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1. Introduction

Killing tensors, Killing-Yano forms and Killing-Yano tensors have many uses: Killing tensors
correspond to “hidden” symmetries of bosonic models [1-3]. They are also instrumental for
separating variables in General Relativity [4, 5] and string equations [6], and are used in the study
of G-structures [7, 8]. Killing tensors characterise the symmetries of Laplacians [9]. Killing-Yano
tensors square to Killing tensors and characterise the symmetries of the Dirac equation [10] and
are also related to novel supersymmetries in sigma models and strings [11, 12]. Supersymmetric
Killing-Yano tensors [13] characterise the symmetries of super Laplacians [14—16]. Finally, KTs
arise in the context of hyperKihler geometry [17]. Of particular interest in the present context is
the relation of Killing-Yano tensors to asymptotic conserved charges [18, 19]. In this presentation
we will give lightning reviews of a few of these topics and report on some new results [20, 21] and
[22].

The paper is organised as follows: Section 2 contains the definition of Killing tensors and
illustrations of their use in constructing invariants along geodesics, separating variables and their
role in determining symmetries of the Laplacian. Section 3 contains the definition of Killing-Yano
forms and illustrations of their use for constructing rank two Killing tensors, conserved currents,
and asymptotic charges. In three dimensions we introduce a current based on the Cotton tensor
and display its form in superspace as well as in ordinary space. Section 4 contains the definition of
Killing-Yano tensors with both symmetric and antisymmetric sets of indices and an illustration of
how they are used to find invariants of spinning particles and for spinning tensionless strings.
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2. Killing tensors

In this section we introduce Killing tensors (KTs), their generalisation to conformal Killing
tensors (CKTs) and illustrate their usefulness in a couple of examples.

An nth rank Killing tensor is a completely symmetric tensor f#!---#» that satisfies the equation

V(/llf/lz---,uml) =0, (1)

whereas a conformal Killing tensor is trace-free and satisfies
Vi Suoeettner) = 18 (i Juseottnr) > 2

where the rank n — 1 tensor f is determined by tracing both sides:

- 1
Tt = =1y et ®

2.1 Uses of KTs

In this subsection we indicate some of the most important uses of KTs.

Conservation along geodesics

Let x* (1) be a geodesic, an over dot denote 7-derivative and let p# := %" be the tangent vector
to the geodesic. The covariant directional derivative along the geodesic is denoted

D
e = p'uvu 4)
and the geodesic equation is
D pH
di =0. )
If f is an nth rank Killing tensor, the quantity
0= f,ul...,unp#] ce. p,un ©6)
is then conserved along the geodesic [23],
D M M H1 Hn
EQ =p V,uQ =p Vyf,u]...,un,p - P (7

=Vulu..pwyp?p* ... p" =0,

where we used (5) and (1). Note that this is a purely geometric construction. Since the equations of
motion of point-particles are geodesics it can be used to construct invariants for particles moving in
geometries that allow KTs. It can also be extended to provide invariants for spinning particles [13]
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and for tensionless strings [22].

Separation of variables

Here we briefly describe one of the most important uses of KTs, for separation of variables.
The literature on this is vast, see, e.g., [1, 6]. Below we sketch the logic following the presentation
in [6].

Let S =W(X)+ %tuz be Hamilton’s principal function and W his characteristic function, for a
system with Hamiltonian H = % pg~'p. The Hamilton-Jacobi equation

a8 oS
H(X, — — =0 8
(X, aq,t)+ o ®)
then reads
g O WoW + > =0, 9)

where u is a constant. Assume that the coordinates (X) can be divided into two distinct groups
denoted by (x) and (y). If the following conditions are satisfied,

W:Wx(xle---xk)+Wy()’k+1---)’n) (10)
_XRY )+ YR (y)
- Fa=ty ’
ayfx =0, axfy =0,

w X=0, Y¥=0,

then (9) separates as
XM, WOW + 1> fro = =Y 3, W, W + pi* f, (11)

with the left hand side a function of x only and the right hand side a function of only y. Applying
the usual argument that the two sides must be separately constant, we find the following integral of
the motion

[ = XM 0, W0, Wy + 12 fro = (X1 = g £) 0, Wy, W,y . (12)

It can then be shown that

o (LR eRTY

T )ouWa, W = Ko, Wa,w (13)

with K#¥ a second rank KT.
The key to the usefulness of this relation is that the converse is also true, as described in [6]:
Given a second rank KT, one can use it to find the separation (11).

Symmetries of the Laplacian

A symmetry of the Laplacian A is a linear differential operator D # A such that [9]

AD = 6A (14)
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for some linear differential operator 6. Any linear differential operator on a Riemannian manifold
may be written in the form

D =VH*"PV,V, ...V, +lower order terms , (15)
where V#”-f is symmetric in its indices. This tensor is called the symbol of D.
Itis shown in [9] that any symmetry D of the Laplacian on a Riemannian manifold is equivalent
to one whose symbol is a CKT f:

D = fHPV,V, ...V, +lower order terms. (16)

Similar results hold for the Dirac operator [10] and in superspace for super-Laplacians [14].

Having exemplified the uses of KTs, we now turn to Killing-Yano and conformal Killing-Yano
forms!.

3. Killing-Yano forms
Killing-Yano forms (KYFs) are generalisations of KTs to antisymmetric covariant tensors.
An nth rank KYF is an n-form k that satisfies
V(ﬂlkﬂz)m#nﬂ =0, (17)
or, equivalently,

V#lkuz...un,+1 = V[/llk/lz---/lrnl] . (18)

A conformal Killing-Yano form (CKYF) satisfies

n

VB = Vi Byt + mgm[m}%usmunn] ) (19)
where
R U (20)
Moreover, it is called closed if
ViaZu..pp1 =0 21

1We refer to the totally antisymmetric versions as Killing-Yano forms and reserve the label Killing-Yano to tensors
with mixed symmetries.
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3.1 Uses of KYFs

In this subsection we indicate some of the most important uses of KYFs.
The square of a KYF is a KT

In applications, it is often easier to find KYFs than KTs for a given geometry. It is then
gratifying that KYFs square to second rank KTs:
Let ky, .. 4, be a KYF. Consider the second rank tensor

f,uv = k,u/zz...yn kv,uz...,un . (22)
Then
Vo fuy = V[Gk#ﬂzmﬂn]kvmmﬂn + kﬂmmunv[akvmmﬂn] (23)
= V(o-fﬂv) =0.

So fu is a Killing tensor. This construction also produces rank 2 CKTs from two rank n CKYFs
[24]. Note that when the CKYFs are different, we must explicitly symmetrise the free indices in (22).

Conserved currents

A covariantly conserved antisymmetric rank » tensor field J is equivalent to a co-closed n-form.
By the Poincaré lemma, this means that it is equal to the co-derivative of an (n + 1)-form ¢ in a
simply-connected open set

VE iy = 0= Ty = V¥ - (24)

This can be used to construct conserved charges for a given J. An interesting example is the
Kastor-Traschen KT current [18]:

JHL-Hn — _(n -1 Rlmp oo JH3epnlpo (_1)"+1 R, (k1 pr2-pnlp _ i R H1Hn (25)
n

4
where k is a KYF and the geometry is represented by the curvature tensor and its contractions. The
covariant divergence of J vanishes due to Bianchi identities and the properties (18) of k.
In [20] we show how the KT current may be rewritten in terms of the Weyl and Schouten
tensors and how it has several separately conserved constituents. Interestingly only the full current
seems to allow for Abbott-Deser (AD) charges, to which we now turn.

AD charges

In the spirit of [25] one may construct asymptotic charges for the Kastor-Traschen KT current.
If the metric has the asymptotic form

8uv = g/JV + h/JV (26)
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and the background geometry defined by g,,, has a KYF k, then the linearised KT current

JWD e — (n; 1 R[L'”"”z oo ot Hnlpo (_1)n+1 Ri, 1 H2--tnlo _ 2i Ry kHi--tn 27
n

will be background conserved for certain geometries such as asymptotically flat or asymptotically
AdS ones. For n = 2, one finds

or ~ / ds; Ny 7 28)
>

which then represents a conserved “charge”. Note that this requires deriving the potential £#"*.
This derivation prompted the development of some mathematical tools.

Identities

The study of identities and integrability conditions for KTs, CKTs, KYFs and CKYFs has a
long history: [26-29]. Here we relate some recent results along this line of investigations.

In deriving the explicit relation J,(II]‘) yn = VP, ..., needed for construction of the charge,
we use

(n+1)
VuVikp,..p, = (_1)n+1 Y R? pulver Kps..pplor s (29)

which generalises the Killing vector relation V,V, f, = R ,,, fo. From this, we derive a number
of new relations such as

Ryuy kM7 + RF kyy =0 (30)
for a rank 2 KYF. The corresponding identity for a general rank KYF k reads
REy Koy ot + (G RE (o Koy i1y
+(n=2) [ (=D)"Ryafor kors...orp ] M + % Riuloros Koy ooy ™| =0. 31)
Several other new identities are to be found in [20]. The following one, involving the Einstein tensor
Guy = Ruy = 38uvR. (32)
reads
k*'V,G,, =0. (33)
The corresponding identity for a general rank KYF k reads
(=1 (V"R* (o)) kory...rp v + % (V¥R) kyrory...0p01 =0 (34)
We use (33) to prove that
KM =2G, W rrle 35)

is a conserved “current”. Note that in a given geometry this leads to a relation between the KYF and the
energy-momentum tensor on shell. More details may be found in [20].
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The identity (29) may be generalized to CKYTs (19) (as well as to geometries with torsion, see [21]).
For a second rank CKYT £ , it reads
3 3

VuViZpo = __RT#[VpﬁU]T -

_ 2 _
5 8 Vokol + 5 Vi (&vipho) - (36)

D —
PCCKYF

The closed conformal Killing-Yano forms defined in (21) play an important role when n = 2 and it is
non-degenerate as a matrix. It is then called a principal closed conformal Killing-Yano tensor and is the
starting point for constructing a hierarchy of KYTs and KTs that can be used to characterise the solution.
E.g., for the Kerr-NUT-(A)dS family this principal tensor generates a hierarchy of Killing vectors that ensures
complete integrability of geodesic motion and separability of the Hamilton-Jacobi, Klein-Gordon, and Dirac
equations, see [3].

Cotton current comments

Above we have focused on the KT current. Another current, the Killing-Yano Cotton current, was
recently constructed in [21]. Here we briefly describe this current.

The Cotton tensor is defined in D > 3 dimensions as
1
Cuvp =2(D =2)V 58,1 =2V pRy 1 — mg#[vvp]R- (37

It satisfies

Cuvp = Culvpl »

Cluvp1 =0,
VHCpyp =0. (38)
Recall that a second rank CKYF £ satisfies
2 _
Vutvp = Viukyp) + ﬁgﬂlvéﬁ’] > (39)
and consider
JH=CHPR,,. (40)
That this is a conserved current follows from
VJH = (V, CHPYRyp + CHYPY oy 41

2 _
=0+ CH (Vo) + 5= 8ulv p1) =0,

since C is conserved, symmetric and traceless. We define a charge for this current. Since
1
Vit =~y (Vlgl ) =0, *2)
Vigl
one can define a conserved charge Q as

QE/ dPVxjtn,, (43)

T
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with n* normal to the spacelike surface X. We apply this construction to the Plebanski-Demiariski metric
where we can carry out the integration for certain values of the metric parameters in [21].

3D
In three dimensional topologically massive gravity, the Cotton tensor, or its descendant, the York tensor

1
CcHY = Eeﬂ‘wvo_spn (44)

has a prominent role. In [30], it is used to define asymptotic charges using a current based on the energy-
momentum tensor and an asymptotic Killing vector. In [21], we compare it to our Cotton current in 3D with
some interesting results.

3D is also our starting point for lifting conserved currents to supergravity to which we now turn.

3D conformal supergravity

In this section we use Greek letters for spinor indices while vector indices are represented by Latin
letters or, equivalently, by pairs of spinor indices.

In three dimensions, conformal supergravity may be defined by the following algebra of covariant
derivatives [31, 32]

{V(n Vﬁ} = Zlvaﬁ ’
[V(lv Va] = %(ya)aﬁwﬁydeé ’
[Va, Vb1 = ~g€abe (v) PV aWpys K" = jeabc () FWapy ST . 43

The notation is that spinor indices are «,f3,..., vector tangent space indices are a,b,.... The usual
convention that a vector index is represented by a symmetric pair of spinor indices also applies. Thus
Kop is the vector generator of special conformal transformations while S generates S supersymmetry
transformations.

The super Cotton tensor [32] W obeys

Wapy = Wiapy)

VWeapy =0

KaWaﬁy =0, (46)
where the last relation identifies W as a primary field.

The super Cotton current

Armed with these relations, we turn to the super Cotton current [21].

We take a superconformal Killing supervector field ¢ to be given by
E=E9V,+89,, (47)
with £¢ a primary field. It follows that

Viaép) = 30ap V&€

VATEr = 20 ByY) £ (48)
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where the next to last relation defines a conformal Killing vector and the last one a conformal Killing spinor.
We may now construct a supergravity version of our Cotton current. To this end, we define

ko = Wapy&PY
kap =Vaks = (V(aWg)ys)E"® +4iWap, &7 . (49)
These satisfy
V%q =0
VPkap =0, (50)
and the lowest component of the first part of k 4 is the bosonic Cotton current. In a more covariant form we
have
(k%) = (kP k) (51
with
VakA=0. (52)

We note that this construction opens the novel field of super invariants from super Killing tensors.

4. Killing-Yano tensors

In this section we introduce the mixed KYTs and exemplify some of their uses. Here we only consider
a Minkowski space background.

A product of a conformal Killing vector 2, and a CKY 2-form £, projected onto the highest weight
representation gives an object

Apvp = Ruvfp) + (T (B B)py = yp (B £)p) (53)

1
(n—1)
In [13] this construction is generalised? to tensors A, p, ...,
minus one in the columns starting from the left. For example,

g With py > p> > ... being the number of boxes

Am,pz,q ~ > (54

where there are p; + 1 boxes in the first column and p; + 1 in the second. The differential constraint satisfied
by this tensor is

0Ap, prg 2 =0. (55)

2There is a different generalisation of KYFs in [33].

10
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For the particular case A, , the Young tableau is

Apg~ (56)

with (p + 1) boxes in the first column. The differential constraint satisfied by such a CKYT is that, when a
derivative is applied to A, 4, the traceless tensor corresponding to the Young tableau with one extra box on
the first row has to vanish, i.e.,

0Apq > — =0. (57)

This kind of tensors appears naturally in the context of the spinning particle [11, 34].

4.1 Uses of KYTs

These Killing-Yano tensors can, e.g., be used for finding invariants of spinning particles and for spinning
tensionless strings.
Spinning Particle

In [21] invariants for the spinning particle are constructed using A, , CKYTs3. It is shown that
invariants take the form

F=PA, ,p?+a(p,q)AP?dA i 4-1pT" = A+dA, (58)

where A, , is in the representation (56), satisfies the constraint (57) and

(=DrHhg
,q) =i——— 59
a(p.q) Tr70) (59)
(dAP+2sqfl)vl.,.v,,+2,p1..,pq_1 = a[Vl AVZ---Vp+1,Vp+2]Il1---lqul : (60)

Spinning tensionless string

In [22] we take advantage of the close relation between the spinning tensionless string [36] and the
spinning particle [37]: In a particular gauge the spinning tensionless string is a collection of spinning particles
obeying certain constraints. We are then able to generalise the construction of invariants for the spinning
particle to the spinning tensionless string.

5. Summary

‘We have given the definitions of KTs, CKTs, KYFs, CKYFs and KYTs and listed a number of applications
for each of these. In addition, we have presented some recent results on conserved currents, (asymptotic)

3Integrability for the spinning particle is discussed in a different context in [35].

11
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charges, nontrivial identities and their applications to spinning particles and spinning tensionless strings. In
particular, the extension of conserved currents to 3D supergravity represents a novel and promising line of
research.
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