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The data collected at the LHC does not indicate significant deviations from the predictions
of the Standard Model (SM). Taking into account that precision observables can be predicted
already at two and three loops, it is evident the necessity to develop stringent tests of self-
consistency of the SM. In this work, we compute the 2-loop 𝛽-function of pure Yang-Mills and
quantum chromodynamics using the background field method in a fully quadridimensional setup
using Implicit Regularisation (IREG). In IREG the renormalisation constants are defined as basic
divergent integrals. Finally, an algorithm for the automated calculation of the 𝛽-function was
developed in Mathematica.
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1. Motivations

Among different proposals to gain in efficiency in higher order perturbative calculations, new
regularisation schemes prove to be a viable alternative for theoretical predictions [1].

In this scenario, we pursued 2-loop corrections in non-abelian theories using Implicit Reg-
ularisation (IREG). Our main objective was to understand how to wisely remove the ultraviolet
divergences (UV-div) when they arise at 2-loop order for non-abelian gauge theories with IREG.
We organize our work as follows: in section 2 we present a very brief overview of the traditional
regularisation schemes and IREG, while in section 3 we discuss the algorithm that we are imple-
menting in our work for calculating the 𝛽-function at 2-loop for non-abelian theories. In section 4
we present our results. Finally, we conclude in section 5.

2. Regularisation schemes and the implicit regularisation formalism

In this section we do a brief description of the general ideas of the traditional dimensional
methods and the IREG method. For further details, we refer to [1–3].

Traditional dimensional schemes (DS) are the most used in QFT. They are based on analytical
continuations of the space from 4 to d dimensions. We can distinguish two forms of dimensional
schemes. The first is dimensional regularisation (CDR) which analytically continues the integral
into 𝑑 = 4 − 2𝜖 . CDR faces issues associated with SUSY breaking since altering the number of
space-time dimensions leads to an imbalance between the fermionic and the bosonic degrees of
freedom. With this in mind, some variants of CDR such as dimensional reduction (DRED) [4] have
been developed. In DS, UV-div manifest as poles of form 1/𝜖𝑛.

The issues of UV-div in 𝑁2𝐿𝑂 and 𝑁3𝐿𝑂 would be greatly simplified in a purely 4-dimensional
scheme. IREG [5] works in momentum space and stays in 4 dimensions. With this procedure by
applying a mathematical identity at the integrand level, the UV-div of any Feynman integral does
not depend on physical parameters such as external momenta or masses. The objective of IREG is
to write the UV-div in terms of the Basic Divergent Integrals (BDI). For example, the UV divergent
part of a general 1-loop Feynman amplitude is proportional to

𝐼𝑙𝑜𝑔 (Λ2) ≡
+∞∫

−∞

𝑑4𝑘

(2𝜋)4
1

(𝑘2 − Λ2)2 , (1)

where Λ2 plays the role of the renormalisation group scale in the method.

3. IREG to 2-loop order: non-abelian theories and the background field method

In the direction of computing amplitudes in QFT, it is useful to develop routines for automated
calculations. Thus, we developed a code in Mathematica to find the 𝛽-function coefficients of gauge
couplings. This code works at a 2-loop level based on a bare algorithm developed in Ref. [3].

In the first stage of this algorithm, we use the Feynman diagram generator FeynArts. This
package allows controlling the production of the necessary topologies of interest. Yet, it not only
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generates the topologies, but it can also create the Feynman amplitudes of the processes under
study. In the second stage, we make the necessary simplifications and reductions for the integrals.
These simplifications depend on the regularisation scheme used. In the final stage, we evaluate
the integrals according to the regularisation method used. Finally, we use the definition of the
𝛽-function to compute it at this stage. For a summary and outline of all these stages see Fig. 1.

Figure 1: Algorithm used for the automatic calculation of the 𝛽-function at 2-loop.

For the calculation of the 2-loop 𝛽-function in non-abelian gauge theories, we use the back-
ground field method (BFM) [6]. The BFM simplifies the computation since only 2-point functions
are needed. For example, in pure Yang-Mills, this implies that only topologies as the ones in Fig. 2
can appear.

Figure 2: The 2-loop corrections to the 2-point function of the background field for pure Yang-Mills.

4. Results: 𝛽-function for non-abelian theories to 2-loop order

In this last section, we present the gauge coupling 𝛽-function up to 2-loop order obtained within
the IREG framework for the non-abelian theories. As standard, one can define [3] the expansion of
the 𝛽-function in the adimensional coupling constant as

𝛽 = −𝑔𝑅

[
𝛽0

(
�̃�𝑅

4𝜋

)2
+ 𝛽1

(
�̃�𝑅

4𝜋

)4
]

(2)

where 𝑔𝑅 is the (renormalised) gauge coupling of the theory considered and �̃�𝑅 is the (renormalised)
adimensional coupling constant.

Finally, by using the 𝛽-function definition and the results collected from the diagrams, we can
obtain the 1 and 2-loop contributions for the gauge 𝛽 coupling in pure Yang-Mills

𝛽 |DS = −𝑔𝑅

[
11
3
𝐶𝐴

(
�̃�𝑅

4𝜋

)2
+ 34

3
𝐶2

𝐴

(
�̃�𝑅

4𝜋

)4
]

; (3)

𝛽 |IREG = −𝑔𝑅

[
11
3
𝐶𝐴

(
�̃�𝑅

4𝜋

)2
+ 34

3
𝐶2

𝐴

(
�̃�𝑅

4𝜋

)4
]

; (4)
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and in QCD

𝛽0 |IREG = 11 − 2
3
𝑛 𝑓 ; 𝛽0 |CDR = 11 − 2

3
𝑛 𝑓 ; (5)

𝛽1 |IREG = 102 − 38
3
𝑛 𝑓 ; 𝛽1 |CDR = 102 − 38

3
𝑛 𝑓 . (6)

These results are in agreement with the well known first two coefficients of the 𝛽-function
which are universal in mass-independent renormalisation schemes. Notice also that the 𝛽-function
is finite as expected.

5. Conclusion and perspectives

In this work, we presented the 𝛽-function to 2-loop order of the above-mentioned non-abelian
theories. This provides for a consistency test of the technique. To complete the 2-loop project with
IREG, we are performing the calculation of the 2-loop quark mass anomalous dimension

𝛾
¯𝐼𝑅𝐸𝐺

𝑚 (Λ2) = 2
Λ2

𝑚
¯𝐼𝑅𝐸𝐺

𝜕𝑚
¯𝐼𝑅𝐸𝐺

𝜕Λ2 = −𝛽 ¯𝐼𝑅𝐸𝐺 (Λ2) 𝜕 ln 𝑍
¯𝐼𝑅𝐸𝐺

𝑚

𝜕𝑔
¯𝐼𝑅𝐸𝐺

. (7)

in QCD within IREG in a mass-independent regularisation scheme ( ¯𝐼𝑅𝐸𝐺).
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