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We develop the approach to the problem of neutrino oscillations in a magnetic field introduced
in [1] and extend it to the case of three neutrino generations. The theoretical framework suitable
for computation of the Dirac neutrino spin, flavour and spin-flavour oscillations probabilities in
a magnetic field is given. The closed analytic expressions for the probabilities of oscillations
are obtained accounting for the normal and inverted hierarchies and the possible effect of CP
violation. In general, the neutrino oscillation probabilities exhibit quite a complicated interplay
of oscillations on the magnetic 𝜔𝐵 = 𝜇𝜈𝐵 and vacuum 𝜔𝑣𝑎𝑐 =

Δ𝑚2
𝑖𝑘

4𝑝 frequencies. The obtained
results are of interest in applications to neutrino oscillations under the influence of extreme
astrophysical environments, for example peculiar to magnetars and supernovas, as well as in
studying neutrino propagation in interstellar magnetic fields (see [2]).
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1. Neutrino flavour oscillations in a magnetic field

In this section we briefly describe the approach to derivation of the neutrino oscillations
probabilities in a magnetic field developed in [1].

The wave function 𝜈𝑠
𝑖

(𝑠 = ±1) of a massive neutrino that propagates along nz direction in the
presence of a constant and homogeneous arbitrary orientated magnetic field can be found as the
solution of the following system of Dirac equations in the massive neutrino basis

(𝛾𝜇𝑝𝜇 − 𝑚𝑖 − 𝜇𝑖𝚺B)𝜈𝑠𝑖 (𝑝) = 0, (1)

where 𝜇𝑖 are the neutrino magnetic moments, 𝑖 = 1, 2, 3 and 𝑠 = ±1 is a spin number.
This equation can be rewritten in the equivalent Hamiltonian form

𝐻̂𝑖𝜈
𝑠
𝑖 = 𝐸𝜈𝑠𝑖 , (2)

where the Hamiltonian is given by

𝐻̂𝑖 = 𝑚𝑖𝛾0 + 𝛾0𝜸 𝒑 + 𝜇𝑖𝛾0𝚺𝑩. (3)

Given the ultrarelativistic approximation, for the neutrino energy spectrum we obtain

𝐸 𝑠
𝑖 ≈ 𝑝 +

𝑚2
𝑖

2𝑝
+ 𝜇𝑖𝑠𝐵⊥. (4)

Since the oscillations lengths are determined by the energy differences 𝐸 𝑠
𝑖
− 𝐸 𝑠′

𝑘
, we can expect

that the probabilities of neutrino oscillations in a magnetic field exhibit a complex interplay of the
oscillations on the vacuum frequencies 𝜔𝑣𝑎𝑐 =

Δ𝑚2
𝑖𝑘

4𝑝 and magnetic frequencies 𝜔𝐵 = 𝜇𝑖𝐵⊥.
To classify the neutrino stationary states in a magnetic field we use the generalized spin operator

that commutes with the Hamiltonian (3) and can be chosen in the form

𝑆𝑖 =
𝑚𝑖√︃

𝑚2
𝑖
𝑩2 + 𝒑2𝐵2

⊥

[
𝚺𝑩 − 𝑖

𝑚𝑖

𝛾0𝛾5 [𝚺 × 𝒑]𝑩
]
. (5)

For the neutrino stationary states the following relations hold:

𝑆𝑖 |𝜈𝑠𝑖 〉 = 𝑠 |𝜈𝑠𝑖 〉 , 𝑠 = ±1, (6)

〈𝜈𝑠𝑖 |𝜈𝑠
′

𝑘 〉 = 𝛿𝑖𝑘𝛿𝑠𝑠′ . (7)

Now in order to solve the problem of the neutrino flavour, spin and spin-flavour oscillations in
the magnetic field we expand the neutrino chiral states over the neutrino stationary states:

𝜈𝐿𝑖 (𝑡) = 𝑐+𝑖 𝜈
+
𝑖 (𝑡) + 𝑐−𝑖 𝜈

−
𝑖 (𝑡), (8)

𝜈𝑅𝑖 (𝑡) = 𝑑+𝑖 𝜈
+
𝑖 (𝑡) + 𝑑−𝑖 𝜈

−
𝑖 (𝑡), (9)

where 𝑐±
𝑖

and 𝑑±
𝑖

do not depend on time. For the coefficients 𝑐+(−)
𝑖

and 𝑑
+(−)
𝑖

it is just straightforward

|𝑐±𝑖 |2 = 〈𝜈𝐿 |𝑃̂±
𝑖 |𝜈𝐿〉 , |𝑑±𝑖 |2 = 〈𝜈𝑅 |𝑃̂±

𝑖 |𝜈𝑅〉 (10)
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where

𝑃̂±
𝑖 =

1 ± 𝑆𝑖

2
(11)

are the projection operators. The explicit expressions for the coefficients (10) can be found in [1].
Finally, we calculate the probabilities of flavour oscillations in a magnetic field:

𝑃𝜈𝐿
𝑒 →𝜈𝐿

𝛼
(𝐿) =

��〈𝜈𝐿𝛼 |𝜈𝐿𝑒 (𝐿)〉��2 =

���(|𝑐+1 |2𝑒−𝑖𝐸+
1 𝐿 + |𝑐−1 |

2𝑒−𝑖𝐸
−
1 𝐿

)
𝑈11𝑈

∗
𝛼1 +(

|𝑐+2 |
2𝑒−𝑖𝐸

+
2 𝐿 + |𝑐−2 |

2𝑒−𝑖𝐸
−
2 𝐿

)
𝑈12𝑈

∗
𝛼2 +

(
|𝑐+3 |

2𝑒−𝑖𝐸
+
3 𝐿 + |𝑐−3 |

2𝑒−𝑖𝐸
−
3 𝐿

)
𝑈13𝑈

∗
𝛼3

���2, (12)

where 𝛼 = 𝑒, 𝜇, 𝜏 is neutrino flavour and 𝐿 is the distance travelled by a neutrino.

2. Cosmic neutrino oscillations

In this section we consider ultrahigh-energy cosmic neutrinos propagation through the inter-
stellar magnetic field and show that the oscillations described above can modify the neutrino fluxes
coming form astrophysical objects. It was measured by the Interstellar Boundary Explorer that the
strength of the interstellar magnetic field is approximately 2.9 𝜇G. In our analysis for simplicity
we assume that 𝜇1 = 𝜇2 = 𝜇3 = 𝜇 and fix the values of the neutrino magnetic moments to be
𝜇 = 10−12𝜇𝐵.

Fig. 1a shows the probabilities of 𝜈𝑒 → 𝜈𝑒 , 𝜈𝑒 → 𝜈𝜇 and 𝜈𝑒 → 𝜈𝜏 oscillations as a function
of the distance 𝐿 (in parsec) for the case of the neutrino energy equal to 10 𝑍𝑒𝑉 . The probabilities
indeed exhibit a complicated interplay of oscillations on the following three frequencies: two
vacuum frequencies 𝜔12 = Δ𝑚2

12/4𝑝 and 𝜔13 = Δ𝑚2
13/4𝑝, and the magnetic frequency 𝜔𝐵 = 𝜇𝐵.

Using the indicated above values for the neutrino magnetic moment and for the strength of the
magnetic field, and the existed data onΔ𝑚2

12 andΔ𝑚2
13 one obtains estimations for the corresponding

oscillation lengths: 𝐿𝐵 ≈ 0.4 𝑝𝑐, 𝐿12 ≈ 100 𝑝𝑐 and 𝐿13 ≈ 3 𝑝𝑐.
Fig. 1b shows the probability of oscillations into a righthanded neutrino state as a function of

the distance 𝐿 (in parsec). Unlike the probabilities of flavour transitions, the probability of spin
oscillations is described by a simple expression

𝑃𝜈𝐿
𝑒 →𝜈𝑅 = 𝑃𝜈𝐿

𝑒 →𝜈𝑅
𝑒
+ 𝑃𝜈𝐿

𝑒 →𝜈𝑅
𝜇
+ 𝑃𝜈𝐿

𝑒 →𝜈𝑅
𝜏
= sin2 𝜇𝐵𝐿. (13)

Since cosmic neutrinos travel long distances, we can expect that due to the effect of the
wavepacket separation the neutrino fluxes on the Earth can be computed using the distant-averaged
probabilities. The effects of a magnetic field induce additional modes in the oscillations probabilities
and clearly affect the averaged probabilities. Thus, the presence of large enough values of the
neutrino magnetic moments can significantly modify the neutrino fluxes measured in the terrestrial
experiments.

3. Conclusion

We extended our previous results [1] on two-flavour neutrino oscillations in magnetic fields
to the case of the three neutrino flavours. It is shown that the probabilities of neutrino flavour
oscillations in a magnetic field exhibit quiet complicated dependence of both vacuum and magnetic
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Figure 1: The probabilities of neutrino oscillations in interstellar magnetic field as functions of distance in
parsec for the case of neutrino energy equal to 10 ZeV. a) Neutrino flavour oscillations 𝜈𝐿𝑒 → 𝜈𝐿𝑒 , 𝜈𝐿𝑒 → 𝜈𝐿𝜇
and 𝜈𝐿𝑒 → 𝜈𝐿𝜏 ; b) Neutrino spin oscillations 𝜈𝐿𝑒 → 𝜈𝑅.

field frequencies. The phenomenon of neutrino oscillations in a magnetic field considered above
may significantly modify neutrino fluxes detected on the Earth. A more detailed study of the effect
of three flavour neutrino oscillations in a magnetic field will be presented in a forthcoming paper.
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