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The search for relations among parameters that are renormalization group invariant to all orders in
perturbation theory constitutes the basis of the reduction of couplings idea. Reduction of couplings
can be achieved in 𝑁 = 1 Grand Unified Theories, few of which can become even all-loop finite.
We review the basic idea and a resulting theory in which successful reduction of couplings has
been achieved, namely the all-loop finite 𝑁 = 1 supersymmetric 𝑆𝑈 (5) model. We present three
benchmark scenarios and investigate their observability at existing and future hadron colliders. The
supersymmetric spectrum is found to be beyond the reach of the 14 TeV HL-LHC. In turn, it is
found that large parts of the predicted spectrum can be tested at the 100 TeV FCC-hh, but the
higher mass regions remain out of reach.
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1. Introduction

2. Theoretical Basis
Here we will briefly review the core idea of the reduction of couplings method. The target is
to single out a basic parameter, where all other parameters can be expressed in terms of this one
through RGI relations. Such a relation has, in general, the form Φ(𝑔1 , · · · , 𝑔 𝐴) = const. which
should satisfy the following partial differential equation (PDE)

𝜇

𝐴
Õ
𝑑Φ ®
𝜕Φ
= ∇Φ · 𝛽® =
𝛽𝑎
= 0,
𝑑𝜇
𝜕𝑔 𝑎
𝑎=1

(1)

where 𝛽 𝑎 is the 𝛽-functions of 𝑔 𝑎 . The above PDE is equivalent to the following set of ordinary
differential equations (ODEs), which are called Reduction Equations (REs) [1, 7],
𝛽𝑔

𝑑𝑔 𝑎
= 𝛽 𝑎 , 𝑎 = 1, · · · , 𝐴 − 1 ,
𝑑𝑔

(2)

where now 𝑔 and 𝛽𝑔 are the primary coupling and its corresponding 𝛽-function. The crucial demand
is that the above REs admit power series solutions
Õ
𝑔𝑎 =
𝜌 𝑎(𝑛) 𝑔 2𝑛+1 ,
(3)
𝑛
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The reduction of couplings idea [1] is a promising method which relates seemingly independent
parameters to a single coupling. The method requires the original theory to be renormalizable and
the resulting relations among parameters to be valid at all energy scales, that is Renormalization
Group Invariant (RGI). A next step, after the introduction of a new symmetry through a Grand
Unified Theory (GUT), in order to achieve reduction of free parameters of the Standard Model
(SM), is the relation of the gauge sector to the Yukawa sector. Then RGI relations (even such
that can guarantee all order finiteness of a theory) are set between the unification scale and the
Planck scale. Since supersymmetry (SUSY) seems to be a crucial ingredient for the reduction of
couplings technique to render viable phenomenology, we have to include a supersymmetry breaking
sector (SSB). Significant progress in this direction has lead to complete all-loop finite models, i.e.
including the SSB sector. Past applications of the above method [2, 3] have predicted the top quark
mass one year before its experimental measurement. Furthermore, the all-loop finite 𝑁 = 1 𝑆𝑈 (5)
model [4] has also given a prediction for the Higgs mass compatible with the experimental results
and predicts a heavy SUSY mass spectrum, consistent with the experimental non-observation of
these particles. The full analysis of the most successful models can be found in recent works [5, 6].
In this article we address the question to what extent the reduction of couplings idea can
be tested at HL-LHC and FCC. To this end we propose three benchmark points for the Finite
𝑁 = 1 𝑆𝑈 (5) model and, using the SSB parameters as input in each benchmark we calculate the
corresponding Higgs and SUSY spectra. Then we compute the expected production cross sections
at the 14 TeV (HL-)LHC and the 100 TeV FCC-hh and investigate which production channels can
be observed.
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where 𝑇 (𝑅𝑖 ) is the Dynkin index of the rep 𝑅𝑖 where the matter fields belong and 𝐶2 (𝐺) is the
quadratic Casimir operator of the adjoint rep 𝐺 and 𝐶𝑖 𝑗 𝑘 are the Yukawa couplings. Demanding
the vanishing of all one-loop 𝛽-functions, we get the relations
Õ
𝑇 (𝑅𝑖 ) = 3𝐶2 (𝐺) ,
𝐶 𝑖𝑘𝑙 𝐶 𝑗 𝑘𝑙 = 2𝛿𝑖𝑗 𝑔 2𝐶2 (𝑅𝑖 ) .
(5)
𝛽𝑔(1)

Õ

𝑇 (𝑅𝑖 ) − 3 𝐶2 (𝐺)

𝛾 (1) 𝑖𝑗 =

,

𝑖

The finiteness conditions for an 𝑁 = 1 supersymmetric theory with 𝑆𝑈 (𝑁) associated group is
found in [13]. Conditions (5) are necessary and sufficient to ensure two-loop finiteness [11, 14, 15].
The requirement of one-loop finiteness in softly broken SUSY theories demands additional constraints among the soft terms of the SSB sector [16], while, once more, these one-loop requirements assure two-loop finiteness, too [17].
The non-trivial point is that the relations among couplings (gauge and Yukawa) which are
imposed by the conditions (5) should hold at any energy scale. The necessary and sufficient
condition is to require that such relations are solutions to the REs
𝛽𝑔

𝑑𝐶𝑖 𝑗 𝑘
= 𝛽𝑖 𝑗 𝑘
𝑑𝑔

(6)

holding at all orders. A theorem which points down which are the necessary and sufficient
conditions in order for an 𝑁 = 1 SUSY theory to be all-loop finite can be found in [18]. A
comprehensive review of the above can be found in [19] and [20].

3. The Finite N=1 Supersymmetric SU(5) Model
In this all-loop finite 𝑆𝑈 (5) gauge theory the reduction of couplings is restricted to the third generation. An older examination of this specific Finite Unified Theory (FUT) was shown to be in
agreement with the experimental constraints at the time [4] and has predicted, almost five years
before its discovery, the light Higgs mass in the correct range. The particle content of the model
has three (5 + 10) supermultiplets for the three generations of leptons and quarks, while the Higgs
sector consists of four supermultiplets (5 + 5) and one 24. The finite 𝑆𝑈 (5) group is broken to the
MSSM, which of course in no longer a finite theory [2, 3, 21].
3
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which preserve perturbative renormalizability. Without this requirement, we just trade each “dependent” coupling for an integration constant. It is very important to point out that the uniqueness
of such a solution can be already decided at the one-loop level [1, 7]. Concerning the reduction
scheme for massive parameters, a number of conditions is required. Nevertheless, progress has been
achieved, starting from [8], and finally we can introduce mass parameters and couplings carrying
mass dimension [9, 10] in the same way as dimensionless couplings.
Consider an 𝑁 = 1 gauge theory, chiral and anomaly free, where 𝐺 is the gauge group and
𝑔 the associated gauge coupling. The one-loop 𝛽-function of the gauge coupling [11, 12] and the
one-loop anomalous dimension 𝛾 (1) 𝑖𝑗 of a chiral superfield are
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When 𝑆𝑈 (5) breaks down to the MSSM, a suitable rotation in the Higgs sector [2, 21–24],
permits only a pair of Higgs doublets (coupled mostly to the third family) to remain light and acquire
vev’s. Avoiding fast proton decay is achieved with the usual doublet-triplet splitting. Therefore,
below the GUT scale we get the MSSM where the third generation is given by the finiteness
conditions while the first two remain unrestricted.

𝑡𝑎𝑛𝛽
FUTSU5-1
FUTSU5-2
FUTSU5-3
FUTSU5-1
FUTSU5-2
FUTSU5-3

49.9
50.1
49.9
𝑀𝑒˜1,2
3.102
3.623
4.334

𝑀 𝐴,𝐻
5.688
7.039
16.382
𝑀𝜈˜1,2
3.907
4.566
5.418

𝑀𝐻 ±
5.688
7.086
16.401
𝑀 𝜏˜
2.205
2.517
3.426

𝑀𝑔˜

𝑀 𝜒˜ 0
1

𝑀 𝜒˜ 0
2

𝑀 𝜒˜ 0
3

𝑀 𝜒˜ 0
4

𝑀 𝜒˜1±

𝑀 𝜒˜2±

8.966
10.380
12.210
𝑀𝜈˜ 𝜏
3.137
3.768
3.834

2.103
2.476
2.972
𝑀𝑑˜1,2
7.839
9.059
10.635

3.917
4.592
5.484
𝑀𝑢˜ 1,2
7.888
9.119
10.699

4.829
5.515
6.688
𝑀𝑏˜ 1
6.102
7.113
8.000

4.832
5.518
6.691
𝑀𝑏˜ 2
6.817
7.877
9.387

3.917
4.592
5.484
𝑀𝑡˜1
6.099
7.032
8.401

4.833
5.519
6.691
𝑀𝑡˜2
6.821
7.881
9.390

Table 1: Masses for the three benchmarks of the Finite 𝑁 = 1 𝑆𝑈 (5) (in TeV) [6].

At 14 TeV HL-LHC none of the Finite 𝑆𝑈 (5) scenarios listed above has a SUSY production
cross section above 0.01 fb, and thus will most probably remain unobservable [32]. The discovery
prospects for the heavy Higgs-boson spectrum is significantly better at the FCC-hh [33]. Theoretical
analyses [33, 34] have shown that for large tan 𝛽 heavy Higgs mass scales up to ∼ 8 TeV could
be accessible. Since in this model we have tan 𝛽 ∼ 50, the first two benchmark points are well within
the reach of the FCC-hh (as explained in [6]). The third point, however, where 𝑀 𝐴 ∼ 16 TeV, will
be far outside the reach of the collider. At 100 TeV we have in principle production of SUSY
particles in pairs, although their production cross section is at the few fb level. This is a result of
the heavy spectrum of the model. Comparing our benchmark predictions with the simplified model
limits of [35], we have found that the lighter stop might be accessible in FUTSU5-1 (see [6]). For the
squarks of the first two generations there are better prospects. All benchmarks could be tested at the
2 𝜎 level, but no discovery at the 5 𝜎 can be expected and the same holds for the gluino. The
expected production cross sections for various final states and a more exhaustive discussion can be
found in [6].
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Conditions set by finiteness do not restrict the renormalization properties at low energies, so we
are left with boundary conditions on the gauge and Yukawa couplings (plus the boundary conditions
that occur in the soft sector) at 𝑀GUT . The quark masses 𝑚 𝑏 (𝑀𝑍 ) and 𝑚 𝑡 are predicted within 2𝜎
and 3𝜎 uncertainty, respectively, of their experimental values. The only phenomenologically viable
option is to consider 𝜇 < 0, as shown in [5, 19, 25–28]. The light Higgs boson mass is predicted
within 1𝜎 of its experimental value, while the (point-by-point) theoretical uncertainty [29] (calculated with FeynHiggs [30]) drops significantly (w.r.t. past analyses) to 0.65 − 0.70 GeV (see [5] for
details).
As explained in more detail in [6], the three benchmarks chosen (for the purposes of collider
phenomenology) feature the LSP above 2100 GeV, 2400 GeV and 2900 GeV, respectively. The
resulting masses that are relevant to our analysis were generated by SPheno 4.0.4 [31] and are listed
in Table 1 for each benchmark (with the corresponding tan 𝛽).
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4. Conclusions
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