by the BMW collaboration [2]. These gauge ensembles are at nearly physical pion and kaon mass.
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Understanding the discrepancy between the theory calculation and the experimental value of
the muon anomalous magnetic moment (𝑎 𝜇 ) [1] is one of the most pressing challenges in presentday particle physics. The theoretical error is dominated by the hadronic vacuum polarization (HVP)
and the hadronic light-by-light (HLbL) contributions. A recent computation of the leading order
HVP by the Budapest-Marseille-Wuppertal (BMW) collaboration has however shed new light on
the issue [2]. In particular, it reduces the tension with the experimental value of 𝑎 𝜇 .
The HLbL interaction is shown in Figure 1. This contribution results from the scattering
of four photons by means of a non-perturbartive hadronic interaction. Two model-independent
routes to calculate the diagram are nowadays applied, namely the dispersive [3–5] and lattice [6, 7]
computations. Crucial input for the dispersive approach are the transition form factors (TFFs)
of the 𝜋 0 , 𝜂 and 𝜂 0 mesons, which are directly linked to pseudoscalar pole contributions to the
𝑎 HLbL
. The TFF describes the interaction of one on-shell pseudoscalar meson with two off-shell
𝜇
photons. The pion TFF has already been calculated [8, 9], and we provide here our first results
towards a calculation of the 𝜂 and 𝜂 0 TFFs. Note finally that, in experiment, the 𝜂 and 𝜂 0 TFFs
are difficult to access in the doubly virtual regime, where the photons have the same virtuality,
so a theoretical calculation is of particular importance. ETM has already presented preliminary
results of a calculation of the 𝜂, 𝜂 0 TFFs [10]. The mixing between the two states encumbers the
calculation, but only a 20% precision on the contribution to 𝑎 HLbL
is necessary to match future
𝜇
experimental precision [11].
In line with this interest, the second aim of this project is a calculation of the 𝜂 and 𝜂 0 masses and
mixing angles, using staggered quarks. Recent calculations of these quantities have been done using
Wilson-Clover quarks [12] and twisted-mass quarks [13], and have shown good correspondence
with experiment. The 𝜂 and 𝜂 0 mesons are interesting particles to simulate, as the large mass of
the 𝜂 0 meson is directly related to the non-perturbative dynamics of QCD and the anomaly in the
𝑈 (1) 𝐴 charge symmetry of the QCD Lagrangian [14]. Besides, flavor singlet mesons require the
use of disconnected correlators, which are more challenging to compute and couple directly to the
sea. The fourth-root trick employed for the sea quarks in staggered lattice QCD simulations has
also been questioned [15, 16]. The 𝜂 0 meson is hence of interest, and can therefore provide another
hint towards the ability of staggered quarks to reproduce the axial anomaly in the continuum limit.
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three-point
two-point

𝛽
a[fm]
𝐿/𝑎 ×𝑇/𝑎
3.7000 0.1315 32 × 64
3.8400 0.0952 32 × 64

# conf
900
1100

Table 1: Summary of two ensembles with lattice spacing, lattice size and number of gauge configurations.

3. 𝜂 and 𝜂0 mass
3.1 Mass extraction
The analysis of the 𝜂 − 𝜂 0 system starts by the quark model. One introduces an SU(3) octet and
singlet field
1
𝜂8 (𝑥) = √
6
1
𝜂0 (𝑥) = √
3





𝑢𝛾5 𝑢(𝑥) + 𝑑𝛾5 𝑑 (𝑥) − 2𝑠𝛾5 𝑠(𝑥) ,

(1)


𝑢𝛾5 𝑢(𝑥) + 𝑑𝛾5 𝑑 (𝑥) + 𝑠𝛾5 𝑠(𝑥) .

(2)

The 𝜂8 (𝑥) field is a Goldstone realization of spontaneously broken symmetry group 𝐺 𝐹 = 𝑈 (1)𝑉 ⊗
𝑆𝑆𝐵

𝑆𝑈 (3) 𝐿 ⊗ 𝑆𝑈 (3) 𝑅 −→ 𝑈 (1)𝑉 ⊗ 𝑆𝑈 (3)𝑉 of the classical QCD Lagrangian. On the other hand, 𝜂0
is the would-be Goldstone boson realization of the 𝑈 (1) 𝐴 charge symmetry, that is broken at the
quantum level. Both fields have quantum numbers 𝐽 𝑃𝐶 = 0−+ , like the 𝜋 0 . However, no mixing
with the pion occurs in our lattice simulations since we work in the isospin limit.
We consider the matrix of correlators built from the lattice operators 𝑂 8 , 𝑂 0 that interpolate
the SU(3) fields
!
h𝑂 8 (𝑡)𝑂 †8 (0)i h𝑂 8 (𝑡)𝑂 †0 (0)i
C(𝑡) ≡
h𝑂 0 (𝑡)𝑂 †8 (0)i h𝑂 0 (𝑡)𝑂 †0 (0)i
!
√
2
1
(𝐶
)
(𝐶
)
+
2𝐶
−
4𝐷
+
2𝐷
+
2𝐷
−
𝐷
−
𝐷
−
𝐶
+
2𝐷
ℓ
𝑠
ℓ𝑠
ℓℓ
𝑠𝑠
ℓ
ℓ𝑠
𝑠𝑠
𝑠
ℓℓ
3
= 3 √2
, (3)
1
(𝐶
)
(2𝐶
−
𝐷
−
𝐷
−
𝐶
+
2𝐷
+
𝐶
+
4𝐷
+
4𝐷
+
𝐷
ℓ
ℓ𝑠
𝑠𝑠
𝑠
ℓℓ
ℓ
𝑠
ℓℓ
ℓ𝑠
𝑠𝑠 )
3
3
where 𝐶𝑞 and 𝐷 𝑞𝑞0 are respectively the connected and disconnected correlator for quark flavor
𝑞, 𝑞 0 = ℓ, 𝑠 and we have made use of 𝐷 𝑙𝑠 = 𝐷 𝑠𝑙 . Notice that the mixing between 𝜂8 and 𝜂0 is
made explicit by the non-vanishing off-diagonal terms; furthermore, even in the 𝑆𝑈 (3) 𝐹 limit, the
disconnected contributions to h𝑂 0 (𝑡)𝑂 †0 (0)i do not vanish. Lastly, in this chiral limit, the physical
𝜂 and 𝜂 0 state correspond exactly to the 𝜂8 and 𝜂0 state.
Masses of the 𝜂 and 𝜂 0 mesons can then be obtained by solving a Generalized Eigenvalue
Problem (GEVP) [17]
C(𝑡)𝑣 𝑛 (𝑡, 𝑡0 ) = 𝜆 𝑛 (𝑡, 𝑡0 )C(𝑡0 )𝑣 𝑛 (𝑡, 𝑡0 ).
(4)
3
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We plan to exploit five different lattice spacings in the available range and consider 𝐿 = 3, 4 and
6 fm boxes for finite-size effect studies. Simulations are performed in the isospin limit where
𝑚 𝑢 = 𝑚 𝑑 ≡ 𝑚 ℓ . In Table 1 we summarize the details of the two ensembles used in this preliminary
study. The three-point functions have only been computed on the coarse ensemble.
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Here C(𝑡) is an 𝑁 × 𝑁 matrix, 𝜆 𝑛 are the eigenvalues, 𝑣 𝑛 are the eigenvectors, 𝑡0 /𝑎 is a free
parameter that is fixed to 1 in this analysis, and 𝑛 ∈ {1, . . . , 𝑁 }. From the eigenvalues one can
define an effective mass that converges to the meson mass at large time


𝜆 𝑛 (𝑡, 𝑡0 )
𝑡→∞
−→ 𝑚 𝑛 ,
(5)
𝐸 𝑛eff (𝑡) = log
𝜆 𝑛 (𝑡 + 1, 𝑡0 )
in the region where the backward propagating quarks can be neglected. In the next section we
present the lattice operators that interpolate the 𝜂, 𝜂 0 states in the staggered quark formalism.

Staggered mesonic operators have been classified by Golterman in [18]. Following the notation
of [19], there are two taste-singlet operators that couple directly to the 𝜂, 𝜂 0 mesons
O3 (𝑥) =




1Õ
𝜖 𝑖 𝑗 𝑘 𝜒(𝑥) 𝜂𝑖 Δ𝑖 𝜂 𝑗 Δ 𝑗 [𝜂 𝑘 Δ 𝑘 ] 𝜒(𝑥) ≡ 𝜒(𝑥) 𝑂ˆ 3 𝜒(𝑥),
6 𝑖 𝑗𝑘



1
O4 (𝑥) = 𝜂4 (𝑥) 𝜒(𝑥) 𝑂ˆ 3 𝜒+ (𝑥) + 𝜒+ (𝑥) 𝑂ˆ 3 𝜒(𝑥) .
2

(6)
(7)

Here 𝜒(𝑥) is a fermionic field and 𝜖 𝑖 𝑗 𝑘 is the Levi-Civita tensor; the symmetric shift Δ 𝜇 , 𝜒+ (𝑥) and
the staggered phase factors 𝜂 𝜇 (𝑛) in the convention 𝑛 = (𝑥, 𝑦, 𝑧, 𝑡) are

1
𝑈 𝜇 (𝑥) 𝜒(𝑥 + 𝜇)
ˆ + 𝑈 𝜇† (𝑥 − 𝜇)
ˆ 𝜒(𝑥 − 𝜇)
ˆ ,
2
𝜒+ (𝑥) = 𝑈4 (𝑥) 𝜒(𝑥 + 𝑡ˆ), 𝜒+ (𝑥) = 𝜒(𝑥 + 𝑡ˆ)𝑈4† (𝑥),

Δ 𝜇 𝜒(𝑥) =

𝜂 𝜇 (𝑛) = (−1)

Í

𝜈<𝜇 𝑛 𝜇

(8)
(9)
(10)

.

In the ubiquitous staggered operator notation Γ𝐷 ⊗ Γ𝐹 , where Γ𝐷 denotes the Dirac structure, and
Γ𝐹 the taste structure, the 3-link operator O3 (𝑥) couples to an axial vector 𝛾4 𝛾5 ⊗ 1 and a parity
partner scalar meson 1 ⊗ 𝛾4 𝛾5 . The parity partner for the 3-link operator creates an oscillatory
behavior in the effective energy for the taste-singlet pion. This makes a trustworthy extraction of
the pseudoscalar ground state energies cumbersome. The 4-link operator O4 (𝑥), which is non-local
in time, couples to a pseudoscalar 𝛾5 ⊗ 1 and an exotic state 𝛾4 ⊗ 𝛾4 𝛾5 . As noted in [19, 20], the
coupling to the parity partner state for such an operator is strongly suppressed. Hence, it is our
choice of mesonic operator throughout the analysis, also because the separation by an even amount
of links allows for a computational trick, as is discussed next.
3.3 Pseudoscalar two-point functions
We apply several noise-reduction tricks to compute the correlation functions effectively. Firstly,
we use low-mode averaging (LMA) [21, 22] with 𝑛 = 300 modes in our 4 fm box (and scale modes
with the volume of the box). Secondly, we apply all-mode averaging (AMA) [23, 24] for the
stochastic part of our estimator. And lastly, we employ a Venkataraman-Kilcup reduction trick [25]
for our one-point functions. In this context, it uses the staggered Dirac operator that connects only
even and odd sites, together with the 4-link operator which only couples even (odd) and even (odd)
sites. This allows one to construct a different pseudoscalar loop estimator that has a decreased
4
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3.2 Staggered mesonic operators
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Figure 2: Different connected 𝐶𝑞 and disconnected 𝐷 𝑞𝑞0 correlation functions contributing to the 𝜂, 𝜂 0
spectroscopic analysis.

variance. As a consequence of all these tricks, we have managed to reach the gauge noise for the
two-point disconnected correlation functions. In Figure 2, we show the result for all our correlation
functions. Note that we find a good signal for 𝐶ℓ , 𝐶𝑠 and 𝐷 ℓℓ , while the signal for the 𝐷 ℓ𝑠 and
especially the 𝐷 𝑠𝑠 are lost in the noise quickly. This is however not an issue, since the effect of the
𝐷 𝑠𝑠 correlator on the GEVP is extremely small, and to a lesser extent this holds for the 𝐷 ℓ𝑠 as well.

3.4 Analysis techniques
Extracting the mass of the 𝜂 and 𝜂 0 mesons is hindered by the exponential growth of the
noise/signal ratio. In fact, by only using a GEVP, the signal of the two mesons is lost before
reaching a plateau. Thus, to to circumvent this issue, we apply two analysis techniques. Firstly, we
employ a fitting trick to remove excited state contributions in the connected correlator, which was
first introduced in this context by ETM [26]. The underlying assumption is that most excited state
contamination is found in the connected correlation functions. Since these have a relatively good
signal over noise ratio (however not constant, as we work with taste-singlet quantities), it is possible
to reliably determine the ground state of these correlators. Connected mesonic correlation functions
calculated on a lattice with periodic boundary conditions, assume a spectral decomposition of the
form


𝐶𝑞 (𝑡) = 𝐴𝑞 exp(−𝐸 𝑞(1) 𝑡) + exp(−𝐸 𝑞(1) (𝑇 − 𝑡)) + O (exp(−𝐸 𝑞(2) 𝑡)), 𝑞 = ℓ, 𝑠.
(11)
Fitting 𝐶𝑞 to this function in a region where excited states are negligible, one can safely determine
the energy 𝐸 𝑞 and overlap 𝐴𝑞 of the ground state. Then one replaces the connected contribution
in equation (3) by this one-exponential fit on the whole time range, leaving the disconnected
contributions unchanged. If excited state contributions in the disconnected correlators are indeed
small, excited states should effectively be removed and a plateau for the effective mass should be
reached early in time. Results of applying this method to our data are shown in Figure 3a. We
5
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Figure 3: Effective mass plots for three scenarios. Left: after applying
  method 1 of section 3.4; Middle:
Additionally applied method (2); Right: Added the | 𝑝|
® = 1 · 2𝐿𝜋 result. Dashed lines indicate the
experimental values of the 𝜂 and 𝜂 0 masses.

cannot resolve excited states at this stage, but errors are still large, especially for the 𝜂 0 effective
mass.
The second trick was first introduced in [13], and results from an analytic understanding of
® disconnected correlation functions in
correlation functions in finite volume [27]. In fact, for 𝑝® = 0,
finite volume, do not tend to zero at large time if the topological charge 𝑄 isn’t correctly sampled.
One finds that


5
𝑄2
𝑐4
𝑡→∞ 𝑎
𝐷 𝑞𝑞 (𝑡) ∼
𝜒𝑡 −
+
.
(12)
𝑇
𝑉
2𝑉 𝜒𝑡
Here, 𝜒𝑡 is the topological susceptibility and 𝑐 4 is the kurtosis of the topological charge. Such a
constant shift can be removed by taking a discrete derivative of the matrix of correlators C(𝑡),
C(𝑡) → C 0 (𝑡) ≡ C(𝑡) − C(𝑡 + Δ𝑡).

(13)

This shifted correlation matrix still satisfies a GEVP with Δ𝑡/𝑎 as a free parameter. Aside of
removing this constant shift, it also helps reducing correlations between time-slices and hence
improves the point error. In Figure 3b we show the result of applying this method to our data,
alongside with the first trick, and see that now a plateau is found for 𝜂 and 𝜂 0 and errors are
reduced drastically. Further, in Figure 3c we show the result for our correlation functions which
carry one unit of momentum. The errors are slightly smaller and the data are compatible with
® motivating a use of both kinematic frames in future analyses. Lastly, we observe a mild
𝑝® = 0,
discretization effect on the 𝜂 0 meson, while it’s of the order of 10% for the 𝜂 meson.

4. Pseudoscalar transition form factors
In Minkowski space-time, the TFF for a pseudoscalar meson Fp𝛾 ∗ 𝛾 ∗ (𝑞 21 , 𝑞 22 ) is defined by the
following matrix elements 𝑀 𝜇𝜈
∫
𝛽
𝑑 4 𝑥 𝑒 𝑖𝑞1 ·𝑥 hΩ| 𝑇 {𝐽 𝜇 (𝑥)𝐽𝜈 (0)} |𝑃( 𝑝)i = 𝜖 𝜇𝜈 𝛼𝛽 𝑞 1𝛼 𝑞 2 Fp𝛾 ∗ 𝛾 ∗ (𝑞 21 , 𝑞 22 ),
(14)
𝑀 𝜇𝜈 ( 𝑝, 𝑞 1 ) = 𝑖
6

PoS(LATTICE2021)592

2

η0
η
0
η (|~p|=1)
η (|~p|=1)

mη,exp

Pseudoscalar transition form factors and the HLbL contribution to the muon g-2 Willem E. A. Verplanke

0.04

0.03

P-V-V
PV-V
P-VV
PVV

tsep /a = 12
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Figure 4: Left: The integrand of the 𝜂8 TFF for specified kinematic condition; 𝑡 𝑠𝑒 𝑝 refers to the seperation
between the pseudoscalar and one of the vector currents that is kept fixed. Right: Illustration of the different
topologies of the connected and disconnected contributions to the three-point function.

where 𝑞 1 and 𝑞 2 are the photon 4-momenta, 𝐽 𝜇 is the hadronic component of the electromagnetic
current and 𝜖 𝜇𝜈 𝛼𝛽 is a 4-rank Levi Civita tensor. On the lattice, one can relate three-point functions
to the Euclidean version of these matrix elements [28]. We write
∫ ∞
2𝐸 𝑃
𝐸
𝑀 𝜇𝜈
=
𝑑𝜏 𝑒 𝜔1 𝜏 𝐴˜ 𝜇𝜈 (𝜏),
𝑍 𝑃 −∞
where 𝐸 𝑃 and 𝑍 𝑃 are respectively the pseudoscalar energy and overlap of the pseudoscalar state
with the interpolating operator, 𝜔1 is a free parameter 𝑞 1 = (𝜔1 , 𝑞®1 ), 𝑞 2 = (𝐸 𝑃 − 𝜔1 , 𝑞®2 ), and
(3)
𝐴˜ 𝜇𝜈 (𝜏) ≡ lim 𝑒 𝐸𝑃 (𝑡 𝑓 −𝑡0 ) 𝐶 𝜇𝜈
(𝜏, 𝑡 𝑃 ),
𝑡𝑃 →∞
Õ
(3)
® 𝑡 𝑓 )𝑃† ( 𝑥®, 𝑡 0 )i𝑒 𝑖 𝑝® · 𝑥® 𝑒 −𝑖 𝑞®1 ·®𝑧 .
𝐶 𝜇𝜈
(𝜏, 𝑡 𝑃 ) = 𝑎 6
h𝐽 𝜇 (®𝑧, 𝑡𝑖 )𝐽𝜈 ( 0,
𝑥® , 𝑧®

Here we have defined 𝜏 = 𝑡𝑖 − 𝑡 𝑓 , the time-difference between the two vector currents and 𝑡 𝑃 =
min(𝑡 𝑓 − 𝑡0 , 𝑡𝑖 − 𝑡0 ), the minimal time separation between the pseudoscalar and the vector currents.
In the three-point function, 𝑃 is the interpolating operator for the pseudoscalar meson, expressed in
terms of 𝑂 8 , 𝑂 0 and appropriate mixing parameters; 𝐽 𝜇 is implemented using the conserved vector
current which does not require renormalization [2]. Note also that, an accurate determination of the
7
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5. Conclusions
We have shown preliminary results toward the extraction of the 𝜂, 𝜂 0 mass using staggered
quarks. Using the GEVP and several noise reduction techniques, we are able to obtain a good signal
for the 𝜂 and 𝜂 0 effective mass. Alongside this, we have shown promising preliminary results for the
integrand of the TFF of the 𝜂8 state. In this context we have found that the two leading contributions
are the fully connected PVV and disconnected P-VV loops, while the disconnected PV-V and P-V-V
loops are of a marginal size.
Presently, we are accumulating statistics for our P-VV contribution, to further reduce its error.
At the same time, we will explore the signal of the 𝜂, 𝜂 0 and their TFFs, including therefore mixing
between the states. We plan to do this on several lattice spacings and volumes, improving also the
statistics on the different ensembles that we have already analyzed. Ultimately, we will perform a
continuum extrapolation of the TFFs.
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