Vacuum replicas in field-theory models of Coulomb QCD
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Dynamical symmetry breaking can happen through a Higgs mechanism but also spontaneously
within a strongly-enough coupled theory. We treat a field-theoretical quark model of QCD based
on a linear+Coulomb Cornell potential (to account for the longitudinal interaction), together with
a transverse interaction (to account for Coulomb-gauge gluons) in BCS approximation. After extracting the well-known BCS ground state on which abundant hadron phenomenology implementing dynamical chiral symmetry breaking has been built, we find two excited replica vacuumlike
states shown in figure 1. At the BCS level they are classically unstable, but second quantization
blocks transitions between them in volumes much larger than a hadron size. Mesons built over the
replica vacua have relative masses similar to normal mesons on the ordinary vacuum; we find no
negative-mass mode, confirming their stability found earlier with a harmonic oscillator potential.

Figure 1: hHi plot through Cooper-pair function space along a curve parametrized by α
that passes by all relevant states described in the text.
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whose longitudinal part V in momentum space, from a pure Yang-Mills variational computation [6],
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with Ch a fixed constant to continuously matching both; the scale of the theory mg = 0.6 GeV.
The trivial vacuum, defined by bλ |0i = dλ |0i = 0, is related to the BCS constituent quasiparticle
vacuum Bλ |Ωi = Dλ |Ωi = 0 by the transformation
!
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δhΩ|H|Ωi
= 0 is numerically solved, and its
δθ k
ground state as well as two excited solutions are shown in figure 2, where they are compared to
those of a simple harmonic oscillator. It is clear that the basic physics is captured by basically any
potential with the correct scale for chiral symmetry breaking yielding a reasonable meson spectrum
(the Bogoliubov θ and BCS φ ≡ ϕ angles are equal in the chiral limit).
The quark condensates hΨ̄x Ψx i in the BCS ground state |Ωi, and the two computed replicae
0
|Ω i and |Ω00i are respectively −(178MeV)3 , (73MeV)3 and −(61MeV)3 , indicating a pattern
The mass-gap equation of this Hamiltonian
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The Hamiltonian expectation value hHi of field theories can have multiple local minima
(“vacua”). This happens independently of any topological degeneracy of the actual ground state
(such as the θ-vacua of QCD); the alternative minima that we here discuss can have more energy
than the ground state but be trapped behind large enough (or infinite) barriers that hinder their decay.
They can be thought as excited vacua or “replicas”, a name appropriate because entire additional
Fock-spaces of excited physical particles can be built over them.
It has now been known for a time that replicas appear in many relativistic systems such
as color-confining models of QCD [1], other field theories such as fermion+scalar ones [2] or
extended space-times [3], etc. Recent work [4] has focused in showing that the QCD replicas are
metastable (in practice, stable), and this study confirms the finding with different systematics.
In this work we have solved the quark mass gap equation of a global-color model of Coulombgauge Hamiltonian of QCD [5] in which the longitudinal color-density ρa ( x®) = Ψx† T a Ψx interaction
® Ψx -current
is taken to be a Cornell linear + Coulomb potential, and a current J®a ( x®) = Ψx† T a α
interaction models the gapped transverse gluon exchange:
∫
∫
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Figure 2: The linear+Coulomb (left) and harmonic oscillator (right [4]) solutions to the mass gap equations
are very similar and we can confirm the replica picture in which the ground state BCS state φ0 is accompanied
by two excited solutions of the equation. Their number and intensity seems to be tied to the strength of the
a
a
ρcolor
ρcolor
Coulomb-gauge color-density interaction, independently of the precise kernel details.
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Figure 3: Spectra of pseudoscalar and vector mesons built over the ground-state BCS vacuum, the excited
replica vacua and the perturbative (chirally-symmetric, θ(k) = 0) state, respectively. Curiously, the various
replicas present similar spectra with χ2 respect to experiment that only slowly deteriorates. The perturbative
vacuum can be seen as a limit of the replica vacua in which the gap angle is exactly zero in the chiral limit,
with chiral symmetry not broken as shown by the finite pion mass.

of decreasing chiral symmetry breaking towards the perturbative vacuum (where the condensate
vanishes, the pion is no Goldstone boson and it has finite mass).
However, and as shown in figure 3, the spectra of pseudoscalar and vector mesons built as
†
†
B D |Ωii in the RPA/instantaneous Bethe-Salpeter approximation, is rather similar for the replicas
and the ground state vacuum (and also for the perturbative state |0i except for the pion mass that
becomes finite), reflecting the rather robust constituent quark model structure. Of importance for
our discussion is that no meson (the scalar ones were also considered for the harmonic oscillator
potential [4]) has negative mass, that would force the vacuum to be unstable against the emission
of meson pairs at the RPA level. We therefore clearly confirm earlier findings and stability.
At the BCS level, however, we find that the Hessian of the vacuum energy minimisation
3
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δ2 hΩ|H|Ωi
is positive definite only for the BCS ground state |Ωi. The first replica |Ω0i
δφq δφk
has one negative eigenvalue indicating a direction of descent towards the ground state, and making
it a saddle point; the second replica has two negative eigenvalues and is thus also a saddle point;
and the perturbative vacuum |0i has exactly three negative ones, suggesting that for this physically
sensible potential strength there are no further replicas to be found (as the system is very nonlinear,
we have no Sturm-Liouville like theorem at hand).
Therefore, we find that, if the function hHi(θ k ) was taken as a classical potential surface V(θ k )
to be used, for example, as an inflationary potential (but with the scale increased from 1 to 1015
GeV, of course), the replica vacua would be unstable to specific variations of θ k .
The interesting twist, however, is that in the quantum theory that variation needs to proceed
by the creation of Cooper pairs. Once the corresponding BCS vacuum has been normalized
hΩ|Ωi = h0|0i, transitions between the BCS and perturbative vacuum, or between any of them and
the replicas, are suppressed with the exponential of the volume. For example, near θ k ' 1,


∫

−2V
3
†
†
hΩ|0i = e
α2 β tan θ k |k=0 + h0| d k tan θ k α0 (bb dd ) |0i + . . .
(6)
F(k, q) =
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in terms of certain coefficient functions α, β of no concern now.
In an infinite volume we therefore conclude that the replicas are stable also at the BCS level
due to the orthogonality between Fock spaces. In fact, we are confronted with copies of the entire
field theory (inequivalent representations of the Fock space) that lead a totally parallel existence:
no transition can happen between two of them in any macroscopic volume. What further physical
significance this may have will provide very interesting future investigations.

