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1. Introduction

l + A → l0 + B + X ,

(1)

where a lepton l scatters off a nucleus A in its ground state and a final state is produced, containing
the scattered lepton l 0, some hadronic system X (for instance, one or more nucleons, pions or other
mesons) and the residual nucleus B, usually left in an excited state. The theoretical description
of this process represents a tough many-body problem, which cannot be solved exactly but only
approximately, resorting to nuclear models. Each model involves approximations, the validity of
which depends not only on the energy domain (ranging typically from the quasielastic regime
dominant at T2K kinematics up to the deep-inelastic scattering one, which will be important at
DUNE energies), but also on the type of experimental signal one wants to describe. According to the
particles detected in the final state, the process is defined as inclusive when only the outgoing lepton
is measured, semi-inclusive when X is detected in coincidence with the lepton and exclusive when
the complete final state is known, including the residual nucleus. Fully exclusive measurements
can be performed in electron scattering experiments, where the beam energy is usually very well
known, by choosing the kinematics of the observed final state and using energy and momentum
conservation, but not in the neutrino case, where the beam is not monochromatic and the energy is
distributed according to a more or less broad flux, according to the specific experiment.
Most experimental and theoretical papers published up to now (see [3] for a comprehensive
review) have dealt with the inclusive case, reporting cross sections as functions of the lepton
variables only. The ingredients and techniques of the available calculations are quite different:
some are based on various approaches to the Random Phase Approximation [4–6], other ones are
focused on a sophisticated description of the nuclear spectral function [7], on the Green’s function
Monte Carlo approach trying to solve exactly the many-body problem [8], or on transport theory
[9]. Two models put more emphasis on the relativistic aspect of the problem, which is crucial
in the GeV regime typical of oscillation experiments, as well as on the validation with electron
scattering results: the Relativistic Green Function model [10] and the SuSAv2 model, based on the
superscaling behaviour of electron scattering data and its description within relativistic mean field
theory (see [11–13] for recent reviews of this approach). Nevertheless, all these models provide
rather similar predictions for inclusive observables, with a typical spread of 10-20% [14], while the
present experimental precision does not allow for discriminating between them. On the contrary,
more exclusive measurements can better constrain nuclear models and hence help to reduce the
2
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It is well recognised that nuclear physics plays an important role in the analysis of neutrino
oscillation experiments exploring physics beyond the Standard Model. The extraction of the parameters characterising the mixing matrix U from the measured oscillation probability crucially
depends on the knowledge of the neutrino energy, which must be reconstructed from the kinematics
of the detected particles (leptons and hadrons). Since detectors are made of heavy nuclei, like
carbon, oxygen and argon, accurate nuclear models are needed in the experimental analyses. The
uncertainties related to nuclear effects represent today one of the largest sources of systematic error,
which must be reduced to ensure the success of future experiments, notably DUNE [1] and T2HK
[2].
The most general lepton-nucleus scattering reaction is
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2. Semi-inclusive neutrino-nucleus scattering
The full formalism for semi-inclusive neutrino nucleus reactions has been developed in
Refs. [20–22]. Let us consider the simplest semi-inclusive reaction, one-nucleon knock-out. The
variables commonly used in electron scattering studies to describe this process are the missing
energy and momentum
Em = ω − TN − TA−1, pm = q − pN = pA−1 ,

(2)

where ω and q are the energy and momentum transferred to the nucleus, while TN , pN , TA−1 and
pA−1 are the kinetic energies and momenta of the ejected nucleon N and of the recoiling nucleus A–1.
In the Plane Wave Impulse Approximation (PWIA), where the probe interacts with one nucleon and
the outgoing nucleon momentum is not modified by Final State Interactions (FSI), Em and pm are
simply the energy and momentum of the bound nucleon. Unlike the case of monochromatic electron
beams, where the variables (2) can be fixed experimentally by choosing the hadron kinematics, in
neutrino experiments the missing energy and momentum are not directly measurable, although they
are still good variables to study the process from the theoretical point of view.
The 6th-differential neutrino ( χ =+1) or antineutrino ( χ =-1) cross section with respect to the
lepton and nucleon momenta and solid angles, (k 0, Ω0) and (p N , Ω N ), can be written as
∫ ∞
D
E
d6σ
Φν (k)
=
K0 Fχ2 S(pm, Em ) θ(Em − Es ),
(3)
dk
0
0
dk dΩ dp N dΩ N χ
k
0
where k is the (anti)neutrino beam momentum, Φν the associated flux, K0 a kinematic factor (see
[22] for the explicit expression) and Es = m N + M A−1 − M A the nucleon separation energy.
The function Fχ2 arises from the contraction of the leptonic and nucleonic tensors and is the
linear combination of 10 independent response functions, each of them depending upon 5 variables,
RK ≡ RK (ω, q, pN ):
Fχ2 = VCC RCC + 2VC L RC L + VLL R LL + VT RT + VTT RTT + VT C RT C + VT L RT L


0
0
0
+ χ VT 0 RT + VT C 0 RT C + VT L0 RT L .

(4)

Note that this structure is more complex than the one corresponding to the inclusive case, which
0
0
involves only 5 responses of the 2 variables (ω, q). The five missing responses – RTT,T C,T L,T C ,T L
3
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associated systematic error: when more particles are detected in the final state, the cross section
becomes more sensitive to the details of the nuclear dynamics and more accurate models are needed
to describe such processes. Several recent measurements of semi-inclusive observables, involving
the kinematics of both the final lepton and hadron(s), have been recently performed by the T2K,
MINERvA and MicroBooNE collaborations [15–19]. A parallel effort is definitely needed on the
theory side and this will likely be the object of more studies in future years.
In what follows we shall summarise the basic formalism needed to attack the problem of semiinclusive neutrino-nucleus scattering (Sect.2), show some results obtained within the Relativistic
Plane Wave Approximation, as a first step of the extension of the SuSAv2 model to the semi-inculsive
case (Sect.3), and outline future developments and open problems (Sect.4).
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– are proportional to the cos(φ N ) and cos(2φ N ), φ N being the nucleon azimuthal angle, and they
disappear when the integral over the full final hadron phase space is performed. This is an important
point, showing explicitly that the inclusive cross section can be obtained from the semi-inclusive
one (providing, of course, that all the relevant processes are taken into account), but not viceversa.
The one-hole spectral function S appearing in Eq. (3) is defined as
S(pm, Em ) = hA|a† (pm ) δ(Ĥ − E0 − Em ) a(pm )| Ai,

(5)
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It should be mentioned that the factorised expression (3) is not exact and is strictly valid in
PWIA. However in most kinematics this is a very good approximation and a convenient representation of the physics, although un-factorised expressions are actually used in some calculations.

Figure 1: IPSM and RFG momentum distributions for 40 Ar (left panel) and the semi-inclusive (νµ, µp)
cross section evaluated in the RFG (middle) and IPSM (right) models, folded with the experimental DUNE
flux, for k 0=1.5 GeV/c, θ=30◦ and φ N =π. Figure adapted from Ref. [22].

In Fig.1 (left panel) we show the momentum distributions associated to two typical, very
different, nuclear models: the Relativistic Fermi Gas (RFG) and the Independent Particle Shell
Model (IPSM). In the RFG the nucleons are treated as free relativistic fermions, correlated only by
the Pauli principle; the associated spectral function


q
2
2
SRFG (pm, Em ) = θ(k F − pm ) δ Em − pm + m N ,
(7)
where k F is the Fermi momentum and m N the nucleon mass, leads, when inserted in (6), to a
step-like momentum distribution. In the IPSM the spectral function is
Õ

SIPSM (pm, Em ) =
(2 j + 1)nnl j (pm ) δ Em − Enl j ,
(8)
nl j

where the momentum distributions for each shell n jl are evaluated within the relativistic mean field
model (RMF). The nucleus considered in Fig.1 is 40 Ar and the Fermi momentum employed in the
4
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being Ĥ the nuclear Hamiltonian, E0 the ground state energy of the nucleus | Ai and a†, a the
fermion creation and annihilation operators. The spectral function represents the joint probability
of removing a nucleon with given momentum pm from the nucleus, leaving the residual system in a
state characterised by Em . Its integral over all missing energies yields the momentum distribution
∫ ∞
n(pm ) =
S(pm, Em ) dEm .
(6)
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RFG calculation is k F = 0.241 GeV/c. In the other two panels the 6th-differential semi-inclusive
(νµ, µp) cross section obtained in the RFG (middle panel) and IPSM (right panel) models and folded
L at φ =π
with the DUNE flux is represented versus the proton momentum p N and polar angle θ N
N
0
◦
and fixed muon kinematics (k =1.5 GeV/c, θ=30 ). These calculations do not include final state
interactions of the outgoing nucleon with the residual system: the striking difference between the
RFG and IPSM results clearly illustrates the extremely strong sensitivity of the semi-inclusive cross
section to initial state physics.
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In this Section we present a few representative comparisons of the RPWIA predictions with
semi-inclusive neutrino scattering data. More results can be found in Refs. [23] and [24].
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Figure 2: The RPWIA semi-inclusive CC0π single differential νµ −40 Ar cross sections displayed as functions
of final muon and proton kinematics and compared with MicroBooNE data [18], with the phase-space
restrictions k 0>0.1 GeV/c and 0.3<p N <1.2 GeV/c. Figure from Ref. [23].

In Fig.2 we show single differential charged-current νµ −40 Ar cross sections with protons
and no pions in the final state (CC0π), plotted versus the muon (left panels) and proton (right
panels) momenta and scattering angles. The curves corresponding to the two nuclear models above
illustrated, RFG and IPSM, are compared with the MicroBooNE data [18], with the phase-space
restrictions k 0>0.1 GeV/c and 0.3<p N <1.2 GeV/c.
It is worth pointing out that the RPWIA calculations reproduce quite well the shape and
magnitude of data, despite the fact that two-particle-two-hole (2p2h) final states, included in the
5
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3. Results
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dσ\dδϕT (cm2rad-1nucl-1)
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Figure 3: The RPWIA semi-inclusive CC0π single differential νµ −12 C cross sections displayed as functions
of the variables (9) are compared with T2K (upper panels) and MINERvA (lower panels) data from Refs. [15]
and [17], respectively. Figure adapted from Ref. [23].

An enhanced sensitivity to nuclear effects can be achieved by introducing the single transverse kinematic imbalances (STKI) between the outgoing lepton and proton momenta in the plane
transverse (T) to the neutrino beam. These are defined as [16]
δpT ≡ kT0 + pNT , δαT ≡ arccos(−k̂T0 · δ̂pT ) , δφT ≡ arccos(−k̂T0 · p̂NT ) .

(9)

On a free nucleon at rest, the cross sections with respect to these variables would be either flat
(for δαT ) or sharply peaked (for the other two variables), so that any deviation from this behaviour
can be considered as a "measurement" of nuclear effects. This is confirmed by the results shown
in Fig.3, where the RPWIA predictions are compared with T2K and MINERvA data for νµ −12 C
scattering. Indeed the theoretical results deviate from the data more than those relative to the
standard proton variables shown in Fig.2. The cross section dσ/dδpT , which is closely related to
the nucleon momentum distribution, is the only one sensitive to initial state physics. Moreover, as
expected, the disagreement with the data, which should be ascribed to the missing FSI and 2p2h
effects, is stronger for MINERvA, which operates at hEν i ∼3 GeV, than for T2K, which involves
lower neutrino energies, hEν i ∼0.6 GeV.

4. Conclusions and perspectives
A new exciting season of experimental and theoretical activity has started in the neutrino
scattering community, aimed at better constraining the nuclear models used in event generators
6

PoS(NuFact2021)007

dσ\dδαT (cm2rad-1nucl-1)

data [18] but absent in the present calculation, are expected to significantly increase the cross
section. On the other hand the inclusion of FSI yields in general lower cross sections, so that
these two missing ingredients may lead to a better agreement with data. The full calculation is in
progress [25]. It is also interesting to observe that the striking difference between the predictions
of the RFG and IPSM, shown in Fig.1 for the coincidence cross section, is to a large degree washed
out when the lepton or proton variables are integrated over.
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through the measurement and modelling of semi-inclusive observables.
While on the experimental side many such data have been recently published and more will
soon appear, theoretical papers on this subject are still rare. The description of semi-inclusive
processes requires a more complex formalism than the one needed in the inclusive case and involves
all the components of the nuclear tensor, including those which do not contribute to the inclusive
response. Furthermore, a higher degree of sophistication is required in the description of the
nuclear dynamics: some models might give reasonable agreement with inclusive data but badly
fail to reproduce observables which involve not only the lepton but also the hadron kinematics. As
a consequence, most nuclear models presently implemented in Monte Carlo generators have to be
revised and improved. A paradigmatic example is represented by the relativistic Fermi gas, which
could be considered as an acceptable zero-th order approximation for the inclusive case, but is a
completely inadequate framework to describe the semi-inclusive reaction.
As for the inclusive case, past studies of the electron scattering (e, e 0 p) reaction represent a
valuable benchmark, which must be extended to the neutrino case taking into account both the
presence of the axial current and the different experimental setup, a more challenging configuration
due to the flux average.
As a first step towards a complete description of semi-inclusive reactions, the RPWIA approach
has been used to describe the (νµ, µp) reaction. In this approach the initial state is treated using
an independent particle shell model based on relativistic mean field theory, while the final proton
state is approximated by a plane wave. Although the RPWIA calculation is obviously incomplete,
it is useful in order to isolate the sensitivity of the various observables to the details of the nuclear
initial state. In spite of its simplicity, this model is able to reasonably describe single differential
cross sections versus the proton variables. However, it fails to match the observables measured as
functions of combined lepton/hadron variables, the single transverse kinematic imbalances, which
are particularly sensitive to nuclear effects beyond the plane-wave approach (final state interactions
- FSI) and beyond the impulse approximation (many-nucleon excitations induced by two-body
currents - 2p2h). The STKI variables carry sensitive information on the nuclear dynamics, which
deserves further investigation.
The implementation of FSI in the model is not a trivial task, since the description of different experimental signals may require the use of different approaches [26]. A common way of
incorporating FSI, widely used is electron scattering studies, consists in the use of complex optical
potentials (OP), fitted to elastic proton-nucleus data on various targets in a certain energy range.
The imaginary part of the OP accounts for the flux lost in unobserved inelastic open channels. This
approach has been extensively and successfully applied in the past to the exclusive (e, e 0 p) reaction,
where there is certainty that the final state contains one and only one proton. In the case of neutrino
experiments the situation is further complicated by the fact that completely exclusive measurements
cannot be performed due to the broad neutrino flux. On the other hand the full complex OP cannot
be used in the inclusive case, where all the final states contribute to the cross section. For this reason
only the real part of the potential is sometimes employed to describe inclusive reactions: although
this recipe yields a reasonably good agreement with the data, it remains rather unsatisfactory from
the theoretical point of view since it treats inconsistently the initial and final states. A more consistent method is adopted in the RMF approach, in which the final nucleon wave function is built
as a scattering solution of the same relativistic Hamiltonian used to describe the initial bound state.
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This approach has the merit of respecting orthogonality between the initial and final states, but must
be corrected in order to smooth out the RMF potentials, which are unrealistically strong at high
energies, where the PWIA must be recovered. The implementation of FSI in the RPWIA model is
in progress [25] and will constitute a step forward towards the reduction of nuclear uncertainties in
the analyses of neutrino oscillation experiments.
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