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We present the comparison of existing experimental data for the radiative leptonic decays
𝑃 → ℓ𝜈ℓ𝛾, where 𝑃 = 𝐾 or 𝜋 and ℓ = 𝑒 or 𝜇, from the KLOE, PIBETA, E787, ISTRA+
and OKA collaborations with the theoretical predictions based on the recent non-perturbative
determinations of the structure-dependent vector and axial-vector form factors, 𝐹𝑉 and 𝐹𝐴 re-
spectively. These were obtained using lattice QCD+QED simulations at order 𝑂 (𝛼em) in the
electromagnetic coupling. We find good agreement with the KLOE data on 𝐾 → 𝑒𝜈𝑒𝛾 decays
from which the form factor 𝐹+ = 𝐹𝑉 + 𝐹𝐴 can be determined. For 𝐾 → 𝜇𝜈𝜇𝛾 decays we observe
differences of up to 3 - 4 standard deviations at large photon energies between the theoretical pre-
dictions and the data from the E787, ISTRA+ and OKA experiments and similar discrepancies in
some kinematical regions with the PIBETA experiment on radiative pion decays. A global study
of all the kaon-decay data within the Standard Model results in a poor fit, largely because at large
photon energies the KLOE and E787 data cannot be reproduced simultaneously in terms of the
same form factor 𝐹+. The discrepancy between the theoretical and experimental values of the form
factor 𝐹− = 𝐹𝑉 −𝐹𝐴 is even more pronounced. These observations motivate future improvements
of both the theoretical and experimental determinations of the structure-dependent form factors
𝐹+ and 𝐹− , as well as further theoretical investigations of models of “new physics" which might
for example, include possible flavor changing interactions beyond 𝑉 − 𝐴 and/or non-universal
corrections to the lepton couplings.
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1. Introduction

The decays of charged pseudoscalar mesons into light leptons, 𝑃 → ℓ𝜈ℓ [𝛾] where ℓ stands for
an electron or a muon, represent an important contribution to flavor physics since they give access
to fundamental parameters of the Standard Model (SM), in particular to the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements [1]. At tree level, i.e. without a photon in the final state, these
decays are helicity suppressed in the SM due to the 𝑉 − 𝐴 structure of the leptonic weak charged
current, while the helicity suppression can be overcome by the radiated photons. Therefore, radiative
leptonic decays may provide sensitive probes of possible SM extensions inducing non-standard
currents and/or non-universal corrections to the lepton couplings.

Radiative leptonic decays also provide a powerful tool with which to investigate the internal
structure of the decaying meson. In addition to the leptonic decay constant 𝑓𝑃, there are other
structure-dependent (SD) amplitudes describing the emission of real photons from hadronic states,
usually parameterized in terms of the vector 𝐹𝑉 and axial-vector 𝐹𝐴 form factors. Thus, a first-
principle calculation of radiative leptonic decays requires a non-perturbative accuracy, which can
be provided by numerical QCD+QED simulations on the lattice.

In Ref. [2] a strategy was proposed to enable lattice computations of QED radiative corrections
to 𝑃+ → ℓ+𝜈ℓ [𝛾] decay rates at order O(𝛼em). The strategy naturally obeys the Bloch-Nordsieck
mechanism [3], in which the cancellation of infrared divergences occurs between contributions to
the rate with real photons in the final state and those with virtual photons in the decay amplitude.

Within the RM123 expansion framework [4, 5] the strategy of Ref. [2] was applied in Refs. [6, 7]
to provide the first non-perturbative calculation of the SD virtual contribution to the pion and kaon
decay rates into muons. The contribution with a real photon in the final state was evaluated non-
perturbatively in Ref. [8] by performing numerical lattice QCD+QED simulations at order O(𝛼em)
in the electroquenched approximation, in which the sea quarks are electrically neutral.

In this contribution we present the comparison carried out in detail in Ref. [9] between the
theoretical predictions based on the non-perturbative determination of the SD form factors 𝐹𝑉 and
𝐹𝐴 evaluated in Ref. [8] and the experimental data available on the leptonic radiative decay 𝐾 →
𝑒𝜈𝑒𝛾 from the KLOE Collaboration [10], on the decay 𝐾 → 𝜇𝜈𝜇𝛾 from E787 [12], ISTRA+ [14]
and OKA [15] collaborations and on the decay 𝜋+ → 𝑒+𝜈𝑒𝛾 from the PIBETA Collaboration [16].

2. Differential rates for radiative leptonic decays

Following Refs. [2, 8] the double differential rate for the radiative leptonic decay of a charged
pseudoscalar meson, 𝑃+ → ℓ+𝜈ℓ𝛾, can be written as the sum of the five contributions:

𝑑2Γ(𝑃+ → ℓ+𝜈ℓ𝛾)
𝑑𝑥𝛾𝑑𝑥ℓ

=
𝛼em
4𝜋

Γ (0)

[
𝑑2𝑅

pt
1

𝑑𝑥𝛾𝑑𝑥ℓ
+
𝑑2𝑅SD−

1
𝑑𝑥𝛾𝑑𝑥ℓ

+
𝑑2𝑅SD+

1
𝑑𝑥𝛾𝑑𝑥ℓ

+
𝑑2𝑅INT−

1
𝑑𝑥𝛾𝑑𝑥ℓ

+
𝑑2𝑅INT+

1
𝑑𝑥𝛾𝑑𝑥ℓ

]
, (1)

where the subscript 1 denotes the number of photons in the final state, while 𝑥𝛾 and 𝑥ℓ are the
photon and lepton kinematical variables, defined as 𝑥𝛾 ≡ (2𝑃 · 𝑘)/𝑚2

𝑃
and 𝑥ℓ ≡ (2𝑃 · 𝑝ℓ)/𝑚2

𝑃
− 𝑟2

ℓ
,

where 𝑃 is the four-momentum of the decaying meson with mass 𝑚𝑃, 𝑝ℓ is the four-momentum of
the final-state lepton with mass 𝑚ℓ , 𝑘 is the four-momentum of the photon and 𝑟ℓ ≡ 𝑚ℓ/𝑚𝑃. In the
rest frame of the decaying meson one has 𝑥𝛾 = 2𝐸𝛾/𝑚𝑃 and 𝑥ℓ = 2𝐸ℓ/𝑚𝑃 − 𝑟2

ℓ
, where 𝐸𝛾 and 𝐸ℓ
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are the photon and lepton energies respectively. In Eq. (1) the quantity Γ (0) is the leptonic decay
rate at tree level, given explicitly by Γ (0) = 𝐺2

𝐹
|𝑉CKM |2 𝑓 2

𝑃
𝑚3
𝑃
𝑟2
ℓ

(
1 − 𝑟2

ℓ

)2 /(8𝜋), where 𝐺𝐹 is the
Fermi constant, 𝑉CKM the relevant CKM matrix element and 𝑓𝑃 the leptonic decay constant of the
𝑃-meson. The other entries on the right-hand side of Eq. (1) are

𝑑2𝑅
pt
1 /𝑑𝑥𝛾𝑑𝑥ℓ = 2 𝑓pt(𝑥𝛾 , 𝑥ℓ)/(1 − 𝑟2

ℓ )
2 , (2)

𝑑2𝑅SD±

1 /𝑑𝑥𝛾𝑑𝑥ℓ = 𝑚2
𝑃 𝑓

±
SD(𝑥𝛾 , 𝑥ℓ)

[
𝐹±(𝑥𝛾)

]2 /2 𝑓 2
𝑃𝑟

2
ℓ (1 − 𝑟2

ℓ )
2 , (3)

𝑑2𝑅INT±

1 /𝑑𝑥𝛾𝑑𝑥ℓ = −2𝑚𝑃 𝑓 ±INT(𝑥𝛾 , 𝑥ℓ)𝐹
±(𝑥𝛾)/ 𝑓𝑃 (1 − 𝑟2

ℓ )
2 , (4)

where the superscripts ± correspond to the photon helicities and the three terms in Eqs. (2)-(4)
represent respectively the contribution of the point-like (pt) approximation of the decaying meson,
the SD contribution and the contribution from the interference (INT) between the pt and SD terms.
Note that in the literature the pt contribution is often referred to as the inner-bremsstrahlung term.
The kinematical functions appearing in Eqs. (2)-(4) can be read off from Ref. [9], while the quantities
𝐹±(𝑥𝛾) ≡ 𝐹𝑉 (𝑥𝛾) ± 𝐹𝐴(𝑥𝛾) are the SD form factors in the photon helicity basis.

Recently the SD form factors have been determined on the lattice for decaying pions, kaons,
𝐷 and 𝐷𝑠 mesons for a wide range of values of 𝑥𝛾 [8]. For pion and kaon decays (𝑃 = 𝜋, 𝐾) we
make use of the linear parameterization of the physical results for 𝐹𝑉 and 𝐹𝐴 given in Section V of
Ref. [8], which reproduces our lattice data throughout the physical region, i.e. we write

𝐹𝑃𝑉 (𝑥𝛾) = 𝐶𝑃𝑉 + 𝐷𝑃𝑉 𝑥𝛾 , 𝐹𝑃𝐴 (𝑥𝛾) = 𝐶
𝑃
𝐴 + 𝐷𝑃𝐴 𝑥𝛾 (5)

where the parameters 𝐶𝑃
𝑉 (𝐴) and 𝐷𝑃

𝑉 (𝐴) , including their correlations, can be read off from Ref. [9].
In the following the uncertainties and correlations of the two form factors are taken into account
adopting multivariate gaussian distributions with 10,000 events. We will compare our results also
with the ChPT predictions at order O(𝑒2𝑝4), based on the following 𝑥𝛾-independent form factors

𝐶ChPT
𝑉 = 𝑚𝑃/4𝜋2 𝑓𝑃 , 𝐷ChPT

𝑉 = 0 , 𝐶ChPT
𝐴 = 8𝑚𝑃 (𝐿𝑟9 + 𝐿

𝑟
10)/ 𝑓𝑃 , 𝐷ChPT

𝐴 = 0 (6)

with 𝐿𝑟9 + 𝐿𝑟10 = 0.0017 (7) [17], 𝑚𝜋/ 𝑓𝜋 = 139.6 MeV/130.4 MeV and 𝑚𝐾/ 𝑓𝐾 = 493.7 MeV/
156.1 MeV.

3. Comparison with the experimental data

The experimental data from the KLOE, E787, ISTRA+, OKA and PIBETA collaborations [10,
12, 14–16] correspond to radiative decay rates integrated over the lepton variable 𝑥ℓ and including
specific kinematical cuts on the lepton momentum and/or on the emission angle 𝜃ℓ𝛾 between
the lepton and the photon. The way the specific experimental cuts are taken into account in the
theoretical predictions is described in Ref. [9] for each experiment.

3.1 The KLOE experiment

In Ref. [10] the KLOE Collaboration has measured the differential decay rate 𝑑Γ(𝐾𝑒2𝛾)/𝑑𝐸𝛾
for photon energies in the range 10 MeV < 𝐸𝛾 < 𝐸

𝑚𝑎𝑥
𝛾 ≃ 250 MeV with the constraint 𝑝𝑒 > 200

MeV, adopting five different bins of photon energies, namely

Δ𝑅exp,𝑖 ≡
∫ 𝐸𝑖+1

𝛾

𝐸𝑖
𝛾

𝑑𝐸𝛾
1

Γ(𝐾𝜇2[𝛾 ])

[
𝑑Γ(𝐾𝑒2𝛾)
𝑑𝐸𝛾

]
𝑝𝑒>200MeV

(7)

3



P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
6
3
1

Comparison of lattice QCD+QED predictions for radiative leptonic decays S. Simula

with 𝐸 𝑖𝛾 = {10, 50, 100, 150, 200, 250}MeV.
Using our lattice form factors (5) we have computed the theoretical predictions Δ𝑅th,𝑖 for

each bin. The INT contributions turn out to be totally negligible (≲ 10−10), while the pt term only
contributes significantly in the first bin (10 MeV < 𝐸𝛾 < 50 MeV) where however, it is the dominant
contribution leading therefore to a precise prediction for this bin. For the remaining 4 bins our
predictions Δ𝑅th,𝑖 are largely dominated by the SD+ contribution related to [𝐹+(𝑥𝛾)]2. Our results
are shown in the left panel of Fig. 1 together with the experimental data Δ𝑅exp,𝑖 from KLOE and the
ChPT predictions at order O(𝑒2𝑝4) (see Eq. (6) with 𝑚𝐾/ 𝑓𝐾 = 493.7 MeV/156.1 MeV). For all
bins a consistency between theory and experiment is observed within ≈ 1 standard deviation. This
consistency is underlined in the right panel of Fig. 1, where we compare the form factor 𝐹+(𝑥𝛾)
extracted by the KLOE collaboration in Ref. [10] with our theoretical predictions.

0
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Figure 1: Left panel: comparison of the KLOE experimental data Δ𝑅exp,𝑖 [10] (red circles) with the
theoretical predictions Δ𝑅th,𝑖 (blue squares), evaluated with the SD form factors of Ref. [8] given in Eq. (5).
The green diamonds correspond to the prediction of ChPT at order O(𝑒2𝑝4), based on the SD form factors (6).
Right panel: Comparison of the form factor 𝐹+ (𝑥𝛾) extracted by the KLOE collaboration in Ref. [10] and
our theoretical prediction (5). The shaded areas represent uncertainties at the level of 1 standard deviation.

The KLOE collaboration has also determined the total branching ratio corresponding to the
sum over the five photon energy bins of the experiment [10], namely to 𝐸𝛾 > 10 MeV with the
kinematical cut 𝑝𝑒 > 200 MeV:

Δ𝑅exp (𝐸𝛾 > 10 MeV, 𝑝𝑒 > 200 MeV
)
≡

5∑︁
𝑖=1

Δ𝑅exp,𝑖 . (8)

The same quantity has been measured recently by the J-PARC E36 collaboration [11]. The two
measurements are shown in Table 1 and compared with our lattice prediction [9] and the one from
ChPT at order O(𝑒2𝑝4). It can be seen that the two experimental results differ by ≈ 2.5 standard
deviations. Our lattice prediction is consistent with both J-PARC and KLOE measurements (within
0.4 and 1.2 standard deviations, respectively) due to the present larger theoretical uncertainty.
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𝐸𝛾 (MeV) 𝑝𝑒 (MeV) KLOE [10] J-PARC E36 [11] lattice [9] ChPT
10 - 250 > 200 1.483 ± 0.066 ± 0.013 1.85 ± 0.11 ± 0.07 1.743 ± 0.212 1.279 ± 0.324

Table 1: Values of the branching ratio Δ𝑅exp, in units of 10−5, measured by the KLOE [10] and J-PARC
E36 [11] experiments corresponding to 𝐸𝛾 > 10 MeV with the kinematical cut 𝑝𝑒 > 200 MeV. In the third
and fourth columns the first error is statistical and the second one is systematic. The experimental findings
are compared with our lattice prediction [9], evaluated with the vector and axial form factors of Ref. [8] given
in Eq. (5), and with the prediction of ChPT at order O(𝑒2𝑝4), based on the vector and axial form factors
given in Eq. (6).

3.2 The E787 experiment

In Ref. [12] the E787 Collaboration has investigated the 𝐾𝜇2𝛾 decay for photon energies in the
range 90 MeV < 𝐸𝛾 < 𝐸

𝑚𝑎𝑥
𝛾 ≃ 235 MeV with the constraint that the muon kinetic energy is larger

than 137 MeV (i.e. 𝐸𝜇 > 𝑚𝜇 + 137 MeV ≃ 243 MeV). In such kinematical regions the radiated
photons come mainly from the pt contribution and the SD+ terms [12]. In order to compare their
results with those from other experiments, the E787 data are integrated over the small allowed range
of muon energies 243 MeV < 𝐸𝜇 ≤ 𝐸𝑚𝑎𝑥𝜇 ≃ 258 MeV, assuming a constant acceptance, to obtain
the differential branching ratio

𝑑𝑅exp

𝑑 cos(𝜃𝜇𝛾)
=

1
Γ(𝐾𝜇2[𝛾 ])

[
𝑑Γ(𝐾𝜇2𝛾)
𝑑 cos(𝜃𝜇𝛾)

]
𝐸𝛾>90 MeV,𝐸𝜇>243 MeV

(9)

as a function of the emission angle 𝜃𝜇𝛾 between the muon and the photon in the kaon rest-frame.
Since the pt contribution is a purely kinematical factor, it can be subtracted from the experi-

mental data without introducing any uncertainty. The corresponding subtracted data are compared
with our theoretical predictions in Fig. 2. A reasonable agreement is found except for some points at
large backward angles, i.e. at large photon energies, where the tension reaches about 2 - 3 standard
deviations. There the data are dominated by the contributions coming from the form factor 𝐹+(𝑥𝛾).
Note that, though generally small, the relative contribution of SD−+INT−, which depends on the
form factor 𝐹− (𝑥𝛾), becomes more important as cos(𝜃𝜇𝛾) increases (i.e. as 𝑥𝛾 decreases), reaching
about 20 - 30% of the term SD++INT+ at the lowest available values of 𝑥𝛾 .

We remind that our lattice form factor 𝐹+(𝑥𝛾) leads to a good description of the KLOE data [10]
(see Sec. 3.1). Thus, the tension between our theoretical predictions and the E787 data, visible at
large 𝑥𝛾 in Fig. 2, is not unexpected. The KLOE collaboration has estimated 𝐹+(𝑥𝛾 = 1) to be equal
to 0.125± 0.007stat ± 0.001syst [10], while the estimate of E787, assuming a constant form factor, is
0.165 ± 0.007stat ± 0.011syst [12]. The difference is at the level of about 3 standard deviations. Our
theoretical prediction for this quantity is 𝐹+(𝑥𝛾 = 1) = 0.1362 ± 0.0096.

Thus, further experimental investigations of the form factor 𝐹+(𝑥𝛾) in radiative kaon decays
into electrons and muons are required. In particular, an investigation of the decay 𝐾𝑒2𝛾 at large
electron energies will provide the opportunity for an accurate determination of |𝐹+(𝑥𝛾) | for a wide
range of values of 𝑥𝛾 . This is illustrated in Fig. 3, where the pt, SD+, SD−, INT+ and INT−

5
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Figure 2: Comparison of the E787 experimental data after the pt contribution has been subtracted, 𝑑 (𝑅exp −
𝑅pt)/𝑑 cos(𝜃𝜇𝛾) (red circles) [12], with the theoretical predictions 𝑑 (𝑅th − 𝑅pt)/𝑑 cos(𝜃𝜇𝛾) (blue squares),
evaluated using the lattice form factors of Ref. [8] given in Eq. (5). The dashed and dotted lines correspond
to the theoretical contributions 𝑑 (𝑅SD+ + 𝑅INT+ )/𝑑 cos(𝜃𝜇𝛾) and 𝑑 (𝑅SD− + 𝑅INT− )/𝑑 cos(𝜃𝜇𝛾) respectively.
The upper horizontal axis shows the maximum value of 𝑥𝛾 , 𝑥𝑚𝑎𝑥𝛾 (𝜃𝜇𝛾), allowed by the value of the angle 𝜃𝜇𝛾
taking into account the kinematical cuts of the E787 experiment.

contributions to the differential branching ratio

𝑑𝑅

𝑑 cos(𝜃𝑒𝛾)
=

1
Γ(𝐾𝑒2[𝛾 ])

[
𝑑Γ(𝐾𝑒2𝛾)
𝑑 cos(𝜃𝑒𝛾)

]
𝑥𝛾>0.2, 𝑥𝑒>0.93

(10)

are shown as a function of the emission angle 𝜃𝑒𝛾 between the electron and the photon (in the kaon
rest-frame) after considering the kinematical cuts 𝑥𝛾 > 0.2 (𝐸𝛾 > 49 MeV) and 𝑥𝑒 > 0.93 (𝐸𝑒 > 230
MeV). These kinematical cuts are indicative of a possible definition of a signal region with minimal
background contamination both from the pt contribution to 𝐾𝑒2𝛾 and from the semileptonic 𝐾𝑒3
process in a fixed-target forward detector such as that in the NA62 experiment [13].

3.3 The ISTRA+ and OKA experiments

In Refs. [14] and [15] the ISTRA+ and OKA collaborations have selected appropriate kinemat-
ical regions (strips) in order to determine the contribution of the interference term INT−. For each
strip, specific bins are selected in the photon and muon variables 𝑥𝛾 and 𝑦𝜇 ≡ 2𝐸𝜇/𝑚𝐾 = 𝑥𝜇 + 𝑟2

𝜇,
where 𝐸𝜇 is the muon energy in the kaon rest frame. A further constraint cos(𝜃𝜇𝛾) > cos(𝜃cut)
is imposed on the emission angle 𝜃𝜇𝛾 between the muon and the photon. In both experiments the
measured observable is the ratio 𝑁exp/𝑁pt of the number of observed photons in each strip to the
number of pt (or inner-bremsstrahlung) events. 𝑁pt is estimated using the Geant3 package [18].

The comparison of the experimental results with our predictions, and also with those obtained
using ChPT at order O(𝑒2𝑝4) (see Eq. (6) with 𝑚𝐾/ 𝑓𝐾 = 493.7 MeV/156.1 MeV) is presented in
Fig. 4. It can clearly be seen that at large photon energies there is a significant tension between the
experimental data and our non-perturbative results (and also those obtained using ChPT). Thus,
improved determinations of the form factor 𝐹− (𝑥𝛾) are required from both experiment and theory
in order to consolidate or eliminate the discrepancies.
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Figure 3: Results for the pt, SD+, SD− , INT+ and INT− contributions to the differential branching ratio (10)
as a function of the emission angle 𝜃𝑒𝛾 for the decay process 𝐾𝑒2𝛾 , calculated using the lattice form factors of
Ref. [8], given in Eq. (5), with the kinematical cuts 𝑥𝛾 > 0.2 (𝐸𝛾 > 49 MeV) and 𝑥𝑒 > 0.93 (𝐸𝑒 > 230 MeV).
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Figure 4: Comparison of the experimental results from the ISTRA+ [14] (left panel) and OKA [15] (right
panel) collaborations with our theoretical predictions, based on the form factors of Ref. [8], given in Eq. (5).
The green diamonds correspond to the ChPT prediction at order O(𝑒2𝑝4), based on the form factors (6).
Note the different scales of the vertical axes in the two panels.

3.4 The PIBETA experiment

In Ref. [16] the PIBETA Collaboration has investigated the radiative pion decay into electrons
𝜋𝑒2𝛾 and has measured the following branching ratios

Δ𝑅exp,𝑖 ≡ 1
Γ(𝜋 → 𝜇𝜈[𝛾])

∫ 𝐸𝑚𝑎𝑥
𝛾

𝐸𝑖
𝛾

𝑑𝐸𝛾

∫ 𝐸𝑚𝑎𝑥
𝑒

𝐸𝑖
𝑒

𝑑𝐸𝑒

[
𝑑2Γ(𝜋+ → 𝑒+𝜈𝛾)

𝑑𝐸𝛾𝑑𝐸𝑒

]
𝜃𝑒𝛾>40◦

(11)

integrated in four different kinematical regions of photon and electron energies with the con-
straint 𝜃𝑒𝛾 > 40◦. The kinematical regions are labelled as 𝑖 = 𝐴, 𝐵, 𝐶, 𝑂 and the values of
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the minimum photon and electron energies are, respectively, 𝐸 𝑖𝛾 = {50, 50, 10, 10}MeV and
𝐸 𝑖𝑒 = {50, 10, 50, 𝑚𝑒}MeV. The maximum photon and electron energies are 𝐸𝑚𝑎𝑥𝛾 ≃ 𝐸𝑚𝑎𝑥𝑒 ≃
𝑚𝜋/2 ≃ 70 MeV. The region 𝑂 is a combination of the other three regions supplemented with
extrapolations based on Monte Carlo simulations [16].

Using the form factors (5) we have evaluated the theoretical prediction Δ𝑅th,𝑖 for each kine-
matical region. The INT contribution is negligible in all the kinematical regions and the SD term is
dominant only in region 𝐴, while in the other kinematical regions the pt term dominates. Thus, in or-
der to better highlight the SD term we subtract from the experimental data the pt contribution, which
is known precisely. The values of Δ𝑅pt,𝑖 , of our non-perturbative predictions for Δ𝑅th,𝑖 − Δ𝑅pt,𝑖

and of the subtracted experimental data Δ𝑅exp,𝑖 −Δ𝑅pt,𝑖 are shown in Fig. 5 together with the ChPT
predictions at order O(𝑒2𝑝4), based on the form factors (6) with 𝑚𝜋/ 𝑓𝜋 = 139.6 MeV/130.4 MeV.
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Figure 5: Comparison of the PIBETA experimental data [16] after the subtraction of the pt contribution,
(Δ𝑅exp,𝑖 − Δ𝑅pt,𝑖) (red circles), with the theoretical predictions (Δ𝑅th,𝑖 − Δ𝑅pt,𝑖) (blue squares), evaluated
with the form factors of Ref. [8] given in Eq. (5), for the four kinematical regions of the PIBETA experiment.
The green diamonds correspond to the ChPT prediction at order O(𝑒2𝑝4), based on the form factors (6).

It can be seen that in the kinematical regions 𝐴 and 𝐵 the agreement between theory and
experiment is good, while for the kinematical regions𝐶 and𝑂, where the ChPT predictions at order
O(𝑒2𝑝4) also differ significantly from the measurements, a tension occurs at a level of about 2.2
and 4.1 standard deviations respectively.

4. SM fit to the experimental data

The results obtained in the previous sections naturally raise the issue of whether the SD
form factors can be modified in such a way as to significantly reduce the discrepancies with all
the experimental data while staying within the SM. To this end the KLOE, E787, ISTRA+ and
OKA data can be fitted simultaneously since they concern kaon decays, while only the PIBETA
experiment measures the pion decay rates. We stress that the discussion in this section assumes the
validity of the SM in general, and lepton-flavour universality in particular, allowing us to combine
data from kaon decays into electrons and muons.
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In fitting the kaon data we adopt a simple linear parameterization of the form factors 𝐹±(𝑥𝛾),
suggested by our lattice results, namely

𝐹±(𝑥𝛾) = 𝐶± + 𝐷±𝑥𝛾 , (12)

where the four quantities 𝐶± and 𝐷± are now treated as free parameters.
A total of 51 experimental data points (5 points from KLOE, 25 points from E787, 11 points

from ISTRA+ and 10 points from OKA) are fitted using the form factors (12) adopting a standard
𝜒2-minimization procedure with a bootstrap sample of 5000 events generated to propagate the
uncertainties of the experimental data and giving the same weight to each of the four experiments.
In our fitting procedure the experimental data are treated as uncorrelated, since no correlation matrix
is available. The quality of the best fit is poor: the optimal value of 𝜒2/(no. of points) is equal to
1.3, 5.3, 3.1 and 2.2 for the KLOE, E787, ISTRA+ and OKA data, respectively. The comparison of
the results of the global SM fit with all the experimental data is shown in Fig. 6. The largest tension
occurs for the E787 data and is a consequence of the simultaneous presence of the KLOE data.

0.5

0.6

0.7

0.8

0.9

1.0

1.1

0.0 0.1 0.2 0.3 0.4 0.5 0.6

ISTRA+

global fit

lattice

0 20 40 60 80 100 120 140

N
e
x
p
 /

 N
p
t

x
γ

 K
-
     μ

-
 ν γ

E
γ
 (MeV)

0.80

0.85

0.90

0.95

1.00

1.05

0.0 0.1 0.2 0.3 0.4 0.5 0.6

OKA

global fit

lattice

0 20 40 60 80 100 120 140

N
e
x
p
 /

 N
p
t

x
γ

 K
+
     μ

+
 ν γ

E
γ
 (MeV)

0

2

4

6

8

0 1 2 3 4 5 6

KLOE

global fit

lattice

Δ
R

i  *
 1

0
6

bin

 K     e ν γ

[x
γ

min
, x

γ

max
]

[0.04, 0.2] [0.2, 0.4] [0.4, 0.6] [0.6, 0.8] [0.8, 1.0]

0.0

4.0 10
-5

8.0 10
-5

1.2 10
-4

-1.00 -0.95 -0.90 -0.85 -0.80

E787

global fit

lattice

d
 (

R
 -

 R
p
t ) 

/
 d

 c
o
s(

θ
μ

 γ
)

cos(θ
μ γ

)

 K
+
      μ

+
 ν γ

x
γ

max
(θ

μ γ
)

0.96 0.71 0.57 0.47 0.41

Figure 6: Results of the global SM fit (black diamonds) applied to the KLOE [10], E787 [12], ISTRA+ [14]
and OKA [15] data (red circles) adopting the linear parameterization (12) for the form factors 𝐹± (𝑥𝛾). The
blue squares represent the SM predictions evaluated with the lattice form factors determined in Ref. [8].

In Fig. 7 the “optimal" form factors, obtained from Eq. (12), are compared to our lattice form
factors, obtained from Eq. (5), and to the predictions of ChPT at order O(𝑒2𝑝4) given by Eq. (6).
While the discrepancy for the form factor 𝐹+(𝑥𝛾) is relatively mild, for 𝐹− (𝑥𝛾) there is a discrepancy
of a factor of ≈ 2 with the lattice results and even more with the O(𝑒2𝑝4) ChPT predictions.

Our findings call for improvements in the determination of the SD form factors 𝐹±(𝑥𝛾) from
both experiment and theory. In this respect, we look forward to the results from the analysis of the
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Figure 7: Comparison of the form factors 𝐹+ (𝑥𝛾) (left panel) and 𝐹− (𝑥𝛾) (right panel), obtained by the
simultaneous fit (12) of the KLOE [10], E787 [12], ISTRA+ [14] and OKA [15] experimental data, with our
lattice results from Ref. [8] corresponding to Eq. (5) and with the ChPT predictions at order O(𝑒2𝑝4) given
by Eq. (6). All the shaded areas represent uncertainties at the level of 1 standard deviation.

NA62 experiment on the𝐾𝑒2𝛾 decay, which is in progress and is expected to provide the most precise
determination of |𝐹+(𝑥𝛾) | [13]. If a discrepancy between the form factors obtained from decays
into electrons from NA62 and those obtained from decays into muons from the E787 experiment
will be confirmed, this would provide a motivation for better determinations also of the form factors
from 𝐾 → 𝜇𝜈𝜇𝛾 decays. On the theoretical side it can be expected that the precision achieved in
Ref. [8] will be improved in the next generation of computations.

We point out that it is also conceivable that the tensions observed above between the experimen-
tal data and our lattice predictions are due to the presence of new physics, such as flavor changing
interactions beyond the 𝑉 − 𝐴 couplings of the Standard Model and/or non-universal corrections to
the lepton couplings. This possibility deserves further theoretical investigations.
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