Most charming dibaryon near unitarity
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We present a first study on a pair of triply charmed baryons, Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 in the 1 𝑆0 channel, on the
basis of the HAL QCD method. The measurements are perfomed on the (2 + 1)-flavor lattice QCD
configurations with nearly physical light-quark masses and physical charm-quark mass. We show
that the system with the Coulomb repulsion taking into account the charge form factor of Ω𝑐𝑐𝑐
C ≃ 0.45 fm, which indicates
leads to the scattering length 𝑎 C0 ≃ −19 fm and the effective range 𝑟 eff
Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 is located in the unitary regime.
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1. Introduction

2. HAL QCD method
The equal-time Nambu-Bethe-Salpeter (NBS) amplitude 𝜓(𝒓), whose asymptotic behavior at
large distances reproduces the scattering phase shift, plays an important role in the HAL QCD
method [12–14], from which a non-local but energy-independent potential 𝑈 (𝒓, 𝒓 ′ ) can be defined.
Since all the elastic scattering states are governed by the same potential 𝑈 (𝒓, 𝒓 ′ ), the time-dependent
HAL QCD method [14] takes full advantage of all the NBS amplitudes below the inelastic threshold
Δ𝐸 ∗ ∼ ΛQCD by defining the 𝑅 correlator as follows.
𝑅(𝒓, 𝑡 > 0) =
=

∑︁
𝒙
∑︁

⟨0| Ω̂𝑐𝑐𝑐 (𝒙, 𝑡) Ω̂𝑐𝑐𝑐 (𝒓 + 𝒙, 𝑡)J (0)|0⟩ /𝑒 −2𝑚Ω𝑐𝑐𝑐 𝑡
𝐴𝑛 𝜓 𝑛 (𝒓)𝑒 − (Δ𝑊𝑛 )𝑡 + 𝑂 (𝑒 − (Δ𝐸

∗ )𝑡

(1)
),

𝑛

with local interpolating operators Ω̂𝑐𝑐𝑐 and a wall-type source operator J . 𝐴𝑛 is the overlapping
factor defined by ⟨𝑛|J (0)|0⟩, with |𝑛⟩
√︃ representing the QCD eigensates in a finite volume below

2
the inelastic threshold, and Δ𝑊𝑛 = 2 𝑚 Ω
+ 𝒌 2𝑛 − 2𝑚 Ω𝑐𝑐𝑐 with the baryon mass 𝑚 Ω𝑐𝑐𝑐 and the
𝑐𝑐𝑐
relative momentum 𝒌 𝑛 . The contributions from the inelastic states are exponentially suppressed
when 𝑡 ≫ (Δ𝐸 ∗ ) −1 . As long as the condition for 𝑡 is met, the 𝑅 correlator can be shown to satisfy
following integro-differential equation [14],



1
4𝑚 Ω𝑐𝑐𝑐


∫
𝜕2
𝜕
∇2
−
+
𝑅(𝒓, 𝑡) =
𝑑 𝒓 ′𝑈 (𝒓, 𝒓 ′ )𝑅(𝒓 ′ , 𝑡).
𝜕𝑡 2 𝜕𝑡 𝑚 Ω𝑐𝑐𝑐
2

(2)
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Quest for dibaryon is one of the most challenging problems in nuclear and particle physics [1, 2].
Experimentally, the deuteron, composed of a proton and a neutron, is the only stable bound state.
There are possible dibaryons composed of light quarks (𝑢, 𝑑 and 𝑠). In particular, a theoretical
progress on the basis of lattice QCD (LQCD) simulations near the physical point has been made
recently on the dibaryons with many strangeness, 𝑝Ω(𝑢𝑢𝑑𝑠𝑠𝑠) [3] and ΩΩ(𝑠𝑠𝑠𝑠𝑠𝑠) [4].
Going beyond the light-quark sector, there are several studies on the charmed dibaryons from
both phenomenological approach and LQCD approach [5–7]. In the charm-quark sector, although
so far only the singly charmed baryon [8] and the doubly charmed baryon [9] have been observed, the
triply charmed baryon Ω𝑐𝑐𝑐 provides an ideal system to study the perturbative and nonperturbative
aspects of QCD in the baryonic sector. Since it is predicted by Bjorken in 1980s [10], there are
many studies on its mass and electromagnetic form factor (see [11] and references therein).
In this paper, we explore the charmed dibaryons, by focusing on its simplest possible form,
Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 in the 1 𝑆0 channel, from a first principle LQCD approach. In this specific channel, the
maximum attraction is expected due to the Pauli exclusion between charm quarks at short distances
does not operate when spin 𝑠 = 0 and angular momentum 𝐿 = 0. The HAL QCD method [12–14] is
used to convert the spatial baryon-baryon correlation to the scattering parameters. As we will show
latter, the Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 in the 1 𝑆0 channel with the Coulomb repulsion is located near unitarity [15].
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The effective central potential in the leading order approximation of the derivative expansion,
Í
𝑈 (𝒓, 𝒓 ′ ) = 𝑉 (𝑟)𝛿(𝒓 − 𝒓 ′ ) + 𝑛=1 𝑉2𝑛 (𝒓)∇2𝑛 (𝒓 − 𝒓 ′ ), is given by,


𝜕
1
𝜕2
∇2
1
−
𝑅(𝒓, 𝑡).
(3)
+
𝑉 (𝑟) =
𝑅(𝒓, 𝑡) 4𝑚 Ω𝑐𝑐𝑐 𝜕𝑡 2 𝜕𝑡 𝑚 Ω𝑐𝑐𝑐

3. Lattice setup

4. Numerical results
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Figure 1: The Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 potential 𝑉 (𝑟) in the 1 𝑆0 channel at Euclidean time 𝑡/𝑎 = 25, 26, and 27.

1𝑆

0

In Fig. 1, we show the Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 potential 𝑉 (𝑟) from the interpolation between two sets in the
channel at Euclidean time 𝑡/𝑎 = 25, 26, and 27. The statistical errors for the potentials are
3
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(2 + 1)-flavor gauge configurations are generated on the 964 lattice with the Iwasaki gauge
action at 𝛽 = 1.82 and nonperturbatively 𝑂 (𝑎)-improved Wilson quark action with 𝑐 sw = 1.11
and stout smearing [16]. The lattice spacing is 𝑎 ≃ 0.0846 fm (𝑎 −1 ≃ 2.333 GeV), the pion
mass and the kaon mass are 𝑚 𝜋 ≃ 146 MeV and 𝑚 𝐾 ≃ 525 MeV, respectively. We use the
relativistic heavy quark (RHQ) action for the charm quark, which is designed to remove the leading
order and the next-to-leading order cutoff errors [17]. Two sets of RHQ parameters [18] are used
so as to interpolate the physical charm-quark mass and reproduce the dispersion relation for the
spin-averaged 1𝑆 charmonium. The interpolated mass for Ω𝑐𝑐𝑐 is 𝑚 Ω𝑐𝑐𝑐 ≃ 4796 MeV.
The measurements are performed by a combination of the Bridge++ code [19] and the unified
contraction algorithm [20], where the former is used for the quark propagator and the latter is
used for the contraction. The periodic (Derichlet) boundary condition is employed for spatial
(temporal) direction. Four time measurements are performed by shifting the source position, where
the Coulomb gauge fixing is imposed. Forward and backward propagation are averaged to reduce
the statistical fluctuations. The total measurements is 112 configurations × 4 source positions × 2
(forward and backward).
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estimated by the jackknife method with a bin size of 14 configurations. The potentials for 𝑡/𝑎 = 25,
26, and 27 are nearly identical within statistical errors, which indicates systematic errors due to
truncation of the derivative expansion and the inelastic states are small [14].
The potential 𝑉 (𝑟) has qualitative features similar to 𝑁 𝑁 potential [21] and ΩΩ potential [4],
i.e., a repulsive core surrounded by an attractive well. The magnitude of the repulsion for Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐
is an order of magnitude smaller than that of ΩΩ, which is in line with the inverse ratio of the square
of their constituent quark mass from the perspective of color-magnetic interaction [22]. In addition,
the attraction, which may be attributed to the exchange of charmed mesons, is short-ranged.
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Figure 2: The scattering
√︃phase shifts 𝛿0 in the 𝑆0 channel for 𝑡/𝑎 = 25, 26, and 27 as a function of the
2
kinetic energy 𝐸 CM = 2 𝑘 2 + 𝑚 Ω
− 𝑚 Ω𝑐𝑐𝑐 in the center of mass frame.
𝑐𝑐𝑐

The Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 scattering phase shifts 𝛿0 in the 1 𝑆0 channel calculated from the potential 𝑉 (𝑟)
at 𝑡/𝑎 = 25, 26,
√︃ and 27 are shown in Fig. 2. The kinetic energy in the center of mass frame is defined

2
as 𝐸 CM = 2 𝑘 2 + 𝑚 Ω
− 𝑚 Ω𝑐𝑐𝑐 . The phase shifts start from 180◦ indicates the existence of a
𝑐𝑐𝑐
bound state in the system without Coulomb repulsion.
Using the effective range expansion, 𝑘 cot 𝛿0 = −1/𝑎 0 + 1/2𝑟 eff 𝑘 2 + 𝑂 (𝑘 4 ) with the scattering
length 𝑎 0 and the effective range 𝑟 eff , we extract the low energy parameters as follows.




+0.01
𝑎 0 = 1.57(0.08) +0.12
fm,
𝑟
=
0.57(0.02)
(4)
eff
−0.04
−0.00 fm,

where the central values and the statistical errors in the first parentheses are extracted from 𝛿0 at
𝑡/𝑎 = 26, while the systematics errors in the second parentheses are estimated from the results at
𝑡/𝑎 = 25 and 27.
The binding energy 𝐵 of√︁the bound state is found to be 𝐵 ≃ 5.7 MeV, and the corresponding
root-mean-square distance is ⟨𝑟 2 ⟩ ≃ 1.1 fm. Since the binding energy and the size of the bound
state from the strong interaction are not large, the Coulomb repulsion between two Ω++
𝑐𝑐𝑐 s needs
to be taken into account. Therefore, we consider the Coulomb repulsion 𝑉 Coulomb (𝑟) by using
the lattice results for the charge radius 𝑟 𝑑 of Ω++
[11], 𝑉 Coulomb (𝑟) = 4𝛼𝑒 /𝑟 𝐹 (𝑥) with
𝑐𝑐𝑐 in Ref.
√
𝐹 (𝑥) = 1 − 𝑒 − 𝑥 (1 + 11𝑥/16 + 3𝑥 2 /16 + 𝑥 3 /48) and 𝑥 = 2 6𝑟/𝑟 𝑑 . In order to see how the Coulomb
4
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repulsion affects the system, we show the inverse of the scattering length 1/𝑎 C0 under the change of
phys.
phys.
𝛼𝑒 from 0 to its physical value 𝛼𝑒
= 1/137.036 in Fig. 3. At the physical point, i.e., 𝛼𝑒 /𝛼𝑒
= 1,
the scattering parameters are,


 
C
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Figure 3: The inverse of the scattering length 1/𝑎 C0 as a function of 𝛼𝑒 /𝛼𝑒 . The red solid (blue dashed)
line is the central values for 𝑟 𝑑 = 0.410 fm [11] (𝑟 𝑑 = 0 fm). The inner (outer) band shows the statistical
(statistical and systematic) errors.
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Figure 4: The dimensionless ratio 𝑟 eff /𝑎 0 as a function of 𝑟 eff . The Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 , ΩΩ, and 𝑁 𝑁 in the 1 𝑆0
channel with (without) Coulomb repulsion are shown by the red up(down)-pointing triangle, blue right(left)pointing triangle, and green diamond (square) respectively. The black circle represents the 𝑁 𝑁 ( 3 𝑆1 −3 𝐷 1 ).

We plot the dimensionless ratio 𝑟 eff /𝑎 0 as a function of 𝑟 eff in Fig. 4. The Ω𝑐𝑐𝑐 Ω𝑐𝑐𝑐 , ΩΩ, and
𝑁 𝑁 in the 1 𝑆0 channel with (without) Coulomb repulsion are shown by the red up(down)-pointing
5
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triangle, blue right(left)-pointing triangle, and green diamond (square) respectively. The black
++ 1
circle represents the 𝑁 𝑁 ( 3 𝑆1 −3 𝐷 1 ). Among all those dibaryons, Ω++
𝑐𝑐𝑐 Ω𝑐𝑐𝑐 ( 𝑆 0 ) is the closest to
unitarity.

5. Summary
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