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In this work, we provide a simple model that studies the probability to obtain a given hierarchy
between two scales. In particular, we work in a theory with an 𝑆𝑈 (2) 𝐿 × 𝑆𝑈 (2) 𝐻 × 𝑈 (1) 𝑋 gauge
symmetry and two scalar doublets. By the Coleman-Weinberg mechanism, the gauge bosons and
scalars obtain different masses, corresponding to the light and heavy sectors. We analyze the mass
ratio of these sectors in order to discuss the hierarchy between them, and we define a probability
associated to this hierarchy. We analyze different cases in which one of the sectors is fixed or both
of them have free parameters, and also study the effect of including an interaction between them.
We conclude that the probability of obtaining very large hierarchies is (logarithmically) small but
not negligible.
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1. Introduction

2. The model: 𝑆𝑈 (2) 𝐿 × 𝑆𝑈 (2) 𝐻 × 𝑈 (1) 𝑋
We will work with one of the simplest models that can provide two different scales from radiative
corrections: we will assume a model with a gauge symmetry group G = 𝑆𝑈 (2) 𝐿 × 𝑆𝑈 (2) 𝐻 ×𝑈 (1) 𝑋
containing two complex scalar doublets under 𝑆𝑈 (2) 𝐿 and 𝑆𝑈 (2) 𝐻 , Φ and Θ, respectively. The
Lagrangian corresponding to this model is the following:
L0 = |𝐷 𝜇 Φ| 2 + |𝐷 𝜇 Θ| 2 − 𝑉0 (Φ, Θ) ,

(1)

where the covariant derivative includes the terms that give place to the gauge boson masses:
𝑖
𝑖
𝜇
𝑎𝜇
D 𝐿,𝐻 = 𝜕 𝜇 − 𝑔 𝐿,𝐻 𝜎𝑎 𝑊 𝐿,𝐻 − 𝑔 𝑋 𝑄 𝐿,𝐻 𝑋 𝜇 .
2
2

(2)

√
For the scalar fields it will be useful to choose the following orientation: Φ𝑇 = (0, 𝜑)/ 2 and
√
Θ𝑇 = (0, 𝜂)/ 2. Finally we complete the Lagrangian with the tree level potential:
𝑉0 (𝜑, 𝜂) =

1
1
1
𝜆 𝐿 𝜑4 + 𝜆 𝐻 𝜂4 + 𝜆 𝐿𝐻 𝜑2 𝜂2 .
4!
4!
4!

(3)

From these expressions we can have the particle content of the model: the two scalars (𝜑 and 𝜂)
and 7 gauge bosons whose masses 𝑚 𝑗 depend on the scalar backgrounds 𝜑 and 𝜂, and the gauge
couplings. On the 𝐿-𝐻 decoupled limit (𝑔 𝑋 = 0): 𝑚 𝑊𝐿, 𝑗 = 𝑔 𝐿 𝜑/2 ( 𝑗 = 1, 2, 3); 𝑚 𝑊𝐻 , 𝑗 = 𝑔 𝐻 𝜂/2
𝜇
( 𝑗 = 1, 2, 3); 𝑚 𝑋 = 0. On the general case (𝑔 𝑋 ≠ 0), we will have more involved expressions: 𝑊 𝐿, 1 ,
𝜇
𝜇
𝜇
𝜇
𝑊 𝐿, 2 , 𝑊 𝐻 , 1 and 𝑊 𝐻 , 2 have the same 𝑚 as with 𝑔 𝑋 = 0; however there is a mixing between 𝑊 𝐿, 3 ,
𝜇
𝜇
𝜇
𝑊 𝐻 , 3 and 𝑋 𝜇 resulting in 𝑍 𝐿 , 𝑍 𝐻 and 𝛾ˆ 𝜇 . There is a gauge boson 𝛾ˆ 𝜇 that is always massless, while
2
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In these proceedings we want to give some insight on the issue about a model in which we
include two sectors of particles: light (𝐿) and heavy (𝐻) [1]. For it we will study a double 𝑆𝑈 (2)
model, including the possibility of an interaction between them by means of an extra 𝑈 (1). In
addition, we want to explore the possibility of producing the mass scales of the model by quantum
effects, an approach that has been pursued in different frameworks, with the Coleman-Weinberg
(CW) effective potential mechanism [2], one of the most popular ones. Both authors showed how
a theory that is symmetric when looking at the interactions present in the tree level Lagrangian
can develop Spontaneous Symmetry Breaking (SSB) when the radiative corrections are taken
into account (we will consider one-loop corrections, but higher order contributions can also be
studied [3]). Then, our proposal is to start from a scale-less Lagrangian and make use of the CW
mechanism [2, 4–6] to obtain SSB and generate the masses of the model. We will establish the
complete Lagrangian for a double 𝑆𝑈 (2) with an additional 𝑈 (1) symmetry group, including all the
mixing terms that will give place to the gauge boson masses. Finally, we will study the parameter
space of this model and analyze how probable is to obtain models that provide large mass differences
between both sectors, that is, large hierarchies. For different works about hierarchy and naturalness
problems read [7–12].
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𝜇

𝜇

𝑍 𝐿 and 𝑍 𝐻 have masses that are combination of the three gauge couplings 𝑔 𝐿,𝐻 ,𝑋 [1]. If gauge
boson loops dominate over the 𝜑 and 𝜂 ones, the 1-loop effective potential becomes [2]:
!
#
"
7
𝑚 2𝑗
5
3 Õ 4
𝑚 ln 2 −
,
𝑉 (𝜑, 𝜂) = 𝑉0 (𝜑, 𝜂) +
6
64𝜋 2 𝑗=1 𝑗
𝜇

(4)

3. Phenomenology
Now that we have the masses of the particles for both sectors, we want to study if it is possible
to have a large difference between them, that is, a large hierarchy. For it, we define the hierarchy
between the 𝐿 and 𝐻 sectors as follows:
R=

2
𝑚𝑊
𝐻
2
𝑚𝑊
𝐿

=

𝑔 2𝐻 h𝜂i 2
𝑔 2𝐿 h𝜑i 2

.

(5)

Thus, we will study situations in which the 𝐿 particles have light masses while the 𝐻 particles are
at a higher mass scale, that is R  1. We will see that if 𝑔 𝑋 = 0 and 𝜆 𝐿𝐻 = 0 simple analytical
expressions are obtained; if 𝑔 𝑋 ≠ 0, 𝜆 𝐿𝐻 = 0, analytical expressions can be obtained through a
perturbative expansion in which are more involved than in the previous case; if 𝜆 𝐿𝐻 ≠ 0 analytical
expressions cannot be extracted and a more involved numerical calculation is needed. Therefore,
the latter is left for future works and will no longer be discussed in these proceedings.
In addition to which values in our parameter space imply certain hierarchies, we want to analyze
what is the probability to obtain those hierarchies. In this way we can check whether a given large
value of R corresponds to a fine-tuned choice of parameters or, on the contrary, it is quite probable
to obtain large hierarchies for a wide region of the parameter space. The main idea to carry out
this calculation is that, as we will see, for different hierarchies we obtain bounded regions in our
parameter space (that is also bounded by different restrictions). Then, we need to study the area (or
hypervolume) of each region in relation to the total one of the parameter space. This will give us a
measure of the probability associated to each hierarchy.
Our first approach consists on fixing the couplings of the 𝐿 sector instead of integrating the
whole 𝐿–𝐻 parameter space, corresponding to a situation where we have a certain fixed knowledge
of the theory at low energies but still consider all possibly allowed configurations for the 𝐻 sector
1Further details on the restrictions can be found in [1].

3
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where the sum runs over all the gauge boson masses of the model and 𝜇 is the renormalization scale.
In addition, we need to include the CW restriction |𝜆 𝑗 | < 𝜖𝐶𝑊 · 𝑔 2𝑗 (gauge boson loop dominance),
2
1. We can consider two cases: the simplest one, in which
and perturbativity 𝑔 2𝑗 < 𝜖 𝑔2 · 4𝜋 ≡ 𝑔𝑚𝑎𝑥
we analyze the implications of the model without any mixing between the 𝐿 and 𝐻 sectors, that
is 𝑔 𝑋 = 0, 𝜆 𝐿𝐻 = 0, and also the mixed case. For the second one, we will consider 𝜆 𝐿𝐻 = 0 and
a 𝑔 𝑋 ≠ 0 coupling, which we will take to be small in order to obtain analytical expressions. For
these cases, we also notice that the hierarchy between the 𝐿 and 𝐻 sectors is essentially given by
the values of the parameters of both sectors, (𝑔 𝐿 , 𝜆 𝐿 , 𝑔 𝐻 , 𝜆 𝐻 ), while the mixing couplings tune the
final precise position of the potential minimum.
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2
Here 𝑔max
= 2 and the dashed lines represent the CW restriction for 𝜖 CW = 1 (black) and 𝜖 CW = 10−1 (red).

couplings. In the simplest case 𝑔 𝑋 = 0, we have an analytical expression for R:
"
!
!#
128𝜋 2 𝜆 𝐿 𝜆 𝐻
𝜆𝐿
27
2
4
R = 𝑒𝑥 𝑝
ln R .
−
, which implies 𝜆 𝐻 (𝑔 𝐻 ) = 𝑔 𝐻 4 −
27
𝑔 4𝐿 𝑔 4𝐻
𝑔 𝐿 128𝜋 2

(6)

This provides the constant hierarchy lines in the (𝑔 2𝐻 , 𝜆 𝐻 ) plane that can be seen in Fig. 1. The
described procedure can be summarized mathematically by a function 𝑓 (R0 , 𝑔 2𝐻 ; 𝜖, 𝛼 𝐿 ), which is
the 𝜆 𝐻 (𝑔 2𝐻 ) in (6) restricted to the allowed CW region 2. With this definition, by integrating this
function up to the maximum value of 𝑔 2𝐻 we obtain the area associated to a certain hierarchy:
∫∫
A (R0 ; 𝜖, 𝛼 𝐿 ) =

d𝑔 2𝐻

∫
d𝜆 𝐻 =

R≥R0

2
𝑔𝑚𝑎𝑥

𝑓 (R0 , 𝑔 2𝐻 ; 𝜖, 𝛼 𝐿 ) d𝑔 2𝐻 .

(7)

0

4
The total area A𝑇 (𝜖) = 𝜖CW 𝑔max
= 16𝜋 2 𝜖 CW 𝜖 g22 is given by the integral of the region allowed
( 𝛼𝐿 )
, for fixed
by all the restrictions. With this, we define the conditional cumulative probability P𝑐𝑢𝑚𝑢𝑙
2
𝛼 𝐿 = (𝑔 𝐿 , 𝜆 𝐿 ), as the ratio of the area with R ∈ [R0 , ∞] and the total allowed area A𝑇 (𝜖) in the
(𝑔 2𝐻 , 𝜆 𝐻 ) plane (CW-triangle):

( 𝛼𝐿 )
Pcumul

1 27 ln R0 4𝜋𝜆 𝐿
A (R0 ; 𝜖, 𝛼 𝐿 )
=
− 4
=
A𝑇 (𝜖)
6
32𝜋
𝑔𝐿

! −2

R0 1

'

0.44
log10 R0

2 ,

(8)

2 ) < −𝜖
2
for large enough hierarchies, such that 𝜆 𝐻 (𝑔max
CW 𝑔max . The integrals for smaller values of
R can also be easily computed. We emphasize that the dependence on the tolerance exactly cancels
in this ratio for 𝜖 CW = 𝜖 g2 = 𝜖 (otherwise, a marginal dependence remains).
If we include a mixing between both sectors through 𝑔 𝑋 ≠ 0 (with 𝑄 𝐿 , 𝑄 𝐻 ≠ 0), we will have
some modifications of the previous expressions. In order to have analytical expressions we need

2This function is simply given by 𝑓 (R0 , 𝑔 2𝐻 ; 𝜖, 𝛼 𝐿 ) = max{𝜆 𝐻 (𝑔 2𝐻 ) + 𝜖 CW 𝑔 2𝐻 , 0} for 𝜆 𝐻 (𝑔 2𝐻 ) ≤ 0, and
𝑓 (R0 , 𝑔 2𝐻 ; 𝜖, 𝛼 𝐿 ) = min{𝜆 𝐻 (𝑔 2𝐻 ) + 𝜖CW 𝑔 2𝐻 , 2𝜖 CW 𝑔 2𝐻 } for 𝜆 𝐻 (𝑔 2𝐻 ) ≥ 0.

4
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Figure 1: Illustration of the allowed CW triangle in the (𝑔2𝐻 , 𝜆 𝐻 ) plane and the regions with a hierarchy R ∈ [R0 , R1 ].
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scenarios (both with 𝜆 𝐿𝐻 = 0).

to stay in the 𝑔 𝑋  1 limit, that is, a small mixing; the validity of this limit has been also studied
numerically but will not be discussed in these proceedings. In this case, for the hierarchy we have
O (𝑔 2𝑋 ) corrections for Eq. (6) and Eq. (8) with a very similar result, that can be seen in [1], with a
complete plot showing the results for different choices of parameters.
After the previous discussion on the 𝛼 𝐿 –conditional probability, we conclude that the decoupled
scenario (𝑔 𝑋 = 0) seems to provide a fair enough approximation of the 𝐿-𝐻 weakly interacting
case. Now, we will study a more general case, in which both 𝐿 and 𝐻 sectors are integrated out.
In a similar manner we derive the R probability distribution from the integration to the whole
(𝑔 2𝐿 , 𝜆 𝐿 , 𝑔 2𝐻 , 𝜆 𝐻 ) allowed parameter space, by calculating the ratio of the hypervolume associated
to a certain hierarchy compared to the total allowed hypervolume V𝑇 (𝜖) = [A𝑇 (𝜖)] 2 . For it, we
need also to take into account that these parameters are also subject to the different restrictions that
2
we have applied to the 𝐻 sector, i. e., the CW restriction and 𝑔𝑚𝑎𝑥
, that made our model consistent.
Notice that both the integrated volume and the total volume are proportional to 𝜖 6 (in the case with
identical tolerances 𝜖𝐶𝑊 = 𝜖 𝑔2 ≡ 𝜖), so the probability calculated as their ratio turns out to be
tolerance independent. Starting from the previous definitions of A (R0 ; 𝜖, 𝜆 𝐿 , 𝑔 2𝐿 ) and A𝑇 (𝜖), we
define the corresponding volumes, integrating on the 𝐿 parameter space:
∫∫∫∫
∫ 𝑔𝑚𝑎𝑥
∫ +𝜖CW 𝑔2
2
𝐿
2
2
2
d𝜆 𝐿 d𝑔 𝐿 d𝜆 𝐻 d𝑔 𝐻 =
d𝑔 𝐿
d𝜆 𝐿 A (R0 ; 𝜖, 𝜆 𝐿 , 𝑔 2𝐿 ) .
V(R0 ; 𝜖) =
R≥R0

0

−𝜖CW 𝑔2𝐿

(9)
Finally, the global cummulative probability for each hierarchy is defined by the ratio,

2
V(R0 ; 𝜖) R0 1 1
32𝜋
0.87
Pcumul =
'
'
.
V𝑇 (𝜖)
3 27 ln R0
(log10 R0 ) 2

(10)

This 𝑔 𝑋 = 0 result is plotted in in Fig. 2. In this case, since the integration is more involved, we
cannot obtain an analytical expression for the mixed case (𝑔 𝑋 ≠ 0), however, the integration can be
carried out numerically. Fig. 2 shows the outcome for different 𝑄 𝑖 choices.
5
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Figure 2: Cumulative probability for the integration of the whole 𝐿-𝐻 hypervolume in the decoupled and coupled
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Looking at the probability plots, we note that small hierarchies (near R = 1) are the most
probable, and when we move away from it the probability decreases. Nevertheless, when we
approach large hierarchies it decreases slowly enough to have non-negligible probabilities. We can
understand this behavior better by looking at the analytical expression for 𝑔 𝑋 = 0, where we can
indeed see that it has an asymptotic logarithmic dependence.

4. Conclusions
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In conclusion, we have studied a simple gauge model that allows large hierarchies between
scales and constructed a probability that estimates how likely is to obtain a given hierarchy, defined
by the hypervolume of the region of the parameter-space with that hierarchy, with the assumptions
of the CW hypothesis and perturbativity 3. We have seen that wide regions of the parameter space
give place to very different hierarchies, resulting on a probability of obtaining very large hierarchies
that is suppressed, but only logarithmically, with Pcumul ∼ (log10 R) −2 . This implies that, even
though a small hierarchy between sectors is more likely, very large hierarchies cannot be excluded;
e.g., scale differences such as the Planck scale over the electroweak scale, or even the Planck scale
over the cosmological constant, would be only suppressed by probabilities Pcumul ∼ 10−3 –10−4 .
Similar results would be obtained if different symmetry groups are included [16].

