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Usually, the Bloch-Nordsieck theorem is expected to be violated in weak interactions, as the
corresponding asymptotic states are not weak singlets. However, a manifest gauge-invariant
approach replaces the asymptotic states with composite states, and thereby restores the Bloch-
Nordsieck theorem. The Fröhlich-Morchio-Strocchi mechanism ensures that this is in agreement
with existing phenomenology. We outline the necessary steps of this construction.
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1. Introduction

In a perturbative approach to electroweak phenomenology, the asymptotic states are taken to
be literally the elementary states of the Lagrangian. But because these states are not weak singlets
the Bloch-Nordsieck theorem [1] is violated, which leads to a substantial impact on cross sections
at high energies [2, 3].

From a field-theoretical point of view the use of the elementary particles as asymptotic states
is fundamentally flawed due to their gauge-dependence [4]. In fact, even in presence of a Brout-
Englert-Higgs effect the asymptotic states need to be gauge-invariant, composite states [4], which do
not carry non-Abelian charges. This appears to be at first surprising, as the vast phenomenological
success of ignoring this problem seems to indicate. This is resolved due to a combination of the
Fröhlich-Morchio-Strocchi (FMS) mechanism and the special structure of the standard model.

A general overview of this can be found in [5]. Here, it will be outlined how this restores the
Bloch-Nordsieck theorem for a lepton collider, and estimates the impact of this on the cross-section
for ; ;̄ → @@̄.

2. The FMS mechanism

In the following, we concentrate on the initial-state leptons. Up to strong-interactions effects,
the procedure is the same for the final-state quarks. The standard model leptons1 form either a
left-handed weak doublet k! = (a! , ;!)) or two right-handed singlets, a' and ;'.

The left-handed leptons are not gauge singlets. To build a gauge-invariant composite state with
the same �%� quantum numbers we utilize the Higgs field q before employing the Brout-Englert-
Higgs effect and written as a matrix

- =

(
q∗2 q1
−q∗1 q2

)
. (1)

This field transforms under weak gauge transformations by a left-multiplication and under custodial
transformation by a right-multiplication. Thus, the object [4]

Ψ! = -
†k! (2)

is a gauge-invariant, spin 1/2 custodial doublet. Note that the right-handed fermions do not need to
be dressed.

While it is always field-theoretically valid to write down this object, it appears at first rather
similar to a hadron, and it is not at all obvious that it resembles anything present in the standard
model. This is achieved by the FMSmechanism [4]. The poles of the propagator

〈
Ψ
8

LΨ
9

L

〉
will yield

the mass of the object. To determine them, expand the Higgs field around its vacuum expectation
value E in a suitable gauge, q = E + [, where [ is the fluctuation field. This yields〈

Ψ
1
LΨ

1
L

〉
= E2 〈aLaL〉 + O([/E) (3)〈

Ψ
2
LΨ

2
L

〉
= E2 〈eLeL〉 + O([/E), (4)

1Hypercharge/electromagnetism plays a mute role for the following. If desired, details on how to include them can
be found, e. g., in [5]. For simplicity, we assume as well the existence of a right-handed neutrino.
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Thus, to this order the masses of both doublet members are the ones of the elementary electron and
neutrino. This mechanism is general, and has been extensively tested on the lattice [5], especially
also for fermions [6], and is supported non-perturbatively. Furthermore, this expansion can be
systematically put into a perturbative framework [7].

3. The process ; ;̄ → @@̄

By its very construction, it is clear that a scattering process only involving (2) necessarily
respects the Bloch-Nordsieck theorem. It is nevertheless very interesting how this works out,
and especially why this process does not deviate at low, i. e. LEP2, energies appreciably from the
ordinary result involving elementary particles as asymptotic states. We suppress here several formal
aspects, which will be discussed elsewhere [8].

Since the violation of the Bloch-Nordsieck theorem has at leading-double-log order only
implications for the scattering of two-left-handed particles [2], we will concentrate on this case.
The corresponding matrix element is then〈

Ψ̄2
!Ψ

2
!&̄

2
!&

2
!

〉
=

〈
k̄8!-82-

†
2 9k

9

!
@̄:!-:2-

†
2;@

;
!

〉
(5)

where & is the composite state for the left-handed top-type (and bottom-type) quark constructed
analogously to (2) from @ = (1, C)) . We concentrate here on the would-be ;̄ ; → C̄C process, and
select the custodial indices accordingly to be 2. Calculating (5) is a formidable task. However, we
can analyze here two special cases.

First, we investigate what happens when performing the FMS mechanism in leading order in
E. In this case, - = E1, and the expression collapses as〈

Ψ̄2
!Ψ

2
!&̄

2
!&

2
!

〉
= E4 〈

;̄!;! C̄!C!
〉
+ O([/E) (6)

Thus, to this order, we recover the usual expression for the matrix element. This shows how the
FMS mechanism recovers the usual result if higher orders in E can be neglected. Since the process
is primarily characterized by the B-channel, the expected dimensionful quantity characterizing the
validity is B/E [9]. Thus, at LEP2 energies this should be a fairly good approximation. However,
the Bloch-Nordsieck violation also plays no role at these energies [2, 3], so it is no contradiction
that the violation appears to be recovered.

This can therefore no longer be the case if B/E � 1, like at future linear colliders. Assuming a
fully exclusive measurement, however, it is safe to assume that the Higgs fields in (5) act primarily
as spectators. This is also supported by investigations of the substructure of the bound state (2)
[6, 9]. This is akin to the situation in hadron scattering where the other partons are also spectators.
In this case, like in a PDF construction, we thus have to sum the cross-sections of the possible
pairings. Ignoring for a moment the final state, this implies that the total cross section is given by

fΨ̄2
!
Ψ2

!
→- ∼ f;̄!;!→- + f;̄!a!→- + fā!;!→- + fā!a!→- . (7)

Now, each of the individual cross sections violates the Bloch-Nordsieck theorem, which leads to a
double-logarithmic Sudakov enhancement [2]. If B � E, they become

f;̄!;!→- = fā!a!→- = � + ( (8)
f;̄!a!→- = fā!;!→- = � − (, (9)
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where � contains the non-enhanced part, and ( the enhancement proportional to the Sudakov
logarithm squared. Inserting this into (7) immediately shows that the enhancement cancels. The
decisive step here is that it is necessary to do the summation, as mandated by gauge invariance. That
they would cancel if summed follows from the Bloch-Nordsieck theorem, and is well known [2].
Thus, the FMS mechanism explains that the summation has to happen, but that this does not alter
the low-energy behavior. Of course, this is now the behavior at small and large energies compared
to the Higgs vacuum expectation value. For the intermediate range B ≈ E it will be necessary to
study the expression (5) which, while straightforward, is tedious.

4. Summary and outlook

The impact of the violation of the Bloch-Nordsieck theorem has been estimated to be of the
same order as the leading-order strong correction at B = 1 TeV, even in the unpolarized case [2].
After the restoration of the Bloch-Nordsieck theorem, this contribution would no longer be present.
This is a substantial modification of the cross-section. Depending on polarization, this effect can be
enhanced or diminished, as once one participant is right-handed the effect is essentially eliminated
[2]. This would suggest running a future lepton collider also in a left-left polarization mode to
test this prediction. This would be particularly valuable as for many new physics scenarios even
qualitative impacts would be expected [5], and thus experimentally confirming the field-theoretical
foundation in such a way is crucial. On the other hand, it would substantially alter our understanding
of the field theory of the standard model, if the predicted restoration of the Bloch-Nordsieck theorem
would not take place. Moreover, similar effects are expected to play important roles also in many
other processes than just the one we discussed here [3]. This will be explored in more detail
elsewhere [8].2

References

[1] F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937).

[2] M. Ciafaloni, P. Ciafaloni, and D. Comelli, Nucl. Phys. B 589, 359 (2000), hep-ph/0004071.

[3] C. W. Bauer, D. Provasoli, and B. R. Webber, JHEP 11, 030 (2018), 1806.10157.

[4] J. Fröhlich, G. Morchio, and F. Strocchi, Nucl.Phys. B190, 553 (1981).

[5] A. Maas, Progress in Particle and Nuclear Physics 106, 132 (2019), 1712.04721.

[6] V. Afferrante, A. Maas, R. Sondenheimer, and P. Törek, SciPost Phys. 10, 062 (2021),
2011.02301.

[7] A. Maas and R. Sondenheimer, Phys. Rev. D 102, 113001 (2020), 2009.06671.

[8] A. Maas and F. Reiner, unpublished.

[9] L. Egger, A. Maas, and R. Sondenheimer, Mod. Phys. Lett. A32, 1750212 (2017), 1701.02881.

2We are grateful to Simon Plätzer for a critical reading.

4


	Introduction
	The FMS mechanism
	The process l  q 
	Summary and outlook

