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We define a generalized entanglement measure in the context of AdS3 /CFT2 . Compared to the
ordinary entanglement entropy between spatial degrees of freedom dual to the area of the RyuTakayanagi surface, we take into account both entanglement between spatial degrees of freedom
as well as between different fields of the boundary CFT. We then calculate this generalized
entanglement measure in a thermal state dual to the BTZ black hole in the setting of the D1/D5
system at and close to the orbifold point. We find that the entanglement entropy defined in this
way is dual to the length of a geodesic with non-zero winding number. Such geodesics probe the
entire bulk geometry, including regions known as entanglement shadows which are not reached
by any Ryu-Takayanagi surface. This allows us to describe regions close to the black hole horizon
in the one-sided black hole and the wormhole growth in the case of a two-sided black hole from
entanglement data in the boundary field theory, leading us to propose that entanglement is in fact
enough to reconstruct the full BTZ geometry from boundary data.
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1. Introduction
The study of entanglement in the AdS/CFT correspondence has provided remarkable insights
into the nature of this duality as well as aspects of quantum gravity in general, starting from the
seminal work of Ryu and Takayanagi relating the entanglement entropy of a subregion A in the
boundary CFT to the area of a minimal codimension two surface γ A in the bulk AdS space [1],
S A = −Tr(ρ A log ρ A) =

Area(γ A)
.
4G N

(1)

2. The SN orbifold CFT of the D1/D5 system
Concretely, we study our generalized entanglement measure in the D1/D5 system at the orbifold
point, which we now introduce. The D1/D5 system is a particular top down AdS3 /CFT2 construction
(see [9] for a review), where the field content of the theory is known in detail. This is a necessary
condition in order to define entanglement between different fields, which is why we use this specific
model instead of a generic bottom-up instance of AdS/CFT.
Furthermore, we consider the system in the limit where the CFT is weakly coupled and dual to
a strongly coupled bulk theory. At this so-called orbifold point, the boundary CFT is given by a SN
orbifold theory constructed in the following way: take N copies of a fixed “seed CFT”1 and identify
the copies under the SN permutation symmetry, that is only allow states which are SN invariant.
In the following, we also take the large central charge limit where N → ∞ and we only work to
leading order in N.
In addition to the Hilbert space of states of the N copies of the seed theory symmetrized
under permutations, consistency requirements such as modular invariance of the thermal partition
1For the D1/D5 system, this is a supersymmetric theory of four free bosons and fermions with target space T 4 .
However all of our calculations are independent of the choice of seed theory, therefore we leave it unspecified.
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An important open question regarding the role of entanglement in AdS/CFT is whether entanglement
data of the boundary CFT is enough to describe the entire bulk spacetime dual to a particular CFT
state. While the connection between entanglement entropy of a spatial subregion and a geometric
quantity in the bulk clearly shows that entanglement and geometry are connected (this is often
referred to as “entanglement builds geometry” or “it from qubit”, see e.g. [2]), there are certain
regions of the bulk spacetime termed entanglement shadows which are inaccessible to any RyuTakayanagi surface γ A [3–5]. These occur for instance around naked singularities or black hole
horizons.
In the following, we introduce a generalized entanglement measure whose bulk dual probes
entanglement shadows of BTZ black holes. This new entanglement measure takes into account
entanglement between spatial degrees of freedom as well as between different fields of the theory.
Generalized entanglement measures in this spirit have been studied previously in AdS3 /CFT2
for states dual to conical defects in the bulk under the name of “entwinement” [5–8]. There, it was
found that entwinement is dual to the length of a geodesic – distinct from any RT surface – winding
a non-zero number of times around the conical defect. These geodesics probe arbitrarily close to
the conical singularity, allowing for a description of the entanglement shadow using entanglement
data in the CFT.

Generalizing the Ryu-Takayanagi formula to probe entanglement shadows of BTZ black holes

function also enforce the introduction of twisted sectors. These sectors contain states in which the
fields of the theory (collectively denoted by X i for i ∈ {1, ..., N }) obey boundary conditions which
are periodic up to permutations,
X i (φ + 2π) = X g(i) (φ)

for g ∈ SN .

(2)

The twisted sectors are labeled by conjugacy classes C of the SN group which are specified by the
number nm of permutation cycles of length m in the group elements of the given conjugacy class.
Í
The total length of the cycles is given by the number of copies of the seed theory, N = m m nm .

Let us now introduce the generalized entanglement measure which we are working with. As
a reminder, the ordinary entanglement entropy as used in the RT formula is defined as follows.
First, choose a spatial subregion A and split the Hilbert space into tensor factors belonging to
the degrees of freedom in A and its complement, H = H A ⊗ H Ac . Then, calculate the reduced
density matrix ρ A = Tr H Ac (ρ) whose von Neumann entropy defines the entanglement entropy
S A = −Tr(ρ A log ρ A). Our generalized entanglement measure differs from this definition in the
following two points:
1. We consider a subset {Ci } of the twisted sectors of the SN orbifold. Due to the orthogonality
of states in different twisted sectors, the thermal density matrix is block diagonal, ρ(β) =
É
C pC ρC , where ρC is the contribution of the twisted sector C (normalized such that
TrρC = 1). We consider a part of the thermal density matrix made up of multiple such blocks
C1, ..., Cr , that is we restrict to the density matrix ρ {Ci } defined by
ρ {Ci } =

r
Ê

pCi ρCi

(3)

i=1

2. We consider entanglement between different fields as well as between spatial degrees of
freedom. For the ordinary entanglement entropy, the degrees of freedom consist of all fields
localized in the same subregion A. Here, we consider different fields X i localized in different
subregions Ai . For these degrees of freedom, we can again define a reduced density matrix
by tracing out the complement2,
ρ { Ai }, {Ci } = Tr { Ai } c (ρ {Ci } ).

(4)

The generalized entanglement entropy is then defined as the von Neumann entropy of
ρ { Ai }, {Ci } ,
S { Ai }, {Ci } = −Tr(ρ { Ai }, {Ci } log ρ { Ai }, {Ci } ).
(5)
Of course, this definition gives a very large number of possible entanglement measures depending
on the choice of ingredients {Ci } and { Ai }. To find one whose bulk dual is a simple geometric
2Taking this trace is somewhat subtle in the S N orbifold since the physical space of gauge invariant (i.e. S N invariant)
states does not factorize into a tensor product (see [8] and references therein for details).
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3. Generalized entanglement entropy
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1
log Trρα{ Ai }, {Ci }
(6)
1−α
for integer α and then analytically continue to α → 1 to obtain (5). The Rényi entropy is determined
from the partition function on a (higher genus) replica surface constructed by gluing together α
copies of the system along the entangling intervals determined by { Ai } 4. This partition function
decomposes into conformal blocks and due to features of the spectrum and OPE coefficients of the
SN orbifold CFT coming from its holographic nature is dominated by a single conformal block [10].
The conformal blocks depend on two conformal dimensions coming from the inserting a
projection operator onto a Virasoro primary and its descendants into the replica partition function.
We can think of these projection operators as non-local operators encircling a topologically nontrivial cycle of the replica manifold. One such cycle lies around either the temporal or spatial circle
of one of the α tori of the replica manifold5, while the other lies around either the entangling interval
branch cut or its complement. Different choices of where to put this projection operator correspond
to different channels in the conformal block decomposition. For holographic CFTs, the channel in
which the conformal block with lowest scaling dimensions is the smallest dominates.
For the ordinary entanglement entropy, the dominant conformal block is the vacuum block
where the conformal dimensions of all operators vanish. For the generalized entanglement entropy,
the leading contribution in the dominant channel at low temperatures comes from the ground state
c
(n − 1/n) due to the restriction
of the (n) N /n twisted sector with conformal weight h = h̄ = n24
to a subset {Ci } of the twisted sectors projecting out the contribution of the untwisted sector
containing the vacuum state. On the other hand, the conformal block in the dominant channel at
high temperatures is unaffected by the restriction onto the subset of twisted sectors. This can be seen
by noting that for high temperatures, where this channel is dominant, all twisted sectors contribute
to the leading order (in N) result of the thermal partition function while at low temperature the
leading contribution comes from the untwisted sector only. The scaling dimension of the other
operator in the conformal block vanishes in the dominant channel.
S (α)
=
{ Ai }, {Ci }

3In the case that n is not a divisor of N, the Ci are allowed to contain O(N 0 ) cycles of arbitrary length. These cycles
don’t influence the leading order in N of the entanglement measure we are computing, therefore in the following we take
w.l.o.g. n to be a divisor of N.
4In principle, we have different entangling intervals for each field X i . However, for the choice of {Ai } that we are
using, we can model the entangling interval as a single interval winding w times around the spatial circle of each of the
α tori. Due to the restriction to the subset of twisted sectors, all fields obey boundary conditions that effectively fuse
n fields together into a single field on a torus with a spatial circle of length 2πn, therefore this entangling interval is
well-defined.
5Equivalently, we can think of this projection operator as restricting the sum over states in the thermal density matrix.
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quantity, we use the following choices. Fix a number n ∈ N and choose {Ci } such that for each i, Ci
only contains cycles whose length m is a multiple of n 3. Moreover, we take n to be of order O(N 0 ) in
the large N limit. For the subset {Ai }, we consider w fields X i1 (φ ∈ [0, 2π]), ..., X iw (φ ∈ [0, 2π]) in
the full space together with a single field X iw+1 (φ ∈ [0, L]) in some spatial subregion [0, L], chosen
such that the all of the fields X i1 , ..., X iw+1 are continuously connected by the twisted boundary
conditions (that is, X ik (φ + 2π) = X ik+1 (φ)). Each of the k groups of n fields inside a cycle of length
m = kn of the twisted boundary conditions contains one such subset of w + 1 fields.
To calculate the entanglement entropy for this choice of ingredients, we use standard replica
trick techniques: we first calculate the Rényi entropy
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Finally, the conformal blocks themselves are computed from a monodromy method following
[11, 12], giving for small winding numbers w




π(w+L) 
n
c

 3n log  sin
, β > 2πn,

n


(7)
S { Ai }, {Ci } =




β
2π 2 (w+L) 
c

, β < 2πn.

β
 3n log 2π sinh


4. Discussion
Let us note first that the bulk dual of the generalized entanglement measure we have defined
is able to probe the entire (classical) bulk geometry of the BTZ black hole up to the horizon in
the one-sided case and even including the behind the horizon region in the two-sided case. For
N → ∞, we can make the winding number as large as we want by suitably choosing the degrees of
freedom for which we calculate the entanglement entropy. The dual geodesics then cover the entire
entanglement shadow.
This assertion is of course somewhat premature since the calculation presented here was
done at the orbifold point where the dual gravity theory is strongly coupled and a classical bulk
geometry is not a good approximation of the gravity dynamics. However, we expect our generalized
entanglement measure to be invariant under deformations away from the orbifold point, at least up
to subleading corrections of order O(N 0 ). One indication for this comes from the fact that for the
ordinary entanglement entropy, which is a special case of the more general setup studied here, the
RT formula in the supergravity limit gives the same result as what we obtain at the orbifold point.
Moreover, we have checked that our results are invariant up to subleading corrections to second
order in perturbation theory.
Another comment is on the interpretation of the restriction onto a subset of the twisted sectors
in the gravity theory at the orbifold point, which is the well-studied tensionless limit of string theory
in the D1/D5 system (see e.g. [13–15] and references therein). In particular, the gravity partition
function on a BTZ background has been obtained in this system [16]. By explicit comparison with
the SN orbifold partition function, it is possible to show that the restriction to particular twisted
5
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For temperatures above the BTZ black hole threshold, β < 2π, the result is equal to the length
of a geodesic with opening angle 2πL winding w times around the black hole horizon. For lower
temperatures where the dual bulk geometry is given by thermal AdS3 , the result is equal to a
geodesic with opening angle 2π(w + L)/n for β > 2πn, while for 2π < β < 2πn, no geometric
interpretation of our result in therms of a geodesic in the dual bulk geometry exists. For large w and
large temperatures, there is a phase transition analogous to the ordinary entanglement entropy. In
this case, the result for the generalized entanglement entropy is equal to the BTZ black hole entropy
plus the length of a geodesic with opening angle 2π(1 − L) and winding number n − w − 1.
Finally, we note that a straightforward generalization to the two-sided black hole gives a generalized entanglement entropy (measuring entanglement between different asymptotic boundaries) dual
to the length of two geodesics stretching through the wormhole for early times and two geodesics
with winding number w on opposite boundaries of the wormhole for late times. The transition
between these two regimes happens at a critical time that is proportional to the winding number.
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sectors corresponds to allowing only toroidal worldsheets with particular winding numbers around
the spatial circle of the boundary torus.
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