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We present an overview of the analysis of the multiloop topologies that appear for the first time
at four loops and the assembly of them in a general expression, the N4 MLT universal topology.
Based on the fact that the Loop-Tree Duality enables to open any scattering amplitude in terms
of convolutions of known subtopologies, we go through the dual representation of the universal
N4 MLT topology and the manifestly causal representation. Additionally, we expose the application
of a quantum algorithm as an alternative methodology to identify the causal singular configurations
of multiloop Feynman diagrams.
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1. Introduction

2. Loop-tree duality
An arbitrary 𝐿-loop scattering amplitude with 𝑃 external legs, {𝑝 𝑗 } 𝑃 , is written in the Feynman
representation as an integral in the Minkowski space of the 𝐿 loop momenta, {ℓ𝑠 } 𝐿 ,
∫
(𝐿)
A 𝐹 (1, . . . , 𝑛) =
N ({ℓ𝑠 } 𝐿 , {𝑝 𝑗 } 𝑃 ) 𝐺 𝐹 (1, . . . , 𝑛) ,
(1)
ℓ1 ,...,ℓ𝐿

∫ 𝑑
∫
where the integration measure in dimensional regularization [33, 34] reads ℓ = −𝚤𝜇4−𝑑 (2𝑑 𝜋)ℓ𝑠𝑑 ,
𝑠
with 𝑑 the number of space-time dimensions. The integrand in the Feynman representation in
Eq. (1), is composed by a numerator depending on the particles and the interactions involved, and
Î
𝐺 𝐹 (1, . . . , 𝑛) = 𝑖 ∈1∪...∪𝑛 (𝐺 𝐹 (𝑞 𝑖 )) 𝑎𝑖 denoting the product of Feynman propagators, which are
grouped by sets according to their dependence on a specific loop momentum or linear combination
of loop momenta. The Feynman propagators written in terms of the positive on-shell energy

q

 2  −1
(+)
(+)
2
component are 𝐺 𝐹 (𝑞 𝑖 ) = 𝑞 𝑖,0 − 𝑞 𝑖,0
, with 𝑞 𝑖,0 = q2𝑖 + 𝑚 𝑖2 − 𝚤0 .
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A critical challenge in perturbative Quantum Field Theory is the description of quantum fluctuations at high-energy scattering processes by the calculation of multiloop scattering amplitudes.
Aiming for improving the efficiency of these computations, we work in a framework based on the
Loop-Tree Duality (LTD) [1–7].
The LTD is a novel method that opens any loop diagram to a forest of non-disjoint trees. One of
the most important features of LTD is the distinction between physical and unphysical singularities
at integrand level [8, 9]. Besides this, LTD has other interesting characteristics: for instance, in
numerical implementations the number of integration variables is independent of the number of
external legs [10–14], it straightforward provides asymptotic expansions [15–18], and promising
local renormalization approaches [19, 20]. Furthermore, an important associated development
was the proposal of computing cross sections directly in four space-time dimensions through the
so-called, Four Dimensional Unsubtraction (FDU) [21–24].
A crucial achievement was the conjecture that LTD leads to very compact and manifestly
causal representations of scattering amplitudes to all orders [7, 25]. This statement was proven
for a series of multiloop topologies, the maximal (MLT), next-to-maximal (NMLT) and next-tonext-to-maximal (N2 MLT) loop topologies. Their analytic dual representations are implicitly free
of unphysical singularities, and their causal structure is interpreted in terms of entangled causal
thresholds [26–28]. We present here the analysis of the topologies that appear for the fist time at
four loops [29].
In the causal representation context, a problem to be solved through the LTD framework is
the identification of all internal causal configurations among the 𝑁 = 2𝑛 potential solutions, where
𝑛 is the number of internal Feynman propagators. This is a problem that can be handled with
a quantum computing approach, applying Grover’s algorithm [30] for querying over unstructured
databases [31]. The first benchmark application of a quantum algorithm to Feynman loop integrals
has been presented in Ref. [32], where the causal singular configurations of multiloop Feynman
diagrams were unfolded.
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To obtain the LTD representation, we integrate out one degree of freedom per loop applying
the Cauchy’s residue theorem. Considering the case of multiloop scattering amplitudes, the LTD
representation is written in terms of nested residues [7, 35]
Õ
(𝐿)
(𝐿)
A𝐷
(1, . . . , 𝑟; 𝑟 + 1, . . . , 𝑛) = −2𝜋𝚤
Res(A 𝐷
(1, . . . , 𝑟 − 1; 𝑟, . . . , 𝑛), Im(𝜂 · 𝑞 𝑖𝑟 ) < 0) , (2)
𝑖𝑟 ∈𝑟

starting from 𝑟 = 1, which corresponds to the Feynman representation, Eq. (1). All sets before
the semicolon contain one on-shell propagator, the remaining sets located after the semicolon have
all the propagators off shell. To evaluate the residue, we select the poles with negative imaginary
components through the implementation of the future-like vector 𝜂 indicating the component of the
loop momenta to be integrated. The most convenient choice is 𝜂 𝜇 = (1, 0), allowing to go in the
integration domain from a Minkowsky space to an Euclidean space.

3. N4 MLT universal topology
The topologies that first appear at four loops are described by multiloop diagrams with 𝐿 +4 and
𝐿 + 5 sets of propagators which correspond to the next-to-next-to-next-to maximal loop topology
(N3 MLT) and next-to-next-to-next-to-next-to maximal loop topology (N4 MLT). The N4 MLT family
consists of three main topologies and includes in a natural way all N 𝑘−1 MLT configurations with
𝑘 ≤ 4. A unified description of these topologies is achieved by interpreting them as the 𝑡-, 𝑠- and
𝑢-kinematic channels, of the N4 MLT universal topology.
The three topologies differ only in one set of propagators. The sets 23, 34, and 24 are considered
as the distinctive key to each of the channels where the momenta of their propagators are taken as
different linear combinations of ℓ2 , ℓ3 and ℓ4 . The application of the nested residues to the universal
topology gives the dual opening as,
AN(𝐿)
4 MLT (1, . . . , 𝐿 + 1, 12, 123, 234, 𝐽)
(𝐿−4)
= AN(4)4 MLT (1, 2, 3, 4, 12, 123, 234, 𝐽) ⊗ AMLT
(5, . . . , 𝐿 + 1)
(𝐿−3)
+ AN(3)2 MLT (1 ∪ 234, 2, 3, 4 ∪ 123, 12, 𝐽) ⊗ AMLT
(5, . . . , 𝐿 + 1) ,

(3)

expressed in a factorized form depicted as in Fig. 1 and valid for any internal configuration. We
call it universal opening identity given the fact that it is the only master expression needed to
3
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Figure 1: Diagrammatic representation for the factorized opening of the multiloop N4 MLT universal
topology. Only the on-shell cut of the last MLT-like subtopology with reversed momentum flow is shown.
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open to nondisjoint trees any scattering amplitude of up to four loops. The current 𝐽 is defined as
𝐽 = 23 ∪ 34 ∪ 24.
(𝐿−4)
(𝐿−3)
The terms AMLT
(5, . . . , 𝐿 +1) and AMLT
(5, . . . , 𝐿 + 1) on the r.h.s. of Eq. (3) are computed
(4)
according to Ref. [7, 35]; the terms AN4 MLT and AN(3)2 MLT consider all possible configurations with
four and three on-shell conditions respectively, and are opened through a factorization identity
which is written in terms of known subtopologies. These terms contemplate dual trees where all
the propagators in 𝐽 remain off shell and for the contributions that characterize the 𝑠, 𝑡 or 𝑢 channel,
the explicit expressions are presented in Ref. [29].

The confirmation of the causal conjecture for the N4 MLT family, follows the strategy proposed
in [26] and is applied to the multiloop N3 MLT, 𝑡, 𝑠 and 𝑢 channels. The configuration used for
each topology is: one internal propagator in each loop set, four external momenta for N3 MLT and
six external particles for 𝑡, 𝑠 and 𝑢 channels. Scalar integrals were considered given that they fully
encode all the compatible causal matchings.
A manifestly causal expression is found after the straightforward application of the universal
opening in Eq. (3) and adding all the dual terms together. Nevertheless, the numerator is a lengthy
polynomial in the on-shell and external energies, therefore, to derive a more appropriate expression
we reinterpret it in terms of entangled thresholds as defined in Ref. [26].
A causal representation of the multiloop N3 MLT was analytically reconstructed in Ref. [27,
28, 36] by matching all the combinations of four thresholds that are causally compatible to each
other. There are thirteen causal denominators which represent potential singular configurations
and they are constructed from sums of on-shell energies exclusively, i.e. they have the form
Í
(+)
𝜆±𝑝 = 𝑖 ∈ 𝑝 𝑞 𝑖,0
± 𝑘 𝑝,0 .
In the case of the N4 MLT family, all the entangled configurations involving five causal thresholds are considered. The causal representation of the 𝑡-channel depends on the causal denominators
already defined for the N3 MLT configuration and nine extra causal denominators that depend on
(+)
𝑞 23,0
. For the 𝑠-channel, a clockwise rotation is applied to the 𝑡-channel; for the 𝑢-channel, besides
a convenient substitution to the 𝑡-channel, three additional thresholds arise given the nonplanar
context. All the details and specific results of the three N4 MLT causal representation are given in
Ref. [29].
The main difference between the direct and causal LTD representations is the absence of
noncausal singularities. The straightforward application of the nested residue generates multiple
threshold singularities, nevertheless, with a clever analytical rearrangement, the absence of noncausal singularities is achieved and leads to a causal representation which is more stable numerically
in all the integration domain [26].

5. Causal quantum algorithm
The idea to explore the application of quantum algorithms to Feynman loop integrals arise due
to the implicit connection between a Feynman propagator and a qubit. Feynman propagators have
two possible on-shell states which can be encoded in one qubit.
4
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4. Causal LTD representations
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Given the nature of the problem of identifying the causal configurations of selected topologies,
a modified Grover’s quantum algorithm is applied [32]. The standard Grover’s querying algorithm
over unstructured databases starts from a uniform superposition, with a total of 𝑁 = 2𝑛 states which
can be understood as the superposition of a winning state |𝑤i and the orthogonal state |𝑞 ⊥ i, i.e.
𝑁 −1
1 Õ
|𝑞i = √
|𝑥i ,
𝑁 𝑥=0

|𝑞i = cos 𝜃 |𝑞 ⊥ i + sin 𝜃 |𝑤i ,

(4)

(𝑈𝑞 𝑈 𝑤 ) 𝑡 |𝑞i = cos 𝜃 𝑡 |𝑞 ⊥ i + sin 𝜃 𝑡 |𝑤i,

𝜃 𝑡 = (2𝑡 + 1) 𝜃.

(5)

Based on Eq. (5), the target is to get a final state such that the probability associated to the
orthogonal state is considerable much smaller than the probability of the causal solutions. To
achieve this, it is important to consider the range of 𝜃 because Grover’s algorithm works well if
𝜃 ≤ 𝜋/6 (𝑟 ≤ 𝑁/4), but does not provide the desired amplitude amplification for greater angles.
Studying the N4 MLT family we found that the causal configurations are nearly half of the
total sates. To overcome this condition, we take advantage of the fact that given a causal solution,
reversing all momentum flows is also a causal solution. Therefore, we can reduce the number of
causal solutions to query by half, fixing one of the propagators set flow and assuming that only one
of its states contributes to the winning set.
The quantum algorithm proposed needs three registers for implementation, together with an
extra qubit used as marker by the Grover’s oracle. The first register, 𝑞 𝑖 , encodes the state of the
propagators. The qubit 𝑞 𝑖 is in the state |1i if the momentum flow of the corresponding line is
oriented as the initial assignment and in |0i if it is in the opposite direction. The second register
stores the Boolean clauses, 𝑐 𝑖 𝑗 , probing whether or not two adjacent qubits are oriented in the
same direction. These binary clauses are defined as 𝑐 𝑖 𝑗 ≡ (𝑞 𝑖 = 𝑞 𝑗 ), 𝑐¯𝑖 𝑗 ≡ (𝑞 𝑖 ≠ 𝑞 𝑗 ) with
𝑖, 𝑗 ∈ {0, . . . , 𝑛 − 1} . The third register, 𝑎 𝑘 ({𝑐 𝑖 𝑗 }, { 𝑐¯𝑖 𝑗 }), encodes the loop clauses that probe if all
the qubits in each subloop form a cyclic circuit.
The causal quantum algorithm is implemented as follows. The initial uniform superposition is
obtained by applying Hadamard gates to each of the qubits in the 𝑞-register, |𝑞i = 𝐻 ⊗𝑛 |0i. The |𝑐i
and |𝑎i registers are initialized to |0i while the qubit which is used as Grover’s marker is initialized
√
to the Bell state |𝑜𝑢𝑡 0 i = |−i = (|0i − |1i) / 2. Each binary clause 𝑐¯𝑖 𝑗 requires two CNOT gates
operating between two qubits in the |𝑞i register and one qubit in the |𝑐i register. An extra XNOT
gate acting on the corresponding qubit in |𝑐i is needed to implement a 𝑐 𝑖 𝑗 binary clause.
The oracle is defined as 𝑈 𝑤 |𝑞i|𝑐i|𝑎i|𝑜𝑢𝑡 0 i = |𝑞i|𝑐i|𝑎i|𝑜𝑢𝑡 0 ⊗ 𝑓 (𝑎, 𝑞)i , with |𝑜𝑢𝑡 0 ⊗ 0i =
|𝑜𝑢𝑡 0 i and |𝑜𝑢𝑡0 ⊗ 1i = −|𝑜𝑢𝑡 0 i. Therefore, if all the causal conditions are satisfied, 𝑓 (𝑎, 𝑞) = 1
and the corresponding states are marked; otherwise 𝑓 (𝑎, 𝑞) = 0. After the marking, the oracle
5
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where |𝑤i gathers all the causal solutions in an uniform
superposition and |𝑞 ⊥ i the noncausal
p
states. The mixing angle is given by 𝜃 = arcsin 𝑟/𝑁, with 𝑟 the number of causal solutions.
The algorithm requires two operators, the oracle and diffusion operators: 𝑈 𝑤 = 𝑰 − 2|𝑤ih𝑤| and
𝑈𝑞 = 2|𝑞ih𝑞| − 𝑰, respectively. The oracle operator flips the state |𝑥i if 𝑥 ∈ 𝑤, 𝑈 𝑤 |𝑥i = −|𝑥i,
and leaves it unchanged otherwise. In the case of the diffusion operator, 𝑈𝑞 performs a reflection
around the initial state |𝑞i with the purpose of amplify the winning state probability. The iterative
application of both operators 𝑡 times leads to
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Figure 2: Probabilities of causal states for four-loop configurations. On the left, N3 MLT; on the right the
𝑡-channels of N4 MLT with 𝑛𝑖 = 1. The number of selected states is 39/256 and 102/512, respectively.

6. Conclusions
We have presented a unified description and representation of scattering amplitudes up to four
loops through the universal N4 MLT topology. The LTD was applied to this topological family to all
orders, managing to get a LTD representation which exhibits a recursive form in terms of simpler
topologies.
An additional step has been taken in the LTD framework, the causal LTD representation is
explicitly found and reinterpreted in terms of entangled causal thresholds. This representation
allows to work with favorable conditions, the absence of noncausal thresholds, enabling to get more
efficient numerical evaluation of multiloop scattering amplitudes.
Based on quantum computing, we proposed a novel strategy to identify causal configurations of
Feynman integrals. The problem has been restated for the proper application of Grover’s quantum
algorithm and the causal singular configurations have been efficiently unfolded for the N3 MLT and
N4 MLT topologies.
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operations are applied in inverse order. Then, the diffusion 𝑈𝑞 is applied to the register |𝑞i. The
diffuser used is the one described in the IBM Qiskit website (https://qiskit.org/). Also, we
used the IBM’s quantum simulator provided by the open source Qiskit framework, having as a
current upper limit of 32 qubits.
This algorithm requires one single iteration for all the cases analyzed. To illustrate the performance of the quantum algorithm, we show in Fig. 2 the probability of the winning states obtained in
the IBM’s Qiskit simulator related to the N3 MLT and the 𝑡-channel of the N4 MLT. Despite the complexity of these four-loop diagrams, all the causal configurations were successfully identified, as the
algorithm noticeably enhanced their probabilities with respect to the noncausal configurations [32].
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