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1. Context and Motivation

In recent years, there has been renewed interest in new light particles beyond the SMmatter content.
This is due to a concurrence of theoretical, phenomenological and experimental reasons. Such
particles allow to elegantly address conceptual and also observational problems, see e.g. [1]. Their
mass may be as large as 1 GeV, depending on the couplings structure. New scalars in the MeV-GeV
mass range whose couplings to SM matter have a larger-than-weak strength are fully compatible
with all measurements on stable matter [2]. In fact the strongest constraints, from astrophysical
data, apply to 1st-generation matter only. Finally, there is no intrinsic reason ruling that these
particle should couple universally across generations, or in a flavour-diagonal way [3]. All these
considerations make meson or g decays at colliders very suited—also because of the large statistics
and accuracy now attainable—to test new physics with the above properties.

Searches at colliders can be performed under the minimal assumption that the new particle
leaves the detector volume undetected. One prototype search is then g → ℓ + q, where ℓ denotes a
light lepton and q an axion-like particle (ALP) [4]. The state-of-the-art dates back to Refs. [5, 6],
and an new search is in progress at Belle II [7]. A crucial advantage of these facilities is that
the total missing energy of the system is accurately known. For both signal and backgrounds,
however, the presence of undetected particles prevents the reconstruction of the separate momenta
of the pair-produced gs. In order to separate the signal, the reference strategy has been to try
estimate the signal-g momentum using the visible momenta on the tag side. E.g., in the method
used by ARGUS [6] one considers g → 3ca, and the signal-g momentum may then be estimated
as p̂g ≈ −

∑tag
8
p̂c8 , �g ≈

√
B/2 [6], where a hat denotes a unit vector. More generally, one may

exploit the ‘thrust axis’ [8, 9] of the event, and approximate the signal-g momentum [7] as

?g =

√
B

2
(
1, n̂

√
1 − 4<2

g/B
)
. (1)

This represents the current state-of-the-art method.

2. Our Method: Basics

Our method also aims at reconstructing the two g’s separate boosts. However, our approach is
radically different from the state-of-the-art, in that we exploit the applicability of a different set of
variables, never considered in this context, and that have a ‘natural’, built-in way of estimating the
separate boosts that we aim at. In more detail, our approach is based on the following observations:
(i) both signal and background decays consist of a pairwise decay topology, with visible final states
on either branch, plus either the elusive q (signal), or neutrinos (backgrounds). Such topology lends
itself to the use of variables such as the ‘stransverse mass’ "T2 [10, 11] and its Lorentz-invariant
generalisations [12]; (ii) denoting these variables collectively as "2, we note that their algorithm (a
minimisation in the invisible 3-momentum on either of the two decay chains) produces as outcome
the so-called "2-Assisted On-Shell, or ‘MAOS’, invisible momentum [13, 14]. The latter has
a distribution centered around the true invisible 3-momentum, and thereby provides a ‘built-in’
estimator of the concerned invisible 3-momentum. This, plus the measured constraint on the total
missing momentum, addresses the underlying challenge of the search; (iii) our approach is expected
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to have little correlation with the state-of-the-art method, because the latter is based on variables
built out of visible momenta only. Hence the two approaches may be profitably combined. We will
show that this is indeed the case, and the combination provides a substantially higher performance
than the case where the different variables discussed are used individually.

For the sake of definiteness, and also in order to have a benchmark to compare against, we
apply our idea to g → ℓ + q, specializing ℓ to the electron in the numerics for consistency with the
analysis in [7]. The search is thus for

4+4− → g(→ ℓq) g(→ 3ca) , (2)

where charge specifications are omitted on the r.h.s., and the q is assumed to escape undetected.
We henceforth refer to this channel as ‘1×3’, with dominant irreducible background

4+4− → g(→ ℓaā) g(→ 3ca) . (3)

We will also consider the ‘1×1’ channel g(→ ℓaā), for which the ARGUS/thrust method is not
applicable. Its irreducible background is g(→ ℓaā)g(→ ℓaā).

The above decay topology is suitable for applying "T2 and its generalizations. Such variables
have never been considered in the context of decays of pair-produced mesons or leptons. The "T2
variable is defined as [10, 11] i.e.

"T2 =mink1T, k2T

[
max

{
"T( p1T, k1T), "T( p2T, k2T)

}]
subject to k1T + k2T = Vmiss

T , (4)

where “T” denotes the projection onto the plane transverse to the beam direction. Since our
application is in the context of a lepton collider, whose initial-state kinematics is known, we will
employ the fully Lorentz-invariant extension of "T2, known as "2 [12] (see also [15, 16]). "2 can
actually be constructed in many ways, according to the kinematic constraints that are enforced in
the minimisation. We focus on the following definition

"2 =mink1, k2

[
max

{
" (?1, :1), " (?2, :2)

}]
subject to

{
k1 + k2 = Vmiss,

(?1 + ?2 + :1 + :2)2 = B,
(5)

with B the squared collision energy, and ?8 (:8) the visible- (invisible-)system total momenta on the
decay branch 8 = 1, 2.

One first property of the ‘MAOS’ momenta kmaos
1,2 that minimize eq. (5) is their usability

as estimators of the true momenta k1,2 [13, 14]. In fact, "2-based MAOS momenta [16, 17] are
distributed symmetrically around the true momenta, and peak at the respective true values. Besides,
"2-based MAOS momenta are more efficient than the "T2-based counterparts [17], for various
reasons detailed in Ref. [18].

3. Derived Variables

The kmaos
1,2 momenta can be used to construct any variable for signal-background discrimination

that would require knowledge of the invisible momenta. We summarize here two examples of such
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Figure 1: Distribution for ?maos
4 ≡ | p4 |maos

g-RF and for the same variable, calculated through the thrust. We
consider the 1×3 channel and <q = 1 MeV. Figure taken from Ref. [18].

variables. A first one is | pg-RF
ℓ
| in the 1×3 channel. It is clear that, in the g rest frame (RF), this

quantity is the same as the signal-side invisible momentum. One can compare the boost estimated
through the MAOS vs. thrust methods. Such comparison is shown in fig. 1 for the 1×3 channel
and for <q = 1 MeV, representative of the small-mass case. A second example is the ratio

b: ≡
min{|k1 |, |k2 |}
max{|k1 |, |k2 |}

∈ [0, 1] , (6)

the corresponding ratio calculated with kmaos
1,2 being denoted with bmaos

:
. This quantity is reminiscent

of the '?T ratio of Ref. [19]. However, there are two important differences: (i) '?T is constructed
with the visible momenta, while b: uses the separate invisible momenta on the two decay branches
– which is precisely what MAOS provides; (ii) '?T is a ‘max-over-min’ ratio, taking values on the
(non-compact) domain [1,∞]. On the other hand, b: spans the compact domain [0, 1]. The latter
has the crucial advantage of enhancing the shape difference between signal and background, i.e. of
not diluting it over a long distribution tail (which would be the case for a non-compact domain). The
b: distribution is displayed in fig. 2 (first panel), again for <q = 1 MeV. We remark that b:, ? may
be defined in the lab or CMS frames. We observe that the slope differences are more pronounced
in the CMS-frame definition. The b: distribution may be compared with the b?, ':T and '?T ones,
shown in the remaining panels of fig. 2.

It is worth emphasizing the underlying rationale of eq. (6): this ratio should be closer to unity
for more symmetric decay chains, e.g. the 1×1-channel background (4th entry in the legend). For
the same reason, we also expect the b: ‘slope’ to decrease as the number of invisibles decreases.
Therefore, b: is one example of ‘invisible-savvy’ variable, whose distribution is namely sensitive
to the number of invisibles in the two decay branches.

One can further construct additional variables that do not require MAOS momenta, i.e. that
can be computed from the visible momenta only. As such, these variables are expected to display a
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Figure 2: Distributions of the ratio variables b:, ? , ':T , ?T discussed below eq. (6), for the case<q = 1 MeV.
Figure taken from Ref. [18].

small enough correlation with those discussed so far. Examples of these variables include the recoil
mass [20, 21] "2

recoil = (%
CMS − ?1 − ?2)2, i.e. the invariant mass of the full invisible system, as

well as the variable �miss ≡ |Vmiss |. For more details, that we omit here for brevity’s sake, we refer
the reader to Ref. [18].

4. Results

Our results are based on 4+4− → g+g− decays obtained with MadGraph; tag-side decays and
backgrounds are modeled through TauDecay [22], and signal-side decays are populated as phase
space through ROOT. For each process considered we generate about 1.5 · 107 events. We also
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Figure 3: First panel: signal efficiency vs. background rejection in the different cases discussed in the text
and in the case <q = 1 MeV. Second and third panels: 95% CL upper limits on the signal branching ratios
normalized to the g → ℓaa one< as a function of the luminosity (second panel) or of the different cases
discussed in the text (last panel). Figure panels taken from Ref. [18].

consider a number of cuts only for the sake of populating the phase space in a similar way as
Ref. [7] and thereby make our event sample mimic this search as much as possible—whereas these
cuts are otherwise unnecessary to optimize our variables. For more details see Ref. [18]. For the
numerical analysis we use the public library YAM2 [23] and the TMVA [24] class available in ROOT.

Let us now summarize our analysis. A first general point to be made is that "2, b:, ?, "recoil
and �miss are well-defined and calculable for both the 1×3 and 1×1 cases. Their distributions
are sensitive to the number of invisibles in the decay and we thus collectively denote this set as
‘invisible-savvy’ variables. We construct with them the ISy classifier [18]. Note that ?maos

4 is left
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outside this classifier, in order again to allow for a closer comparison of our method with Ref. [7].
We inform our comparison by the following cases: (a) ?thrust

4 alone, on 1×3 decays; (b) ?maos
4 alone,

on 1×3 decays; (c) ISy alone, on 1×3 decays; (abc) ?thrust
4 + ?maos

4 + ISy combined, on 1×3
decays; (d) ISy, on 1×1 decays. Case (a) serves as validation of our overall setup, because we
fully reproduce the results in Ref. [7] in spite of our different MonteCarlo, analysis, and even of our
completely different approach to translating the obtained S/B into branching-fraction limits (see
Ref. [18]); the comparison across the cases (a), (b), (c) and (abc) serves to gauge the improvement
achievable in the 1×3 channel alone; cases (c) vs. (d) provides a first test the relative performance
of the 1×3 vs. 1×1 channels, keeping in mind that such test has many subtleties (again, see Ref. [18]
for more details, including on why we refrained from discussing a possible (abcd) case).

The mentioned comparisons are shown in the plane of signal efficiency vs. background
rejection in fig. 3 (first panel); performances are also translated into a 95% CL upper limit (UL) on
B(g → 4q) as a function of <q, with a given Belle-II luminosity L,1 see the middle and rightmost
panels of fig. 3.

Specifically, the middle panel of fig. 3 shows the UL for the different luminosities L =

{0.1, 1, 50} ab−1, that roughly correspond to the Summer 2021 dataset, the dataset as of the 2022
shutdown, and the full Belle-II dataset, respectively. On the other hand, the rightmost panel displays
a comparison among the cases discussed above, at the fixed luminosity L = 0.1 ab−1. We can
synthesize by saying that, for an ALP or hidden vector of small <q . 1 MeV, our full strategy
applied to the 1×3 channel alone is expected to provide a 95%-CL limit of around

B(g → 4q) ≤ {5.4 · 10−5, 1.7 · 10−5, 2.4 · 10−6},
for L = {0.1, 1, 50} ab−1. (7)

These figures are to be compared with B(g → 4q) ≤ {1.3 · 10−4, 4.0 · 10−5, 5.7 · 10−6} with the
thrust method alone. In conclusion, our strategy sharpens by a factor close to 3 the UL that can
be obtained with the state-of-the-art Belle II strategy of [7]. The Belle-II limit on BR(g → 4 +
invisible) that follows from our analysis will be stronger than the existing ARGUS limit [6] by a
factor of 50, 170, 1150, respectively, with 0.1, 1, 50 ab−1 Belle-II data.

I conclude by noting that the above approach has a vast potential of applicability to the extent
that the underlying, pairwise decay topology is the same. For example, a similar approach may also
be applied to � decays, and in fact one such application is work in progress.
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