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1. Introduction

Parton distribution functions (PDFs) are important to characterize the structure of the hadron
and nonperturbative QCD. There have been many detailed studies of quark structure of nucleon and
pion during the past few decades. Gluon structure is also important. The gluon PDF dominates at
small x, and its error at large x is large compared to the valence-quark PDFs. Current gluon PDFs
from different global analyses vary by the input experimental data and fit strategies. Gluon nucleon
and pion PDFs are mostly studied by global analysis of experimental data [1–5]. Theoretically,
lattice QCD is an independent approach to calculate the gluon PDF.

In this talk, we present our calculation of pion and nucleon gluon PDFs on clover valence
fermions on four ensembles with Nf = 2 + 1 + 1 highly improved staggered quarks (HISQ) [6]
generated by the MILC Collaboration [7] with three different lattice spacings (a ≈ 0.9,0.12 and
0.15 fm) and three pion masses (220, 310, 690 MeV), as shown in Table. 1. Following the study
in Ref. [8], five HYP-smearing [9] steps are used on the gluon loops to reduce the statistical
uncertainties. The measurements vary 105–106 for different ensembles. More measurements and
various lattice spacings are studied comparing to our previous nucleon gluon PDF calculation on
a12m310 ensemble [10]. In Sec. 2, we present the pseudo-PDF procedure to obtain the lightcone
gluon PDF and how we extracted the reduced pseudo Ioffe-time distribution (pITDs) from lattice
calculated correlators. In Sec. 3, the final determination of the gluon pion and nucleon PDFs from
our lattice calculations is compared with the phenomenology global fit PDF results. A discussion
of the systematics and the outlook for the gluon pion and nucleon PDFs are included in the last
Sec. 4.

ensemble a09m310 a12m220 a12m310 a15m310
a (fm) 0.0888(8) 0.1184(10) 0.1207(11) 0.1510(20)
L3 × T 323 × 96 323 × 64 243 × 64 163 × 48

Mval
π (MeV) 313.1(13) 226.6(3) 309.0(11) 319.1(31)

Mval
ηs

(MeV) 698.0(7) 696.9(2) 684.1(6) 687.3(13)
Pz (GeV) [0,2.18] [0,2.29] [0,2.14] [0,2.56]

Npion
meas N/A 731,200 143,680 21,600

Nnucleon
meas 145,296 N/A 324,160 21,600
tsep {6,7,8,9} {5,6,7,8} {6,7,8,9} {6,7,8,9}

Table 1: Lattice spacing a, lattice size L3 × T , valence pion mass Mval
π and ηs mass Mval

ηs
, the nucleon or

meson momentum Pz , number of total two-point correlator measurements N2pt
meas, and separation times tsep

used in the three-point correlator fits of Nf = 2+1+1 clover valence fermions on HISQ ensembles generated
by the MILC collaboration and analyzed in this study.

2. Lattice correlators and matrix elements

In this work, we follow the same procedure used to calculate the pion gluon PDF in Sec. II
of Ref. [10, 11], following the pseudo-PDF procedure as in Refs. [12, 13]. The gluon operator we

2



P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
6
2
8

Gluon Parton Distribution of the Pion and Nucleon from Lattice QCD Zhouyou Fan

used is also the same one as in Eq. 1 in Ref. [11].

O(‡) ≡
∑
i,z,t

O(Fti,Fti; z) −
∑

i, j,z,t

O(Fi j,Fi j ; z), (1)

where the operator O(Fµν,Fαβ; z) = Fµ
ν (z)U(z,0)Fαβ (0), z is the Wilson link length. To extract the

ground-state matrix element to construct the reduced pITD defined in Eq. 4, we use a 2-state fit
on the two-point correlators and a two-sim fit on the three-point correlators in Eqs. 11 and 12 in
Ref. [11].

To study the reliability of our fitted matrix-element extraction, we compare to ratios of the
three-point to the two-point correlator R,

Rratio
Φ (z,Pz ; tsep, t) =

C3pt
Φ
(z,Pz ; tsep, t)

C2pt
Φ
(Pz ; t)

(2)

where the three-point and two-point correlators are defined in Eqs. 11 and 12 in Ref. [11]. The
left-hand side of Fig. 1 shows example ratios for the gluon matrix elements from the all ensembles
at selected momenta Pz and Wilson-line length z. The ratios increase with increasing source-sink
separation tsep and the ratios begin to converge at large tsep, indicating the neglect of excited states
becomes less problematic. The gray bands represent the ground-state matrix elements extracted
using the two-sim fit to three-point correlators at five tsep, where the energies are from the two-state
fits of the two-point correlators. The convergence of the fits that neglect excited states can also be
seen in second column of Fig. 1, where we compare one-state fits from each source-sink separations:
the one-state fit results increase as tsep increases, starting to converge at large tsep to the two-sim
fit results. The third and fourth columns of Fig. 1 show two-sim fits using tsep ∈ [tmin

sep ,9] and
tsep ∈ [5, tmax

sep ] to study how the two-sim ground-state matrix elements depend on the source-sink
separations input into fit. We observe that the matrix elements are consistent with each other within
one standard deviation, showing consistent extraction of the ground-state matrix element, though
the statistical errors are larger than those of the one-state fits. Taking a12m310 ensemble as an
example, we observe larger fluctuations in the matrix element extractions when small tmin

sep = 3 and
4, or small tmax

sep = 6 and 7, are used. The ground state matrix element extracted from two-sim fits
becomes very stable when tmin

sep > 4 and tmax
sep > 7.

3. Results and Discussions

We construct the reduced pITD (RpITD) by taking the double ratio of the pITD as done in the
first quark pseudo-PDF calculation [12],

M (ν, z2) =
M(zPz, z2)/M(0 · Pz,0)
M(z · 0, z2)/M(0 · 0,0)

. (3)

The left and middle plots of Fig. 2 shows the preliminary nucleon and pion RpITDs at boost
momentum around 1.3 GeV as functions of the Wilson-line length z for different ensembles. We
compare the nucleon RpITDs at three different lattice spacings a ≈ 0.09, 0.12 and 0.15 fm and the
pion RpITDs at two different lattice spacings a ≈ 0.12 and 0.15 fm and two different pion masses
220 and 310 MeV. We see no noticeable lattice-spacing and pion-mass dependence.
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Figure 1: Example ratio plots (left), one-state fits (second column) and two-sim fits (last 2 columns) from the
preliminary a12m310 light nucleon correlators (upper row) and a12m220 pion correlators [11] (lower row).
The gray band shown on all plots is the extracted ground-state matrix element from the two-sim fit using
tsep ∈ [5,9]. From left to right, the columns are: the ratio of the three-point to two-point correlators with the
reconstructed fit bands from the two-sim fit using tsep ∈ [5,9], shown as functions of t − tsep/2, the one-state
fit results for the three-point correlators at each tsep ∈ [3,9], the two-sim fit results using tsep ∈ [tmin

sep ,9] as
functions of tmin

sep , and the two-sim fit results using tsep ∈ [5, tmax
sep ] as functions of tmax

sep .

We compare the RpITDs of nucleon and pion for the same ensemble a12m310 with same
measurements and two-sim fit method on correlators. The errors of nucleon RpITDs are much
smaller than the pion RpITDs and the nucleon RpITDs are larger than the pion ones at large ν,
as shown in rightmost plot in Fig. 2. The nucleon RpITD values larger than pion ones at larger ν
indicates that the nucleon gluon PDF will approach to 0 quicker than pion gluon PDF as x → 1.

The evolved pITD (EpITD) G is defined in Eq. 8 in Ref. [11],

G(ν, µ) =M (ν, z2) +

∫ 1

0
dx

αs(µ)

2π
Nc ln

(
z2µ2 e2γE+1

4

)
RB(x)M (xν, z2). (4)

where RB is the matching kernel defined in Ref.[13], αs is the strong coupling at scale µ, Nc = 3
is the number of colors, and γE = 0.5772 is the Euler-Mascheroni constant. The z dependence of
the EpITDs should be compensated by the ln z2 term in the evolution formula. In principle, the
EpITD G is free of z dependence and is connected to the lightcone gluon PDF g(x, µ2) through the
scheme-conversion

G(ν, µ) =
∫ 1

0
dx

xg(x, µ2)

〈x〉g
(cos y −

αs(µ)

2π
Nc (2RB(xν) + RL(xν) + RC(xν))), (5)

where RB,RL,RC are defined in Ref.[13]. To obtain EpITDs, we need the RpITD M (ν, z2) to be
a continuous function of ν to evaluate the x ∈ [0,1] integral in Eq. 4. We achieve this by using
a “z-expansion”, following the parameters setting and fit strategy that we used in Ref. [11]. The
reconstructed bands from “z-expansion” on RpITDs of preliminary nucleon and pion are shown
in Fig. 3. They describe the RpITD data points well for all ensembles. EpITDs as functions of
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ν on all ensembles for preliminary nucleon and pion are shown in Fig. 4. There are multiple z
and Pz combinations for a fixed ν value at some ν values. Therefore, there are points in the same
color and symbol overlapping at the same ν from the same lattice spacing and pion mass. The
EpITDs G(ν, µ) should be free of z2 dependence after the evolution. However, the EpITDs obtained
from Eq. 9 in Ref. [11] have z2 dependence from neglecting the gluon-in-quark contribution and
higher-order terms in the matching. The EpITDs also depend on lattice-spacing a and pion-mass
Mπ , like RpITDs. We see that the effects of a and Mπ dependence on the EpITDs are not large,
as shown in the Fig. 4. We also observe a weak dependence on z2 for the RpITDs and EpITDs in
Fig. 4. The EpITDs are fitted using the functional form in Eq. 15 in Ref. [11]. The fitted EpITDs
are comparing with the EpITDs from the matching of global fit PDFs in Fig. 4. They are consistent
with each other very well in the small-ν region and have some deviations at larger ν, because we
have fewer points for the EpITDs and they have larger error in the large-ν region.
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Figure 2: Left and middle plots: The RpITDs at boost momentum Pz ≈ 1.3 GeV for the preliminary nucleon
at three different lattice spacings (left), and pion at two different lattice spacings and two different pion
masses [11] (middle). They show the lattice-spacing and pion-mass dependence are weak. Rightmost plot:
The preliminary nucleon and pion RpITDs comparison for a12m310 ensemble. The nucleon RpITD’s errors
are smaller than pion ones under the same measurements and two-sim fit method.
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Figure 3: The RpITDs M with reconstructed bands from “z-expansion” fits calculated on different ensem-
bles. The left plot shows the preliminary nucleon RpITDs and the right plot shows the pion RpITDs.

We investigate the systematic uncertainty introduced by the different parametrization forms
which are commonly used for fg(x, µ) in PDF global analysis and some lattice calculations. The first
one is the 2-parameter form in N0xA(1− x)C used in Ref. [11]. Second, we consider the 1-parameter
form N1(1− x)C used in xFitter’s analysis [1] (also used in Ref. [14, 15]), which is equivalent to the
2-parameter form with A = 0. Third, we consider a 3-parameter form N3xA(1− x)C(1+D

√
x). We
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Figure 4: The EpITDs G with reconstructed bands from fits on the ensemble with smallest lattice spacing
we have for nucleon (left) and the lightest pion mass ensemble for pion (right), comparing with the EpITDs
matched from global-fit PDFs.

fit the three different forms to the EpITDs of lattice data with zmax ≈ 0.6 fm by applying the scheme
conversion to the 1-, 2- and 3-parameter PDF forms. As shown in Fig. 5, there is a big discrepancy
between the fg(x, µ) fit bands from the 1-parameter fit and the 2-parameter fit in the x < 0.4 region,
but the discrepancy between the 2- and 3-parameter fits is much smaller. Therefore, we conclude
that 1-parameter fit to lattice data here is not quite reliable, and the fit results converge for the 2- and
3-parameter fits. The same conclusions hold for all other ensembles and pion masses. Therefore,
using the 2-parameter form for our final results is very reasonable.
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Figure 5: The preliminary a12m310 nucleon and a12m220 pion gluon PDF [11] xg(x, µ)/〈x〉g at µ2 =

4 GeV2 as function of x (bottom) calculated with the fitted bands from the 1-, 2- and 3-parameter fits. We
conclude that 1-parameter fit on lattice data here is not quite reliable, and the fit results converge for the 2-
and 3-parameter fits.

A comparison of our unpolarized preliminary nucleon gluon PDF with CT18 NNLO and
NNPDF3.1 NNLO at µ = 2 GeV in the MS scheme is shown in left plot in Fig. 7. We compare
our xg(x, µ)/〈xg〉µ2 with the phenomenological curves in the left panel. We found that our gluon
PDF is consistent with the one from CT18 NNLO and NNPDF3.1 NNLO within one sigma in the
x > 0.3 region. However, in the small-x region (x < 0.3), there is a strong deviation between
our lattice results and the global fits. This is likely due to the fact that the largest ν used in this
calculation is less than 7, and the errors in large-ν data increase quickly as ν increases. Similarly,
the pion gluon PDF comparing with the NLO pion gluon PDFs from xFitter [1] and JAM [2, 3] at
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µ2 = 4 GeV2 is shown in the right plot in Fig. 7. Our pion gluon PDF is consistent with the one
from JAM and xFitter NLO PDFs within one sigma in the x > 0.2 region. To better see the large-x
behavior, we zoom into the large-x region with x ∈ [0.5,1] and multiply an additional x factor into
the fitted xg(x, µ) for both nucleon and pion gluon PDFs, as shown in the lower row of Fig. 7. Our
large-x results are consistent with global fits over x ∈ [0.5,1] though with larger errorbars.
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Figure 6: The preliminary nucleon and pion gluon PDF [11] xg(x, µ)/〈x〉g as a function of x obtained from
the fit to the lattice data from different ensembles with different lattice spacings and pion masses. The fitted
gluon PDFs are consistent with each other within one sigma error for all ensembles.

4. Summary

We extract the pion and nucleon x-dependent gluon PDFs at three pion masses and three lattice
spacings and find their dependence to be weak under the current statistics. We investigated the
effects of varying the functional form in the reconstruction fits by using various forms, which are
all commonly used or proposed in other PDF works. We conclude that the 2-parameter fits are
sufficient for our current calculation and our final nucleon pion gluon PDF results are presented
with the 2-parameter fit results. There are systematics yet to be studied for the nucleon gluon PDF,
such as quark PDF mixing, and the finite ν extent of the EpITD data. Thus, in our following work,
we will study the the nucleon and pion gluon PDFs with improved statistics and better systematic
control.
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Figure 7: The preliminary nucleon (left column) and final pion gluon PDF [11] (right column) xg(x, µ)/〈x〉g
(top row) and x2g(x, µ)/〈x〉g (lower row) as a function of x obtained from the functional form fit to the lattice
data comparing with the global fit gluon PDFs. Our calculation of gluon PDFs is consistent with global-fit
gluon PDFs in the large-x region.
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