Light scalars in the Weinberg 3HDM potential with
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The Z2 × Z2 -symmetric 3HDM potential, sometimes called Weinberg’s 3HDM potential, can
accommodate both explicit and spontaneous CP violation as well as natural flavour conservation
and is hence relevant for studies of CP violation coming from a realistic extended Higgs sector. The
model has an interesting regime, controlled by a single parameter, where it acquires an approximate
global 𝑈 (1) × 𝑈 (1) symmetry which causes CP violating effects to be small and two pseudoGoldstone bosons to be present in the scalar spectrum. From parameter space scans, we find that,
in a realistic implementation featuring an SM-like Higgs boson, this model predominantely leads
to the existence of light additional Higgs bosons with a mass lower than the SM-like Higgs boson.
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1. Introduction
Weinberg realized that one could secure strangeness and charm conservation within a gauge
theory, and yet have explicit CP violation while imposing discrete symmetries on a three-Higgsdoublet model [1]. His proposal amounts to imposing a Z2 ×Z2 symmetry on the theory allowing for
complex coefficients in the potential. The most general renormalizable potential for three doublets
𝜙𝑖 , invariant under Z2 × Z2 , is 𝑉 = 𝑉2 + 𝑉4 , with1
(1)

and
𝑉4 = 𝑉0 + 𝑉ph ,

(2)

𝑉0 = 𝜆11 (𝜙†1 𝜙1 ) 2 + 𝜆12 (𝜙†1 𝜙1 ) (𝜙†2 𝜙2 ) + 𝜆13 (𝜙†1 𝜙1 ) (𝜙†3 𝜙3 ) + 𝜆22 (𝜙†2 𝜙2 ) 2
+ 𝜆23 (𝜙†2 𝜙2 ) (𝜙†3 𝜙3 ) + 𝜆33 (𝜙†3 𝜙3 ) 2
0
0
0
+ 𝜆12
(𝜙†1 𝜙2 ) (𝜙†2 𝜙1 ) + 𝜆13
(𝜙†1 𝜙3 ) (𝜙†3 𝜙1 ) + 𝜆23
(𝜙†2 𝜙3 ) (𝜙†3 𝜙2 )

𝑉ph =

𝜆1 (𝜙†2 𝜙3 ) 2

+ 𝜆2 (𝜙†3 𝜙1 ) 2

+ 𝜆3 (𝜙†1 𝜙2 ) 2

+ h.c.

(3)
(4)

With real coefficients CP is explicitly conserved by the potential. However there is a region of
parameter space [3] where the potential 𝑉 admits a CP violating vacuum. In this work we always
assume the potential to be real while natural flavour conservation is achieved by letting the doublets
and right-handed fermions have the following Z2 × Z2 charges
𝜙1 : (+1, +1)

𝜙2 : (−1, +1)

𝜙3 : (+1, −1)

(5a)

𝑢 𝑅 : (+1, +1)

𝑑 𝑅 : (−1, +1)

𝑒 𝑅 : (+1, −1).

(5b)

This choice is not unique. The important point is to allow each set of right-handed fermions to
couple to only one Higgs doublet.

2. CP content of the neutral scalars
In a CP violating model such as the one considered here, the physical neutral scalars are in
general not CP eigenstates. Nevertheless, their CP content, i.e., how close they are to being CP
odd or CP even, can be probed by studying certain couplings, of which two examples are presented
below. In this analysis, the Higgs basis 5 × 5 diagonalization matrix of the neutral scalars mass
matrix denoted 𝑂, plays a central role.
2.1 Gauge couplings: ℎ𝑖 ℎ 𝑗 𝑍
2.1.1 General features
The trilinear gauge couplings involving the Z boson and two neutral scalars probe the relative
CP content of the two scalars. Indeed, in a CP conserving theory, this coupling vanishes unless the
1We follow the notation of Ivanov and Nishi [2].
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𝑉2 = −[𝑚 11 (𝜙†1 𝜙1 ) + 𝑚 22 (𝜙†2 𝜙2 ) + 𝑚 33 (𝜙†3 𝜙3 )]
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two scalars have opposite CP. Letting the ℎ𝑖 ℎ 𝑗 𝑍 coupling, in units of 𝑔/(2 cos 𝜃 𝑊 ) be denoted 𝑃𝑖 𝑗 ,
it is given in terms the Higgs basis diagonalization matrix as [4]
𝑃𝑖 𝑗 = (𝑂 𝑖2 𝑂 𝑗4 + 𝑂 𝑖3 𝑂 𝑗5 ) − (𝑖 ↔ 𝑗).

(6)

𝑗

𝑗≠𝑖

Í
and thus 𝑖 𝑗 𝑃𝑖2𝑗 = 5 − 1 = 4. By antisymmetry, the 5 diagonal elements 𝑃𝑖𝑖 vanish, and for a
random 𝑂 matrix the non-zero values of 𝑃𝑖2𝑗 would have an average of 4/20 = 0.2.
The quantity 𝑃𝑖 𝑗 can be either positive or negative. We have performed scans over the potential
parameters [4] and studied the "average" Z affinity as the following root-mean-square
v
u
t
𝑁

1 ∑︁ 2
𝑃𝑖 𝑗 r.m.s =
𝑃 ,
(8)
𝑁 1 𝑖𝑗

where the sum runs over the 𝑁 points of the scan. When the affinity 𝑃𝑖 𝑗 r.m.s is large, the ℎ𝑖 ℎ 𝑗
pair has a strong coupling to the 𝑍, i.e., they have rather different CP content. On the other hand,

when the affinity 𝑃𝑖 𝑗 r.m.s is low, the two states are close in their CP profiles and have a suppressed
coupling to the 𝑍. It should be noted however that the affinities 𝑃𝑖 𝑗 are not transitive: If 𝑃 𝑎𝑏 = 𝑃 𝑎𝑐 ,
that is, ℎ 𝑏 and ℎ 𝑐 are equally “far” from ℎ 𝑎 in terms of CP content, then it does not follow that
𝑃𝑏𝑐 = 0, i.e., ℎ 𝑏 and ℎ 𝑐 do not necessarily have the same CP content. The origin of this property
lies in the fact that 𝑃𝑖 𝑗 consists of terms each involving both 𝑖 and 𝑗.
2.2 The regime of 𝑈 (1) × 𝑈 (1) symmetry
When the rephasing sensitive part of the potential 𝑉ph vanishes, the Z2 × Z2 symmetry is
enhanced to a 𝑈 (1) × 𝑈 (1) symmetry. Whenever this symmetry is broken by the Higgs vacuum
expectation values (VEVs), there are two massless states in the scalar spectrum, as expected from
the Goldstone theorem [6, 7]. Moreover, when the 𝑈 (1) ×𝑈 (1) symmetry is exact, at the Lagrangian
level, the phases of the VEVs can be rotated away and therefore spontaneous CP violation does not
occur. This model has the interesting property that close to this limit, in general it is controlled by
only one parameter, 𝜆1 , since the other couplings in 𝑉ph , 𝜆2 and 𝜆3 , can be related to 𝜆1 by using
the minimization conditions for the potential.
If the 𝑈 (1) × 𝑈 (1) symmetry is only approximate, i.e., if 𝜆1 is small, but finite with respect
to all other quartic couplings, then the spectrum contains two light states corresponding to two
pseudo-Goldstone bosons. The phenomenology of the model can be conveniently analysed using
𝜆1 since it controls both the masses of the 𝑈 (1) × 𝑈 (1) pseudo-Goldstone bosons and the strength
of the CP violating effects coming from the Higgs sector.
3
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We will refer to this quantity as the "Z affinity" 𝑃𝑖 𝑗 . A value of unity would correspond to the
strength of the 𝐻 𝐴𝑍 coupling in the CP-conserving 2HDM, whereas a value of zero corresponds to
the vanishing ℎ𝐴𝑍 and ℎ𝐻𝑍 couplings in that model. On the other hand, in the CP non-conserving
2HDM it is given by linear expressions in the rotation matrix [5], here 𝑃12 = 𝑒 3 /𝑣, 𝑃23 = 𝑒 1 /𝑣, and
P31 = 𝑒 2 /𝑣, with 𝑒 21 + 𝑒 22 + 𝑒 23 = 𝑣 2 .
For the 3HDM, it satisfies a similar sum rule. By orthogonality, it follows that
∑︁
∑︁
𝑃𝑖2𝑗 =
𝑂 2𝑗1 = 1 − 𝑂 2𝑖1 ,
(7)
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In Fig. 1 we compare Z affinities for all pairs of neutral scalars, and for two cases. In the left
panel, we impose the “near 𝑈 (1) × 𝑈 (1) symmetry” condition
max(|𝜆 1 |, |𝜆2 |, |𝜆3 |) = 0.01,

(9)


Figure 1: Average Z affinity 𝑃𝑖 𝑗 r.m.s of states ℎ𝑖 and ℎ 𝑗 . Left: the 𝑈 (1) × 𝑈 (1) limit, as defined by Eq. (9);
Right: no restriction on the lambdas.

We note that this limit also secures an upper bound on the amount of CP violation in the scalar
sector.
2.2.1 Alignment
In order to make contact with experimental reality, we have to make sure one scalar has a
coupling to the electroweak gauge bosons 𝑊 +𝑊 − that is close to unity, in units of 𝑔𝑚 𝑊 . This
amounts to requiring |𝑂 𝑘1 | being close to unity, for some 𝑘. Let us first note that in the exact
alignment limit, with |𝑂 𝑘1 | = 1, then, by unitarity, all 𝑂 𝑘 𝑗 = 0, for 𝑗 ≠ 1, and all 𝑂 𝑖1 = 0 for 𝑖 ≠ 𝑘.
Thus,
Exact alignment: 𝑃𝑖𝑘 = 𝑃 𝑘 𝑗 = 0, for all 𝑖 and all 𝑗 .
(10)

In this exact alignment limit, the row and column referring to ℎ 𝑘 in the 𝑃𝑖 𝑗 r.m.s plot would thus be
zero, reflecting the fact that ℎ 𝑗 ℎ 𝑘 would not couple to 𝑍 for any 𝑗.
We shall relax the alignment condition, replacing it by the experimental one [8], obeyed at the
3𝜎 level:
𝜅𝑉 − 3𝜎 < 𝑂 2𝑘1 < 𝜅𝑉 + 3𝜎, for some 𝑘.
(11)
4
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whereas in the right panel we impose no such constraint, i.e., we do not restrict the scan to the
regime of near 𝑈 (1) × 𝑈 (1) symmetry. The left panel shows a clear separation into two sets of
states, ℎ1 and ℎ2 have low affinity to the 𝑍, meaning they have similar CP content, as does the other
set, ℎ3 , ℎ4 and ℎ5 . It is natural to interpret this as follows: Near the 𝑈 (1) × 𝑈 (1) limit we have two
neutral states that are approximately odd under CP, and three that are approximately even. This
is fully compatible with the expectations from the Goldstone theorem [6, 7], since the Goldstone
bosons in the 𝑈 (1) × 𝑈 (1) limit will be CP odd.
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Imposing this constraint on ℎ2 and ℎ3 , the scan [4] yields the average Z affinities shown in Fig. 2.
Qualitatively, the features described above are verified. Couplings of the 𝑍 to the “SM state” are
strongly suppressed, whereas there can be strong couplings to ℎ𝑖 ℎ 𝑗 , provided 𝑖 and 𝑗 both differ
from 𝑘.

2.3 Neutral mass spectrum
In the Weinberg potential with an SM-like Higgs boson state, there is a strong tendency for one
or two additional bosons to be lighter than 125 GeV. In the parameter scan performed in Ref. [4] the
SM state ℎ 𝑘 is the second lightest in 38% of the cases, and the third lightest in an additional 28% of
the cases. However, this does not necessarily rule out much of the parameter space of the model as
the light states may have escaped detection at LEP where the dominant production channel would
be the Bjorken mechanism. Indeed, the cross section for this channel is proportional to the ℎ𝑖 𝑍 𝑍
couplings 𝑂 𝑖1 which are suppressed for the BSM scalars by the orthogonality of the mixing matrix.
2.4 Yukawa couplings
Even though this model would not generate a complex CKM matrix, for real Yukawa couplings
there would still be CP violation in the Yukawa sector coming from Higgs interactions. Indeed, the
neutral scalars ℎ𝑖 do not have definite CP and have both CP-even and CP-odd couplings to fermions.
Hence their Yukawa interactions are given by
L ℎ𝑖 𝑓
One can define the angle 𝛼 ℎ𝑖 𝑓

𝑓

𝑓

=

𝑚𝑓
ℎ𝑖 (𝜅 ℎ𝑖 𝑓
𝑣

𝑓

𝑓¯ 𝑓 + 𝑖 𝜅˜ ℎ𝑖 𝑓

𝑓

𝑓¯𝛾5 𝑓 ).

(12)

through
tan 𝛼 ℎ𝑖 𝑓

𝑓

=

𝜅˜ ℎ𝑖 𝑓
𝜅 ℎ𝑖 𝑓

𝑓

.
𝑓

(13)

which measures the relative strength of the CP-even and CP-odd coupling of ℎ𝑖 to a fermion 𝑓 and
hence also measures the CP profile of ℎ𝑖 . In this model, when 𝑓 couples to the doublet 𝜙 𝑘 , 𝛼 ℎ𝑖 𝑓 𝑓
5

PoS(DISCRETE2020-2021)064


Figure 2: Average Z affinity 𝑃𝑖 𝑗 r.m.s of states ℎ𝑖 and ℎ 𝑗 . Left: ℎ2 is assumed to satisfy the SM constraint,
Eq. (11); Right: ℎ3 satisfies the SM constraint.
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can be computed in terms of the matrix R̃ [4] which rotates the doublets to the Higgs basis and the
rotation matrix 𝑂 which diagonalizes the neutral mass-squared matrix in the Higgs basis
𝛼 ℎ𝑖 𝑓

𝑓

= arg(𝑍𝑖(𝑘) )

(14)

where
 
𝑍𝑖(𝑘) = R̃𝑇

 
𝑂 𝑖1 + R̃𝑇
𝑘1

 
(𝑂 𝑖2 + 𝑖𝑂 𝑖4 ) + R̃𝑇
𝑘2

(𝑂 𝑖3 + 𝑖𝑂 𝑖5 )
𝑘3

= R̃ 1𝑘 𝑂 𝑖1 + R̃ 2𝑘 (𝑂 𝑖2 + 𝑖𝑂 𝑖4 ) + R̃ 3𝑘 (𝑂 𝑖3 + 𝑖𝑂 𝑖5 ).

(15)

3. Conclusion
In most of the parameter space of the Weinberg potential, the scalar spectrum contains at least
one neutral scalar lighter than the observed Higgs boson. This is not necessarily a problem for
the model because the main production channel for these light states would have been suppressed
due to the orthogonality of the scalar mass mixing matrix. In fact there has been recent interest in
light Higgs bosons due to observed excesses in Higgs searches around 95 GeV [11–14]. It would
be interesting to explore if a model based on Weinberg’s 3HDM potential could fit these excesses,
while obeying current experimental constraints.
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