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1. Introduction

In the context of the AdS/CFT correspondence, integrability has proven to be a useful tool.
Recently, it was found that large classes of Feynman integrals exhibit a conformalYangian symmetry.
Via their interpretation as correlation functions in the so-called fishnet theories, these integrable
structures trace back to the integrability of massless planar N=4 super Yang-Mills (SYM) theory
[1–4]. In the following, we review the generalization to the massive case [5–7], which corresponds
to the first findings of integrable structures in massive quantum field theory in four dimensions.

2. Yangian Symmetry and Integrability in AdS/CFT

The Yangian algebra introduced by Drinfel’d constitutes an infinite dimensional extension of
a Lie algebra g. It underlies quantum integrable models with a rational R-matrix and plays an
important role for the AdS5/CFT4 correspondence. In its so-called first realization, the whole
Yangian . [g] is generated by two sets of generators. The level-zero generators of the Lie algebra g
have a trivial tensor product action of the form J0 =

∑=
:=1 J0

:
∈ g and obey the standard Lie algebra

commutation relations [J0, J1] = 5 012J2 . In addition, the Yangian is generated by a set of level-one
generators with a non-trivial coproduct:

Ĵ0 = 5 012

=∑
9<:=1

J29 J1: +
=∑
9=1

B 9J09 , [J0, Ĵ1] = 5 012̂J2 . (1)

Moreover, the so-called Serre relations have to be obeyed, cf. Ref. [8] for the massive representation
discussed below. In the case of N = 4 SYM theory, the underlying Lie algebra is g = psu(2, 2|4).
In the AdS/CFT context the Yangian can be understood as the closure of an ordinary conformal
symmetry and a dual conformal symmetry [9].

3. From N = 4 SYM to Massless Feynman Graphs

A generalization of N = 4 SYM theory is the so-called W-deformation which is defined by
introducing certain phase factors in the Lagrangian. These phases depend on three parameters W 9
for 9 = 1, 2, 3, which correspond to the three Cartan charges of the SU(4) R-symmetry. These
parameters together with the coupling constant 6 allow to take very interesting double-scaling limits
of the W-deformed theory [1]. In the most restrictive limit with 6 → 0 and W3 → 8∞ one obtains a
simple Lagrangian for two complex scalars - and / (here we use Euclidean signature):

LF = #c tr
(
−m` -̄m`- − m` /̄m`/ + b2 -̄ /̄ -/

)
. (2)

The new coupling b := 64−8W3/2 is kept fix in the limit. Schematically, the route to the so-called
bi-scalar fishnet theory defined by LF takes the form

N = 4 SYM - .→48W 9 (... )-.−−−−−−−−−−−−−−→ W-Deformation
6→0, W3→8∞−−−−−−−−−−−→
b=64−8W3/2 fix

Fishnet Theory . (3)

Notably, the theory defined by (2) is non-unitary due to the chiral four-point interaction, but it has
the remarkable feature that correlation functions are in one-to-one correspondence with individual
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Feynman graphs of fishnet structure. In particular, these Feynman integrals (alias correlators)
inherit a bosonic Yangian symmetry, i.e. the respective integrals are invariant under the level-one
differential operators of the Yangian algebra . [so(1, 5)] [2, 3]:

Ĵ0
Z

X̄X̄

Z̄

X̄

X

Z

X̄

X

Z̄

X X

= 0. (4)

Next we discuss how the above integrability properties of massless Feynman integrals can be
generalized to the massive situation.

4. Massive Yangian Symmetry of Feynman Graphs

In the massless case, N = 4 SYM theory was the starting point to deduce the integrability of
massless Feynman graphs via the sequence (3) . Hence, it is suggestive to think about introducing
masses into N = 4 SYM in order to follow a similar path. Masses are easily generated by giving a
vacuum expectation value (VEV) to one of the scalar fields of N = 4 SYM theory: Φ→ 〈Φ〉 +Φ.
This leads to massive propagators with difference mass, i.e.

1
G2
9:

→ 1
Ĝ2
9:

:=
1

G2
9:
+ (< 9 − <:)2

. (5)

Here we use the notation G`
9:
= G

`

9
− G`

:
with ` = 1, . . . , �. The mass can be interpreted as a fifth

or (� + 1)th dimension of the spacetime vector G ˆ̀ with ˆ̀ = 1, . . . , � + 1. For � = 4 it plays the
role of the radial direction in AdS5, i.e. G ˆ̀=�+1 = < 9 . There is a well known massive version of
dual conformal symmetry in this massive phase, i.e. on the Coulomb branch ofN = 4 SYM theory,
which is generated by the following differential operators [10]:

P`
9
= −8m`G 9 , L`a

9
= 8G

`

9
maG 9 − 8G

a
9 m
`
G 9 , D 9 = −8

(
G 9`m

`
G 9 + < 9m< 9 + Δ 9

)
,

K`

9
= −28G`

9

(
G 9am

a
G 9
+ < 9m< 9 + Δ 9

)
+ 8(G2

9 + <2
9)m

`
G 9 . (6)

Importantly, however, no massive Yangian symmetry (integrability) is known on the Coulomb
branch, i.e. the naive logic to deduce integrability properties of Feynman integrals via the sequence
of steps (3) to the massive situation fails. We will come back to this approach in Section 6.

An alternative route is to consider massive Feynman integrals directly, e.g. a diagram of the
form

a1

a2 b0

a4

a3

=

∫ d�G0d�G0̄

Ĝ
201
01 Ĝ

202
02 G

210
00̄ Ĝ

203
0̄3 Ĝ

204
0̄4

.

Here the region momenta G (black graph) can be related to ordinary momenta (green graph) via
?
`

9
= G

`

9
− G`

9+1. Using their defining equation (1), it is straightforward to build Yangian level-one
generators composed of densities of the above massive dual conformal (level-zero) generators J0 as
given in (6). Here the level-one momentum generator for instance takes the form

P̂` = 8
2

=∑
9 ,:=1

sign(: − 9)
(
P ˆ̀
9
D: + P 9aLa`

:

)
+

=∑
9=1

B 9P`9 . (7)
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Acting with the so-constructed level-one generators on one- and two-loop Feynman integrals, one
finds indeed invariance under certain conditions. Introducing generic propagator powers 0 9 , in
particular the dual conformal condition (dcc)

∑
:∈vertex 0: = � plays an important role [5, 7]:

1 Loop 2 Loops

�= =

an

an−1

a1

a2

. . .

�;A =

l

l−1

2

1

l+2

l+1

l+r

l+r−1

..
.

..
. b0

Level Zero J0 �= = 0 if dcc J0 �;A = 0 if dcc
Level One Ĵ0 �= = 0 always Ĵ0 �;A = 0 if dcc, else P̂` �;A = 0

At higher loop orders it was conjectured in Ref. [5] that all planar Feynman graphs, which are cut
along a closed contour from one of the three regular tilings of the plane, have massive Yangian
symmetry if all internal propagators are massless, while external propagators can be massive or
massless. This conjecture is motivated by the fact that it agrees with the findings on regular tilings
in the massless limit [2, 3] and it is supported by numerical evidence for certain example diagrams.

An interesting picture arises when one translates the Yangian level-one momentum generator
from region (G) to ordinary momentum (?) space related via ?`

9
= G

`

9
− G`

9+1. Here the level-one
momentum P̂` is mapped to a differential operator K̄` which forms part of a massive extension of
the conformal algebra in momentum space [5, 7]:

P̄`
9
= ?

`

9
, L̄`a

9
= ?

`

9
ma? 9 − ?

a
9 m
`
? 9 , D̄ 9 = ? 9am

a
? 9
+
< 9m<9 +< 9+1m<9+1

2 + Δ̄ 9 ,

K̄`

9
= ?

`

9
m2
? 9
− 2

[
? 9am

a
? 9
+
< 9m<9 +< 9+1m<9+1

2 + Δ̄ 9
]
m
`
? 9 . (8)

This new massive generalization extends the previous massive dual conformal symmetry [10].

5. Yangian Bootstrap for All-Mass =-Gons

As an interlude, we present a useful bootstrap application of the above Yangian symmetry, cf.
Ref. [4, 7, 11]. We ask the question how constraining the symmetry is for generic one-loop integrals
with conformal condition � =

∑
9 0 9 and all propagators being massive. Level-zero symmetry

implies that, up to an overall weight, the integral is a function of a massive generalisation of the
conformal cross ratios: D8 9 = (G2

8 9
+ (<8 − < 9)2)/(−4<8< 9). The new level-one symmetry then

implies sets of partial differential equations for this function q(D8 9) whose cardinality depends on
the number of variables. The study of examples with small numbers of legs leads to a natural
conjecture for =-point diagrams:

= = 2: fixed by symmetries (Gauß’ hypergeometric function)

�2 =
a1 a2 =

c�/2Γ�/2

Γ�<
01
1 <

02
2

2�1

[
01,02
(�+1)/2 ; D

]
.

= = 3: fixed by symmetries (Srivastava’s triple hypergeometric function)

�3 =

2

1 3
a1

a2

a3
=

c�/2Γ�/2

Γ�<
01
1 <

02
2 <

03
3
�� (D, E, F). (9)
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= =generic: ‘experiments’ yield natural conjecture [7]

�= =

an

an−1

a1

a2

. . .

=
c�/2Γ�/2

Γ�
∏=
9=1 <

0 9

9

∞∑
:8 9=0

∏=
9=1(0 9)∑U∈�=| 9 :U
(�+12 )∑U∈�= :U

∏
U∈�=

D
:U
U

:U!
. (10)

This =-point conjecture was recently confirmed in Ref. [12].

6. From Feynman Graphs to Massive Fishnet Theory

Having motivated the Yangian symmetry of massless Feynman integrals via the relation to a
massless fishnet theory, an obvious question is whether the Yangian symmetry of masssive Feynman
integrals has a similar origin. In other words: Can we define a massive version of the fishnet theory?
The simplest idea would be to take themassless fishnet theory and to introducemass via spontaneous
symmetry breaking. This line of thought was explored in Ref. [6, 13] with the result that masses
enter into the propagators of the theory as products, i.e. in the form ?2 + < 9<: . Hence, the
resulting Feynman graphs do not correspond to the Yangian-invariant integrals with difference-
mass propagators (5). An alternative idea is to first introduce mass in N = 4 SYM theory and to
then take a double-scaling limit on the resulting Coulomb branch [6]. In fact, this approach yields
the desired difference-mass propagators ?2 + (< 9 − <:)2. However, taking a double-scaling limit
on the Coulomb branch of N = 4 SYM theory requires some care. In particular, a critical step
is the W-deformation PW , which a priori is only well-defined on R-symmetry singlets. A solution,
motivated by the resulting limit theory, is to average over all ways to break up traces in Lagrangian:

& : tr(Φ1Φ2 . . .Φ=) ↦→ 1
=

(
Φ1Φ2 . . .Φ= +Φ2Φ3 . . .Φ1 + . . .

)
. (11)

Then we define the W-deformed Coulomb-branch Lagrangian as LWCoul = &
−1PW&LCoul. Impor-

tantly, application of&−1PW& is now a well defined mathematical operation even if the R-symmetry
of LCoul is broken. Following the massless procedure, the most restrictive double-scaling limit then
results in a massive fishnet theory defined by the following Lagrangian [6]:

LMF =#c tr
(
−m` -̄m`- − m` /̄m`/ + b2 -̄ /̄ -/

)
− #c(<0 − <1)2-01 -̄10 − #c(<0 − <1)2/01 /̄10 . (12)

Planar amplitudes in the respective theory are in one-to-one correspondence with Yangian-invariant
massive Feynman integrals. As sketched in Section 4, this invariance is proven at one and two loops
and conjectural at higher loop orders. In this sense the above massive fishnet theory is integrable.

The relations between the different theories are summarized in the following figure:

Planar N = 4 SYM
VEV

Coulomb Branch N = 4 SYM

γ-deformation
+ double

scaling limit

γ-deformation
+double

scaling limit

Fishnet Theory Massive Fishnet Theory

This diagram with three integrable corners (black) leads to a natural question: Is planarN=4 SYM
theory on the Coulomb branch integrable?
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