Pionic depth of the hadron gas after a heavy-ion collision
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The final stage of a relativistic heavy-ion collision is a hadron gas. Final-state interactions
therein distort the 𝑝𝑇 spectrum of particles coming from the phase transition upon cooling
the quark-gluon plasma. Using recent state-of-the-art parametrizations of pion interactions we
provide theoretical computations of the pionic depth of the gas: how likely is it that a given
pion rescatters in it (we find a high probability around 𝑝𝑇 = 0.5 GeV at midrapidity, corresponding to the formation of the 𝜌 resonance), a comparison of the collision and Bjorken
expansion rates, and how many pions make it through without interacting as a function of
𝑝𝑇 . This is in the range 10-24% and shown in this plot, the main result of the contribution.
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Figure 1: Left panel: Breakdown of the 𝜋𝜋 cross-section into definite isospin (𝐼 = 0, 1) contributions, 𝜎 (𝐼 )
(we have also added 𝐼 = 2 that changes very little). Right panel: Graphical check of the optical theorem,
computing the 𝜎 (Tot) first by integrating over the solid angle and alternatively, from the forward amplitude.
Various low-energy elastic resonances (𝜎, 𝜌, 𝑓0 (980) and 𝑓2 (1270) are clearly visible.)

An external pion probe 𝑖 of momentum 𝑝 𝑖 would undergo collisions with the pions (with
momentum 𝑝 𝑔 ) of an infinite, thermalized medium (of interest for cosmology [2], but only a first
approximation in heavy-ion collisions), at a rate and with a mean free path given by
∫
𝑑3 𝑝𝑔
𝑝𝑖
1
Γ( 𝑝 𝑖 ; 𝑇) =
𝑓 ( 𝑝 𝑔 ; 𝑇)𝜎( 𝑝 𝑔 , 𝑝 𝑖 ) vrel ( 𝑝 𝑔 , 𝑝 𝑖 ) ; 𝜆( 𝑝 𝑖 ; 𝑇) =
,
(2)
𝐸 𝑖 Γ( 𝑝 𝑖 ; 𝑇)
(2𝜋) 3
with 𝑓 ( 𝑝 𝑔 ; 𝑇) the thermal pion occupation number and vrel the relative velocity of two colliding
pions. The average mean free path 𝜆(𝑇) in such infinite medium is shown in the left panel of Figure 2.
Because the gas is finite and in expansion, we take this expression as a local approximation only, and
convolve it with the expansion of the gas in the Bjorken model. In such expansion the distribution
function depends on the rapidity (𝑌 ) that we will average over in the central region,
𝑓 (𝑥, 𝑝; 𝑇) =

𝑔
𝑒𝛽 𝑝

𝜇𝑢

𝜇

−1

,

𝑝 𝜇 𝑢 𝜇 = 𝐸 cosh 𝑌 − 𝑝 cos 𝜃 sinh 𝑌 .

(3)

Because the equation of state of the pion gas is approximately linear [3] (with squared sound speed
 𝑐2
𝑐2𝑠 ' 0.27 < 1/3), the temperature as a function of the proper (Bjorken) time (𝜏) is 𝑇 (𝜏) = 𝑇0 𝜏𝜏0 𝑠 .
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It is of interest to ascertain the depth of the pion gas formed in the final state of heavy-ion
collisions. This coldest phase, while the strong matter is decoupling, distorts the final-state spectra
that are measured in detectors and veils the earlier stages of the collisions. Penetrating probes such
as photons, dileptons, charmonia or jets are routinely used to more sharply view the quark-gluon
plasma, but there is also abundant data with softer, more strongly-interacting particles that can be
used. The effect of the late stage phase must be well understood to eventually apply corrections.
Figure 1 shows the 𝜋𝜋 cross section for the relevant energies, broken down by isospin channels
parametrized following [1], each of whose partial-waves separately satisfy elastic unitarity,
s
4𝑀 𝜋2
32𝜋 Õ
|𝑡 𝐼 𝐽 (𝑠)| 2 .
(1)
𝜎(𝑠) =
(2𝐽 + 1)|𝑡 𝐼 𝐽 (𝑠)| 2 ,
Im[𝑡 𝐼 𝐽 (𝑠)] = 1 −
𝑠 𝐽
𝑠
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Figure 2: Left panel: average mean free path of a pion as a function of the temperature, becoming larger
as the system cools and the interactions weaken as dictated by chiral perturbation theory. Right panel: The
averaged collision rate for an expanding pion gas compared to the Bjorken model’s expansion rate, showing
that a 𝑇 𝑓 = 120 MeV as seen in experiment is a reasonable outcome as the system has become frozen.

We can fix one of the two constants from data by running the equation backwards: from Hanbury
Brown-Twiss interferometry [4] we know that the freeze-out system size yields about 11 fm =
𝑟 𝑓 ' 𝜏 𝑓 (at zero rapidity), while the pion spectrum can be fit by the kinetic freeze-out temperature
𝑇 𝑓 ' 120 MeV. Taking 𝑇0 ' 170 MeV for the transition from the quark-gluon plasma to the hadron
gas, the Bjorken evolution is started at 𝜏0 ' 3 fm.
The expansion rate in this longitudinal Bjorken expansion model is then

 1/𝑐𝑠2
1 𝑇 (𝜏)
,
Γexp (𝑇 (𝜏)) = 𝜕𝜇 𝑢 (𝜏) =
𝜏0 𝑇0
𝜇

(4)

and kinetic freeze-out (decoupling) of the pion gas happens when this rate is significantly larger
Γexp (𝑇)  Γcol (𝑇) than the pion interaction rate averaged over the gas, defined as
∫
∫
1
𝑑3 𝑝 0
𝑑3 𝑝
𝜎( 𝑝, 𝑝 0) 𝑓 ( 𝑝; 𝑇) 𝑓 ( 𝑝 0; 𝑇)|vrel ( 𝑝, 𝑝 0)| ,
(5)
Γcol (𝑇) =
𝑛(𝑇)
(2𝜋) 3
(2𝜋) 3
where 𝑛(𝑇) is the pion density. Both Γexp (𝑇) and Γcol (𝑇) are shown in the right panel of Figure 2.
The collision rate can alternatively be integrated over the lifetime of the collision yielding the
pionic depth (equivalent to the optical depth or∫inverse opacity in a dense optical medium) as a
𝜏
function of pion 𝑝𝑇 (at midrapidity), 𝛼( 𝑝𝑇 ) ≡ 𝜏 2 Γ(𝜏, 𝑝𝑇 )𝑑𝜏 (Figure 3, left panel) from which
1
the corresponding fraction of pions that escape without interaction can be extracted, F ( 𝑝𝑇 ) =
exp[−𝛼( 𝑝𝑇 )]. We plot this fraction F in page 1, as it is our highlighted result. It is small, and
lowest around 𝑝𝑇 = 0.5 GeV (such pions can collide with the average ones in the medium to form
the 𝜌 resonance that disperses them), of order 10-16% (depending on the value of 𝑇ℎ𝑎𝑑 employed).
In Figure 3 (right panel) we show the distortion of the 𝑝𝑇 spectrum of the pion gas caused by
𝜋𝜋-interactions. We observe that the initially-distributed mid-𝑝 𝑡 (∼ 1 GeV) pions from a thermalmodel (blue dots) are pushed to lower 𝑝𝑇 (orange dots) that we obtain by subtracting from the
initial one a fraction consistent with the left panel, and depositing them again following the final
Maxwell-Boltzmann thermal distribution at the freeze-out temperature. The measured distribution
3
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(green saltires) does not show such a large proportion of pions around 𝑝𝑇 = 0.1 GeV, but this may
be affected by their very low detection and reconstruction efficiency in the ALICE TPC.
In conclusion, we have found the pion gas formed in the final state of heavy-ion collisions to
be rather strongly coupled, in agreement with earlier investigations [6].
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Figure 3: Left panel: Pionic depth of the pion gas in the final stage of (top-energy) RHIC events. Right
panel: Distortion of the pion 𝑝𝑇 spectrum caused by the terminal phase in (top-energy) RHIC events.

