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Hamiltonian Lattice QCD from Strong Coupling Expansion Wolfgang Unger

1. Introduction

The Hamiltonian formulation of lattice QCD has been discussed in detail in [1] in the strong
coupling limit for Ny = 1. In contrast to Hamiltonian formulations in the early days of lattice
QCD [2] this formulation is based on the dual representation that is obtained when integrating out
the gauge links first, and then the Grassmann-valued fermions [3]. The resulting dual degrees of
freedom are color singlets, such as mesons and baryons. In this representation, the finite density
sign problem is much milder, as it is re-expressed in terms of the geometry of baryonic world-lines.
The dual representation of lattice QCD with staggered fermions has been studied in the strong
coupling limit both via mean-field theory [4] and Monte Carlo [5, 6] and has been extended in both
approaches to include gauge corrections [7, 8].

The Hamiltonian formulation is based on the continuous time limit of the dual representation:

a
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This limit requires to determine the non-perturbative relation between the bare anisotropy y and

at fixed bare temperature aT =

the limits a;, — 0 and N; — oo are taken simultaneously [9].

the physical anisotropy a% = £(y), based on pion current fluctuations. A conservation law for the
pion current can be identified: if a quantum number m(x) is raised/lowered by a spatial dimer, then
at the site connected by the spatial dimer the quantum number is lowered/raised. This is a direct
consequence of the even/odd decomposition for staggered fermions. With interactions derived from
a high temperature series, the resulting partition sum can be expressed in terms of a Hamiltonian
that is composed of mesonic annihilation and creation operators J*:

Zer(T ) = Try [ e PNuIT| g =% (Jd; +0z0y), K=Y o
(X.3) X
O 0 0 0 00 0 0
b0 0 0 00 0 0
< 0 dr 0 0 A oo oo
=16 L0 g Jm= 7, @109 00 0 (1
0 0 1 0
0 0 0 -1

with the local Hilbert space given by |h) = |m;b) = |0, 7, 2x, 37; BY, B™). The matrix elements
o =land vt = % are computed from the local weights of the corresponding meson vertices.
Since Pauli saturation holds on the level of the quarks and mesons have a fermionic substructure,
the meson occupation numbers |m) are also bounded from above. This results in a particle-hole
symmetry, leading to an SU(2) algebra which is d = N, + 1-dimensional:

o VN: X X VN¢ - o X ) Neoap o o N-.(N.+2
Ji=—= (T +I7), Jo=—= (" =J), J3=l[Jl,Jz]=—26[J+J 1, J2= (4 ),
l
= |N. N, SINe \ Ne(Ne+2) | N, -
e = _— _—_ = = 2
J3 5 ,5> 53 ,5>, J 25> 1 5 5] [J5, /5] =0 (2

withmm s =m - % The Ny = 1 formulation at strong coupling has many similarities with full
QCD, and via Quantum Monte Carlo the grand-canonical and canonical phase diagram could be
determined [1]. The nuclear interactions are of entropic nature: the nucleons, which are point-like
in the strong coupling limit, attract each other due to the modification of the pion bath that surrounds
them. However, pion exchange cannot be realized in the strong coupling limit for Ny = 1 since
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the Grassmann constraint does not allow for pions and nucleons to overlap. This is clearly a lattice
artifact of the strong coupling limit, but this is overcome by formulations with Ny > 1 and/or by
including gauge corrections.

The aim of the generalizations discussed in this proceedings is to allow for Quantum Monte
Carlo simulations (QMC) at both non-zero baryon and isospin chemical potential, and possibly
also strangeness chemical potential. We will argue that in the strong coupling limit, the Ny = 2
formulation remains sign problem-free.

2. Hamiltonian formulation in the strong coupling limit for any N

Strong coupling lattice QCD with staggered fermions for Ny > 1 admits more than one
baryon per site and the Grassmann constraint allows for pion exchange between them, modifying
nuclear interactions substantially. It has so far only been studied via mean-field theory [10]. A
Hamiltonian formulation for Ny = 2 allows for QMC and provides a more realistic scenario for
nuclear interactions and the phase diagram. It also compares better to the strong coupling regime
with Wilson fermions in a world-line formulation, as discussed in the context of the 3-dim. Polyakov
effective theory (for a review, see [11]). Also for Ny > 1 the suppression of spatial bonds yk,
k > 2 applies, hence the continuous time limit is well defined.

The first step to derive the Hamiltonian is to determine the local Hilbert space IHy, via canonical
sectors B € {=Ny,...,Ny},i.e. we need to consider all possible single-site quantum states b in a
non-interacting theory to establish the basis of quantum states that generalize the Ny = 1 states |m)
and |b). The static partition sum for any N, Ny is:

Ny N
< a!(2Ny +a)!
Zya(Ne, Ny) ePrslt 3)
stat f B:ZNfa[([)(Nf+a+B)!(Nf+a_B)!

where the coefficient encode the number of hadronic states, i.e. the dimension of h. For N, = 3
(separated in canonical sectors)

e forNy =1: d=[1,4,1] =6,
e for Ny =2: d =[1,20,50,20,1] =92,
e for Ny =3: d = [1,56,490, 980,490, 56, 1] = 2074.

Unfortunately there is no general formula known including the isospin sectors, required for y; # 0.
The individual states b are also required for constructing the flavored J*. To arrive at this basis,
we consider the SU(3) one-link integrals in terms of the fermion matrix (M);; = /" (x) x*(y) and
(MM = X';[j (y))zlﬁ (x), valid also for Ny > 1:

N . detM  B>0
- S EB 2 X
j(M,MT) — /dUetr[UM +U" M] - Z Z CB,nl,nz,l’uW l_[ nl" , E=<1 B=0
B=—Ny ni,na,n3 Ti=1 b t
SU(3) det M B <0
c _2n1+2n2+4n3+2|B|+2 |B|!
B.n1na,ms = ns + | B (n1 +2ny +3n3 + 2|B| +2)(n2 + 2n3 + | B + 1)

)



Hamiltonian Lattice QCD from Strong Coupling Expansion Wolfgang Unger

which in contrasts to [12] is now expressed in a more suitable basis involving the baryon sectors B.
The sum over B and n; (i = 1,...3) terminates due to the Grassmann integration, depending on
Ny . The corresponding invariants D, X; can be evaluated as follows:

X) =ttt MM = Te[M M| = ky +kp + ...+ ke + kg + ...

Xo = 5 (MM el OMM21) = 5 (TeLb M, 1+ Tl (MM, 1) = X7 - Do

X; = det[ MMT] = é (Tr[MxMy]3 + 3Te[ My M, | Te[ (M M,)?] + 2Tr[(MxMy)3]) = X3 - 2X, D, + D;

1
Dy=3 (Tr[MxMy]2 - Tr[(MxMy)Z]) = kukp + kakn+..o= (K2 k2 )
1 1
Dy =< (Tr[MxMy]3 — 3Te[ M, My | Tr[(M My)*] + 2Tr[(MxMy>3]) = Z(3X1D> = X})
E=detiM]= » Bpen (B>0) or E=detiM']= > Bren, (B<0) (5)

f<g<h f<g=<h

where the invariants are expressed in terms of nearest neighbors (M, M,)" = (=) (MM,
To be explicit, for Ny = 2, the (anti-) baryons and flavored dimers in terms of quarks are:

Buua = ﬁﬁcfxuudy, Buaa = ﬁd_d_xuddy, Byuu = ittty uuiny, Baiga = d_d_cixdddy,
Buud = uudxﬁﬁa?y, Eudd = uddxﬁa?d_y, Buuu = uuuxﬁﬁﬁy, ded = dddeJJy,
ky = au(x)au(y), kp = dd(x)dd(y), kv =ad(x)du(y), k- = du(x)iid(y)

2 — 7 _ - 2 _ - _ -
k;ﬁﬂ,’w =ad(x)du(x)iau(y)dd(y), kgj)DJﬁn, =au(x)dd(x)iad(y)du(y). (6)
Every state of the local Hilbert space can be described by a set of N f2 charges: baryon number
B € {-Ny,...Ny}, isospin number I € {-N,...N,}, diagonal flavor numbers U, D, S, ... €
{0,...N.} and for Ny > 2 additional generalizations of isospin K1, K>, ... € {-=N,,...N.}. The

one-link integral J ,(CB) from Eq. (4) of order k = ny + 2n, + 3n3 can be evaluated for various Ny .
We show here the general result for SU(3) in terms of X = X;, D,, D3 and E: in black the
Ny =1 contributions, in blue the additional Ny = 2 contributions and in red the additional Ny = 3
contributions:

() o _1 o _ 1o 1 o_ 1,3 1 1
JO=1,  JO-_x  jO-_x2__p, JO- _x3_- _xD,+_—D;,
0 173 2 T 242 3T 36 Pt g3

1 (37 11 1 7
JO=_— (—X4 ~ 3 XDy + oDy gXD3) ,

4 T 70\ 12 2
o 1 (47 s 314 1o 5 1, 1
7O = — [ 22X5 - ZX3Dy+ XDy + XD - - DyDs |,
5784 (120 367 TrTat T T3t AT
__1 (3 v6_ 144 5 a2, 1 3 L5 1 L2
JO = — [ 22X —x*Dy+ ——X2Dy2 + —D3X® - ——D3 = —XD,D3+ — D32,
6~ 448 (2700 187 72T Taa” T2 T4 Teago 2 T a0” TR T a0
@ _ 1 (241, 19 o 227 5.4 1, 13 5 29 A T 1,
= [ X7 - DX+ DX+ = D3X* - ——D3X - - DyD3X? + — D2 D3 + — DX

7 25920(2940 707 10082 973 100827 " 168 73 16872 737336 737 )
© 1 13259 ¢ 149 o 631 o, 121 < 403 5 , 143 M
JO = — — DX+ DX+ - D3XS - o DIX? - = DyDsX P+ —— D
8~ 21772800 ( 3360 102 40 72 20 2 120 2 12 727 240 72

1, 1, 5 11

—XDy2D3+ —X*D?~ —D,D

APt 3720 23)

1 63163 377 1429 73 1663 551
O _ X 2 XDy + X5yt + XDy — 2 x3D,% - 22 x4 D, Dy
9 7 17107200 | 423360 588 1680 280 5040 840
17 . 7 13 1 13 13
XDy + ——X2D2’D3y+ —X3D3% - —Dy’D3 - —XD>D3* + —— D5’
3360 210 105 420 120 1260
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The number of hadronic states in each conserved charge sector (B, 1, S,...) can be obtained
L . . i . B) /(B .
from the one-link integral by combining them in alternating chains J, (B) y(B) with &

(N ~B)Ne—k*
denoting the mesonic occupation number my. To obtain the Hamiltoman, we st111 have to integrate

out the Grassmann variables. Here we consider the chiral limit only. The Grassmann constraint
then dictates that all quarks u, d, s, . . . and anti-quarks i, d, s, ... within mesons or baryons appear
exactly N, times. The Grassmann integral in the chiral limit for U(3) (i.e. SU(3) with B = 0) for a
given site x is

_ _ 3 2 kig
1o = [ [ T1hudsal [ (70 51" 7% Fiy, (N (kg ) ®)
a f r.e

with k_f < the sum of flavored dimers attached to site x, and with F’ Ny (N.) some N_-dependent
function, given the power k 7, of charged fluxes (f # g). The result for non-zero baryon number
B # 0 and details on Fy,(N.) will be presented in a forthcoming publication. On a given
configuration, the Grassmann integration simplifies due to flux conservation: for the non-diagonal

pseudo-scalar mesons k 7, = kg such that all minus signs from the Grassmann integration cancel.
()

UD,n
signs. Those link states can be resummed and diagonalized, e.g. the following states have an

Only the non-trivial contribution of type k + .- and its generalizations for Ny > 2 induce minus

eigenvalue 1:

e R L T e
Likewise all dimer-based states are resummed, as states are only dlstlngulshable on the quark
level. This reduces the state space drastically to the physical Hilbert state, e.g. for Ny = 2:
B=0:340 50, B=+1:152+ 20, B = £2 : 4 1, resulting in the local Hilbert space Hj,
as given in Tab. 1, classified by baryon number B, isospin number / and meson occupation number
m. The particle-hole symmetry generalizes to m +— s = m — %(N r — |B]) as the meson raising
and lowering operators fulfill an SU(2) algebra for each meson charge Q;. All states b € Iy for
Ny = 2,3 contribute with a weight 1, although some dimer-based link weights are negative. Only
single meson exchange is possible (multiple meson exchange becomes resolved into single mesons
in the continuous time limit), the resulting interaction Hamiltonian has N ¢ 2 terms:

.1 N N
H = 5 Z Z (JQijJQ \y + Qi,)?JQi,SJ’) > (10)

1)32),
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B| I s=m-5(2-|B|) by
S 0 AR [H[E]s
2] 0 1 1
-1]-3 1 1 1 1 4
1% 1 2 2 1 6
1| +% 1 2 2 1 6
-1)+3 1 1 1 1 4
o[ -3 1 1
0f -2 1 2 1 4
0f -1 1 2 4 2 1 10
0| of 1 2 4 6 4 2 1|20
0| -1 1 2 4 2 1 10
0f -2 1 2 1 4
0] -3 1 1
1[-3 1 1 1 1 4
1|-3 1 2 2 1 6
1]+1 1 2 2 1 6
1[+3 1 1 1 1 4
2] 0 1 1
(=] [[1]ofa]swo]12]22]12]10][ 8 [4]0]1][92]

Table 1: All 92 possible quantum states for the Ny = 2 Hamiltonian formulation with SU(3) gauge
group. The number of states are given for the sectors specified baryon number B and isospin number /, and
symmetrized meson occupation number § = m — %(N r — |B[). Note the mesonic particle-hole symmetry
s <> —s which corresponds to the shift symmetry by a.

e.g. forNy =2: Q; € {n*,n",ny, np}tandforN; =3: Q; € {n*,n~,K*, K", Ko, Ko, 7y, tp, 75 }.
For the transition b1 — b,, the matrix elements (h;|Q;|b>) of féi are determined from Grassmann
integration and a square root per participating link weight (in, hopping, out); only those matrix
elements are non-zero which are consistent with current conservation for all Q;. Some matrix
elements are negative, but in the combination of a closed charged meson loop the total weight
remains positive. Some examples for Ny = 2 are:

B

(nt, 17 |0t \ny, npnTy = (ny,n”|nt|ny,2n7) =

<Buud|77+|Buuds Ty, 7TD> = s <Buud7r+|7r+|Buuda 7TD> =- (11)

Sl el
0\|§|w,

There are 130 non-zero matrix elements for B = 0 and 40 matrix elements for B = +1. The B = £2
states do not allow for pion exchange. Only after contraction of the matrix elements the resummation
is carried out for the internal hadronic states, resulting in positive weights. An important application
of the Ny = 2 partition function is to determine the QCD phase diagram with both finite baryon
and isospin chemical potential [13, 14]. Our formulation is still sign-problem free in the continuous
time limit. As we have not yet performed dynamical simulations, we can only obtain analytic results
in a high temperature expansion of the partition sum Z, which is an expansion around the static
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limit
3 2
zZ (—'uB , ﬂ) =2 cosh 2L 4 8 cosh 2L 4 20 cosh XL + 20

3
FHI

1
5 2
+ 2 cosh /J?B (8 cosh + 12 cosh 2—;1,1) + 2 cosh %. (12)

in the number of spatial meson. This will be presented in a forthcoming publication.

3. Leading order gauge corrections to the Hamiltonian formulation for Ny =1

The QCD Partition can be expanded via the strong coupling expansion in 3:
Zocp = / dydydUeSc+5F = / dwd;./?Zp(eSG>ZF,
s N N B ¥ 2
(€))7, 2 1+(SG)z, +O(B) =1+ N, ZP: (u[Up+Upl), +0O(B) (13)

Additional color singlet link states are due to plaquette excitations. For discrete time lattices, the
dual formulation has been extended beyond O() in terms of a tensor network [8]. Here we want to
consider the leading order gauge corrections in a Hamiltonian formulation. On anisotropic lattices,
the anisotropy & = Z—: is a function of two bare anisotropies yr and yg = \/gjz ,i.e&=E&(yr,vG,B).
However, in the continuous time limit a;, — 0 (¢ — oo0) and for small 8, spatial plaquettes are
suppressed over temporal plaquettes by (yGyr)~2, hence only temporal plaquettes need to be
considered. They are of the same order as meson exchange, hence the O () weights will contribute
to the corresponding operators J*. Note that J* still has block-diagonal structure, but they will also
allows to couple to baryons. Fig. 1 shows the relevant weights as computed in [8].

EEREERERRE

w=1.000 w=1.000 w=0.816 w=0.577

] ] .|

1 1 1 1

w=1.000 w=1.000 w=0.816 w=0.577

Figure 1: Tensors and their weights of O(f) that can be incorporated into the Hamiltonian formulation.
Blue: dimers, red: baryon flux, green: plaquette flux due to gauge corrections.

4. Summary and Outlook

We have presented two extensions to the Hamiltonian formulation of lattice QCD: (1) general-
ization from Ny = 1to Ny > 1 in the strong coupling limit, (2) O () gauge corrections for Ny = 1.
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In a forthcoming publication, we also address gauge corrections for the Ny = 2 Hamiltonian for-
mulation. It turns out that - although not sign problem-free - the sign problem is much milder than
in the corresponding formulation at finite N,. This is due to the fact that also for Ny > 1 only
temporal plaquettes contribute. Meson exchange between baryons can thus be either due to the
gauge corrections or the flavor content. All results presented here are valid in the chiral limit. We
have argued in [1] that also a Hamiltonian formulation at finite quark mass am, is well-defined,
which extends this approach to staggered lattice QCD further. We are preparing Quantum Monte
Carlo simulations that will help to obtain the QCD phase diagram on the lattice in the parameter
space (aT,aup,apuy,amg, ) in lattice units or in units of the baryon mass amp.

This work was supported by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) — project number 315477589 — TRR 211.
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